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The Hall effect has been measured in Au-Ni, Cu-Ni, Au-Ag, and Cu-Au solid solutions at 80° and 300°K 
as a function of composition. The apparent number of conduction electrons is not linear with composition 
in the Au-Ag and Au-Cu alloys, and it is proposed that this effect is caused by the presence of diffuse Brillouin 
zone boundaries which arise from the short-range order. 





ALL measurements have been made in a series of 

metallic solid solutions in the Au-Ni, Cu-Ni, 
Au-Ag, and Au-Cu systems. The samples were thin 
alloy foils 2X3X0.0005 inches and measurements were 
made at 80 and 300°K by an ac method described 
elsewhere.! The Au-Ni alloys were quenched from 
900°C, the Cu-Ni and the Au-Ag alloys were annealed 
at 800°C and slowly cooled, and the Au-Cu alloys were 
quenched from above 500°C. X-ray patterns showed 
that each alloy had a disordered face-centered cubic 
structure. The Hall constant, Ro, is shown as a function 
of composition in Figs. 1-4, and the effective number of 
conduction electrons, *, was calculated on the basis 
of the free electron theory (i.e., n*=v/RoNog, where 
v= molar volume, No= Avogadro’s number, and g= elec- 
tronic charge). The accuracy of the room-temperature 
values is 4 percent and of the low-temperature values 
about 10 percent. 

The measurements reported here were made in an 
inhomogeneous magnetic field. Although it was possible 
to correct the data for nonferromagnetic samples for 
this inhomogeneity, it was not feasible to do so for the 
ferromagnetic alloys and these data were discarded. 
Our data for Cu-Ni alloys are shown in Fig. 1 in 
comparison with those obtained by Schindler and 
Pugh? who used a homogeneous magnetic field, and 
the close correspondence of the data indicate that the 
method was adequate.’ A similar difficulty arose in the 

* This work was sponsored by the U. S. Atomic Energy Com- 
mission under Contract AT(30-1)-1002. 

1 Flanagan, Flinn, and Averbach, Rev. Sci. Instr. 25, No. 6, 
593 (1954); 26, No. 2, 233 (1955). 

2 A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 


8A. I. Schindler and E. M. Pugh have also corrected their data 
for ferromagnetic alloys for the failure to achieve complete 


Au-Ni (Fig. 2) alloys, and only the data for alloys 
above their Curie temperatures are reported. There is 
reasonably good agreement in both systems with the 
simple band picture, in that s-band electrons apparently 
enter the d-band of the nickel on alloying and are thus 
removed from the conduction band. 
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Fic. 1. Hall effect data for Cu-Ni alloys. 
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saturation, but their uncorrected data are plotted in Fig. 1 since 
the comparison is being made with their data on nonmagnetic 
alloys. The saturation correction is also treated in detail by W. F. 
Flanagan, S. M. thesis, Department of Metallurgy, Massachusetts 
Institute of Technology (unpublished). 
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Fic. 3. Hall effect data for disordered Cu-Au alloys. 


The data for the Au-Ag and the Au-Cu systems 
(Figs. 3 and 4) are interesting in that the apparent 
electron concentration is not linear with composition. 
The absolute values of n* for the pure metals indicate 
that the free-electron interpretation does not hold, but 
the departures from linearity on alloying may reflect 
changes in the Fermi band in the solid solutions. The 
Fermi energy can be affected by ordering because of the 
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Fic. 4. Hall effect data for Au-Ag alloys. 


formation of new inner Brillouin zones arising from the 
superlattice reflections, if the Fermi surface intersects 
but does not completely enclose the inner zone.‘ In 
the case of the alloy AuCu it is possible that this effect 
is significant in stabilizing the superlattice structure.*® 

On ordering, the Hall constant in the alloy CuAu 
becomes considerably smaller,* and in the alloy Cu;Au 
it actually becomes negative.’ This indicates that the 
new zones must cut the Fermi surface in these alloys 
and it may thus be assumed that the real electron 
concentration remains on the order of one electron per 
atom for all compositions in this system. In the dis- 
ordered alloys Au-Cu, Au-Ag, and Au-Ni it has been 
shown that short-range order exists.* The short-range 
order produces a diffuse x-ray scattering at precisely 
the same positions in reciprocal space at which the 
superlattice reflections occur on ordering. There is 
thus a diffuse Brillouin zone boundary in the disordered 
solid solutions which interacts with the Fermi electrons 
and it is proposed that the nonlinearity in the apparent 
number of conduction electrons in Au-Ag and Au-Cu 
alloys arises from this effect. In Au-Ni and Cu-Ni 
alloys, however, the number of conduction electrons is 
reduced as the nickel content is increased and the Fermi 
surface is contained within the inner zones; the resultant 
Hall coefficient thus tends to agree with the simple 
band model. 


4 J. F. Nicholas, Proc. Phys. Soc. gan A66, 201 (1953). 
5 J. C. Slater, Phys. Rev. 84, 179 (1951). 
a K. Sidorov, Izvest. Akad. Nauk S.S.S.R. 11, No. 5, 511 
(1947). 
7A. Komar and S. Sidorov, J. Phys. 4, No. 6, 552 (1941). 
8 Averbach, Flinn, and Cohen, Acta Metallurgica 2, 92 (1954). 
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Magnetostrictive Effects in an Antiferromagnetic Hematite Crystal* 
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(Received September 26, 1955) 


Magnetostrictive distortions in an antiferromagnetic natural single crystal of hematite have been studied 
in the region of the transition near —25°C, where the antiferromagnetic axis spontaneously shifts its crystal- 
lographic direction by 90°. The magnetostriction is shown to be closely related to the parasitic magnetization 
and is interpreted in terms of the existence of domain walls separating antiferromagnetic domains. 





A. INTRODUCTION 


HE crystal structure of a-Fe,O; hematite, the 
stable form of Fe.O3, was established by Pauling 
and Hendricks.' The unit of structure is a rhombohedron 
with a=55°17’ and a=5.420+0.010 A. The data re- 
quire that atoms of iron be located at www, wid, 
4—w }—w, wt} w+} w+} and atoms of oxygen 
at uO, W0u, Out, }—u ut} 4, u+3 4 4—u,$4-—uu+} 
with #=0.292+0.007 and w=0.1050+0.0010. Each 
metal atom is surrounded by six oxygen atoms which 
are not at the corners of a regular octahedron; three of 
these oxygen atoms are somewhat closer to the metal 
atom than are the other three. Each oxygen atom is 
surrounded by four iron atoms, two of which are 
nearer than the other two. These atoms are not at the 
corners of a regular tetrahedron. However, it will be 
more useful when discussing the magnetic structure of 
this lattice to consider it made up of planes containing 
iron atoms only, separated by planes containing oxygen 
atoms only. These planes lie perpendicular to the 
rhombohedral axis of the unit cell, and will be referred 
to as (111) planes. 

The magnetic structure of single crystals of hematite 
was established by Shull, Strauser, and Wollan? to be as 
follows. Below 675°C, which is the Néel temperature, 
the structure is antiferromagnetic; and there is a 
transition within the antiferromagnetic state near 
— 30°C. The antiferromagnetic structure consists of a 
series of (111) sheets, within which all moments are 
arrayed ferromagnetically, but with antiferromagnetic 
coupling between neighboring sheets. Above the transi- 
tion, the moments lie in the (111) sheets and are 
directed towards one of the three nearest neighbors in 
the sheet, as shown in Fig.1. Below the transition, the 
moments are directed along the space diagonal of the 
unit cell, and thus are perpendicular to the ferromag- 
netically arrayed (111) sheets in the lattice. The 

* This paper is part of the thesis of one of the authors (H.U.) 
presented to the Faculty of the Carnegie Institute of Technology 
in partial fulfillment of the requirement for the Degree of Doctor 
of Philosophy. 

+ Allegheny-Ludlum Research Fellow, now at the University of 
Pittsburgh. 

t Present Address: Scientific Laboratory, Ford Motor Com- 
pany, Dearborn, Michigan. 

§ Supported by the Office of Naval Research. 

1L. Pauling and S. B. Hendricks, J. Am. Chem. Soc. 47, 781 


(1925). 
2 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 


transition is thus assumed to be simply a reorientation 
of the alignment of the spin system from within the 
(111) planes to one perpendicular to these sheets when 
the temperature is lowered past the transition. 

Willis and Rooksby* made an x-ray analysis of the 
crystal structure of hematite over the temperature 
range from 20°C to 950°C, and found that the spacing 
of the (111) sheets of iron atoms increased as the tem- 
perature was decreased. The axial ratio had become 
almost constant in the lowest range of their analysis; 
but the report did not extend below 20°C except to 
mention that the rhombohedral angle appeared to be 
the same at 20°, — 70°, and — 180°C. 

Guillaud,* working with laboratory-prepared powers 
of the highest purity, reported an anomaly in the 
coefficient of expansion between —45°C and —65°C. 
His curves of specific magnetization as a function of 
temperature at constant field strengths and as a func- 
tion of field strength at constant temperatures are of 
particular interest. Between 25°C and —30°C, the 
magnetization increased slowly with decreasing tem- 
perature then diminished rapidly between — 30°C and 
— 80°C, and finally remained constant below — 80°C; 
and it is to be particularly noted that the rapid decrease 
was shifted to lower temperatures as the field strength 
was increased. The room temperature curve of mag- 
netization as a function of magnetic field strength can 


Fic. 1. Magnetic structure of a-Fe,O; at room temperature. The 
rhombohedral unit cell containing four unique iron atoms is 
shown (from Shull, Strauser, and Wollan). 


3B. T. M. Willis and H. P. Rooksby, Proc. Phys. Soc. (London) 
B65, 950 (1952). 

4C. Guillaud, Colloq. intern. centre natl. recherche sci. (Paris) 
27, 341 (1950); J. phys. radium 12, 489 (1951). 
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be described by weak ferromagnetism superimposed 
on paramagnetism, or by pure nonsaturated ferro- 
magnetism. The former description has been the most 
common, and appears in all the literature prior to the 
establishment of the antiferromagnetic structure of 
hematite. In this case, the paramagnetic susceptibility 
x would have the value 16.6 10~* emu per g and the 
ferromagnetic magnetization or the value 0.43 emu 
per g. Below —78°C, there is only a temperature inde- 
pendent paramagnetic behavior, with x=16.6X10-* 
emu. Other samples have been prepared by other in- 
vestigators® in ways which exclude all ferromagnetic 
impurities, including other ferromagnetic elements as 
well as ferrous iron, and in ways which provide con- 
trolled excesses and deficiencies of oxygen, yet the 
slight ferromagnetic behavior persists, although with 
some modifications. Therefore, it was concluded that 
this ferromagnetic behavior is a property of this anti- 
ferromagnetic material itself. 

Néel and Pauthenet® conducted a thermomagnetic 
investigation of a natural single crystal of hematite. 
They found that for fields over 10 000 oersteds the total 
magnetization obeyed the relation o=oo+ xH, but 
that the ternary axis had different x(7) and o(T) from 
those for directions perpendicular to the ternary axis, 
and that all directions in the plane perpendicular to 
the ternary axis are equivalent. All x(7) and o(T) 
curves had anomalies between about —40°C and 
+50°C. Néel’? pointed out that this susceptibility 
behavior is consistent with the antiferromagnetic struc- 
ture determined by Shull e¢ al. 

All the available data then supports the existence of 
a transition in Fe,O; at approximately — 20°C; how- 
ever, the temperature at which the transition is ob- 
served, as well as the abruptness with which it takes 
place, varies considerably depending upon the particular 
crystal and property measured.® The transition as seen 
by the magnetization apparently can be shifted to 
lower temperatures by an increase in the applied field 
strength; and the curves of magnetization versus field 
strength are markedly different for the two sides of 
the transition. The separation of the (111) planes in- 
creases as the temperature decreases to +20°C, and 
there is an anomaly in the expansion coefficient in the 
transition region, so the change in direction of the 
antiferromagnetic axis is preceded and/or accompanied 
by small changes in atomic distances over and above 
the usual thermal contraction. 

Shull describes the transition as a 90° shift in the 
antiferromagnetic axis; a spontaneous change in mag- 
netic axis implies that the crystalline anisotropy goes 
through zero. In a region of low anisotropy it should be 
possible to influence the direction of the magnetic axis 

5 R. Chevallier, Colloq. Intern. centre natl. recherche sci. (Paris) 
27, 24 (1950) ; J. phys. radium 12, 172 (1951). 

®L. Néel and R. Pauthenet, Compt. rend. 234, 2172 (1952). 

7™L, Néel, Revs. Modern Phys. 25, 58 (1953). 


8 See references 2, 4, and 6; F. J. Morin, Phys. Rev. 78, 819 
(1950). 
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by means of an applied field. Gorter® has discussed the 
case of an antiferromagnetic rhombic crystal at 7=0°K, 
using Néel’s phenomenological theory of antiferro- 
magnetism," which divides the magnetic ions into two 
interpenetrating sublattices. In addition to the external 
field, the spins in each sublattice experience a virtual 
magnetic field due to the other sublattice. The virtual 
fields tend to keep the magnetizations of the two sub- 
lattices exactly opposite to each other. As long as the 
external field is small compared to the virtual fields it 
tends to orient the two spin systems perpendicularly 
to itself, since then the magnetostatic energy is a 
minimum. On the other hand, crystalline anisotropy 
may favor certain orientations of the opposite mag- 
netizations. When the external field becomes of the 
same order as the virtual fields, it forces the magnetiza- 
tions into its own direction. 

This investigation of the magnetostriction of hematite 
was initiated by a desire to determine whether or not 
it would be possible to shift the direction of the mag- 
netic axis in the region of the low-temperature transition 
by means of fields up to 10000 gauss, and it was 
proposed to determine this shift by detection of strains 
which were suspected to accompany the shift. It was 
also considered possible that magnetostriction may be 
particularly observable above the transition, since the 
room temperature antiferromagnetic arrangement has 
a slight ferromagnetic behavior, suggesting that the 
spin system may tend to follow the orientation of the 
uncoupled spins and that there may be a magneto- 
striction associated with that behavior. 


B. EXPERIMENTAL PROCEDURE 


The Fe,O; samples upon which the magnetostriction 
measurements were made were cut from a large natural 
single crystal of hematite: a 5-mm cube, and three disks 
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Fic. 2. Orientations of the samples cut from the large 
natural single crystal of hematite. 


°C. J. Gorter, Revs. Modern Phys. 25, 277 (1953). 
LL. Néel, Ann. phys. 18, 5 (1932); 5, 232 (1936) ; 3, 137 (1948). 


























COPPER-CONS TANTAN 


NCTHERMOCOUPLE LEADS -————---— 1 
! 
=i NIN RESISTORS 


M 
- eo " OIL BATH 











ROTATING SCALE 
HOLLOW GLASS 










| 
mee METAL BOx 














THERMOCOUPLE 
LEADS 


POLE PIECE 


SAMPLE WITH GAUGE 
AND THERMOCOUPLE 


HOLLOW COPPER 
BLOCK 


Area .cARDBOARD 


CROSS SECTION OF 
SAMPLE HOLDER IN DETAIL 


Fic. 3. Diagram of the magnetostriction measuring apparatus. 


6.5 mm in diameter and 1.2 mm thick. The crystallo- 
graphic orientations of the samples are shown in Fig. 2. 

The magnetostriction measurements were made 
using the strain gauge technique." The apparatus is 
illustrated in Fig. 3. The sample was glued to a piece 
of cardboard which in turn was glued to the copper 
holder entirely enclosing the sample. The holder was 
screwed to a hollow glass rod up the center of which 
passed the leads from the copper-constantan thermo- 
couple and the strain gauge on the sample. Fixed to the 
glass rod were two copper blocks which served to 
increase the heat capacity of the Dewar, and a scale 
to determine rotations of the sample about the axis of 
the rod. The Dewar containing the sample was placed 
between the poles of a Koh! magnet. The field strength 
was measured by means of a rotating coil fluxmeter. 
The sample gauge was one arm of a Wheatstone bridge, 
the other three arms being three well-aged manganin 
resistors, of 60, 100, and 100 ohms respectively, im- 
mersed in oil. These three manganin resistors, the 1.5- 
volt dry cell powering the bridge, and two 100 000-ohm 
standard variable resistance boxes (one for initially 
balancing the bridge and the other for calibration 
purposes) in parallel with the sample gauge, were all 
placed in a grounded metal box. The output from the 
Wheatstone bridge was amplified by a Liston-Folb 
75-cycle de chopper amplifier and recorded by an 
Esterline-Angus recording milliameter. 

The sample was cooled by the addition of very small 
amounts of liquid air into the Dewar, and measurements 
of the magnetostriction at any given temperature could 


1 J. E. Goldman, Phys. Rev. 72, 529 (1947); J. phys. radium 
12, 471 (1951). 
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be made as the sample slowly changed temperature. 
The copper in the Dewar had a sufficiently large heat 
capacity to ensure the desired slow heating and cooling 
rates of the sample. The difference in strain between 
two different directions of the applied field was indicated 
on the recorder as the sample was rotated back and 
forth between two field positions; and the record was 
calibrated by determining the change that had to be 
made in the parallel standard resistance to produce the 
same result on the recorder for a given field setting. 
The calibration was found to depend only slightly on 
temperature and so did not need to be done for every 
temperature and strain measurement. 

Although magnetoresistance of the advance wire 
of which the strain gauge was composed undoubtedly 
depended on field strength, its variation with direction 
for a given field strength was negligible. This was 
checked by means of a gauge glued to a brass disk 
rotated in the field, and cooled over the temperature 
range of interest. 

Type A-19 resistance strain gauges were used, having 
resistance of 61+0.5 ohms and gauge factor= (A//I)/ 
(AR/R)=1.684+3%. The gauges were glued to the 
sample with Duco cement, and furnace dried according 
to the maker’s specifications. The gauge factor was 
assumed to remain constant over the temperature 
range of interest in the investigation. Day and Sevand® 
have studied the variation of the gauge factor of A-1 
and A-5 gauges down to — 300°C, and found it to be 
less than 6 to 8.5% with practically all the variation 
occurring below — 180°C. A much narrower temperature 
range is used in this investigation. 


C. RESULTS AND CONCLUSIONS 


According to Shull e¢ al., the spins at room tempera- 
ture lie in the (111) plane pointing toward one of 
three identical nearest neighbors. The strain gauge on 
disk C was placed in one of these directions, [112], as 
shown in Fig. 4. The other two possible directions are 
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Fic. 4. Room temperature magnetostriction in the [112] 
direction of disk C as a function of angle between gauge and 
applied magnetic field, for fields lying in the (111) plane. 


2 E. E. Day and A. H. Sevand, Proc. Soc. Exp. Stress Anal. 8, 
1, p. 133 (1950). 
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Fic. 5. Room temperature magnetostriction in the [112] 
direction of the cube as a function of angle between gauge and 
magnetic field applied in the (111) plane. Insert: Two adjacent 
(111) planes showing the possible spin directions at room tem- 
perature; spins in the a’ (0’ or c’) direction i in one plane are ac- 
companied by antiparallel spins in the a” (b” or c’’) direction in 
the adjacent plane. 


from the center of the equilateral triangle shown to the 
other two corners. Of course, the strain gauge cannot 
differentiate between positive and negative directions; 
but for simplicity the figures to follow indicate only 
positively directed arrows for the gauge directions. The 
magnetic field was first applied parallel to the gauge; 
and the measurement consisted of finding the difference 
in strain that occurred as the field was rotated in the 
(111) plane away from the gauge. As shown in Fig. 4, 
the maximum strain was observed when the field was 
rotated through 90° from the gauge direction, with the 
crystal being longer when the field was in the [112] 
direction than when it was perpendicular. 

The curve for a field of 37 gauss is distinctly different 
from the curve for a field of 3730 gauss. Since adjacent 
(111) planes of iron atoms have their spins antiparallel, 
spins directed in any one of the three possible nearest- 
neighbor directions in one plane are accompanied by 
spins directed in the opposite direction in the adjacent 
(111) planes, as shown in the insert in Fig. 5. Therefore, 
the possible spin directions for the crystal as a whole 
are only 60° apart around the [111] axis. A study of 
magnetic resonance in hematite by Anderson ef al.” 
indicates that there is an anisotropy of about 60 gauss 
in the (111) plane, meaning that it would take a field 
of 60 gauss to shift the coupled spin system from one 
of the pairs of directions indicated in Fig. 5 to any 
other. The low-field curve of Fig. 4 should then not be 
unexpected if the spin system were held by anisotropy 
forces to an antiparallel pair of the possible directions 
different from the direction selected for the strain 
gauge, and the resulting curve would have a periodicity 
of 180°, and should have maxima and minima at some 
multiples of 30°, as it does have. The high field of 3730 
gauss makes the anisotropy negligible, and so the spin 


13 P, W. Anderson et al., Phys. Rev. 93, 717 (1954). 
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system is free to follow the field, giving the second 
curve. 

The spin system may “follow” the high applied field 
in either of two ways: either the uncoupled spins (the 
ferromagnetic component of the magnetization) may 
rotate to remain parallel to the applied field, and under 
some circumstances may possibly force the coupled 
spins to rotate with them, or the antiferromagnetically 
coupled spins may rotate to remain perpendicular to 
the applied field, which would be the state of lowest 
energy for a perfect antiferromagnet. The experimental 
results shown in Figs. 4 and 5 cannot distinguish be- 
tween these two interpretations; However, Li has 
recently proposed a theory which combines both ideas. 
In his theory, the anisotropic ferromagnetism in 
hematite is attributed to the presence of domain walls, 
which are the result of lattice imperfections. These 
walls appear only at temperatures above the — 20°C 
transition, and possess a net uncompensated magnetic 
moment in the (111) plane. Then in addition to the 
antiferromagnetic system rotating to remain perpen- 
dicular to the applied field when that field is strong 
enough to overcome anisotropy forces, the spins in the 
domain wall must slightly rearrange themselves to 
have their net moment parallel to the applied field, 
when that field lies in the (111) plane also. The first 
interpretation above may be of special interest in cases 
where the isotropic ferromagnetism is large, e.g., in im- 
perfect natural crystals containing Fe*? ions. 

Figure 5 shoes a similar high-field curve (3680 gauss) 
taken on the cubic sample. The shapes of the high-field 
curves for both cube and disk are exactly the same, 
being described by a simple sin’é law. In Fig. 5, the 
curve Al/l= (8X 10~*) sin*@ is shown to fit the experi- 
mental! data. 

Figure 6 shows how the magnetostriction in the fore- 
going discussion, for the case of 6=90°, varies with 
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Fic. 6. Magnetostriction in the [112] direction of the cube as 
a function of temperature, when the gauge and fields lie in the 
(111) plane as shown. 


4“ Y. Y. Li, following paper [Phys. Rev. 101, 1450 (1956) ]. 
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temperature and with applied field. Measurements 
were made on the cube during both cooling and heating 
of the sample to determine effects due to thermocouple 
lag, and the rates of heating and cooling were made 
different for the same reason. No lag effects were ob- 
served. At —53°C the magnetostriction was —1.1 
xX 10~*, and at — 141°C it was zero. The room tempera- 
ture magnetostriction would be expected to saturate 
in the fashion shown when the applied field is large 
enough to overcome the crystalline and strain anisot- 
ropy fields in the (111) plane, and yet is not large 
enough to be significant when compared to the virtual 
fields of the sublattices. According to Li, when the 
antiferromagnetic spin system lies along the [111 ] 
direction below the transition, the formation of domain 
walls with net magnetic moment is thermodynamically 
unfavorable in the absence of external fields, because 
the anisotropy energy is expected to be very high for 
rotations out of the [111] direction. However, the 
observed magnetostriction below the transition in this 
case depends strongly on applied field strength, so it 
could be concluded that in the neighborhood of the 
transition at least, formation of domains and the 
rotation of their moments in the (111) plane appears 
feasible. Note that the sharp decrease in the curves is 
moved to lower temperatures by higher field strengths. 
This behavior and possibility of rotations of the anti- 
ferromagnetic system itself will be discussed when all 
data has been presented. 

Figure 7 shows the room-temperature magnetostric- 
tion as a function of the angle between the field and a 
[112] directed gauge, where the field of 2780 gauss 
rotates in the plane containing both the [112] and [111 ] 
directions as indicated. This figure suggests that the 
component of the field in the [111] direction has less 
effect than the component in the gauge direction, and 
when this latter component becomes less than the 
antisotropy field, the spins can no longer be kept 
arranged as they were for a high field in the gauge 
direction. This behavior is consistent with the inter- 
pretations mentioned in connection with Figs. 4 and 5 
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Fic. 8. Magnetostriction in the [112] direction of the cube 
as_a function of temperature, the two field directions being 


[112] and [111]. 


and with the conclusion of Anderson et al., that whereas 
the anisotropy field for rotations in the (111) plane is 
60 gauss, it is 30000 gauss for rotations out of that 
plane. 

Figure 8 shows the magnetostriction of Fig. 7 for the 
case of 6=90°, as a function of temperature and 
magnetic field strength. Again the temperature at 
which the curves first fall to zero decreases with in- 
creasing field. 

Figure 9 shows how, for the same cubic sample, the 
temperature at which the magnetostriction curves in 
Figs. 6 and 8 first go through zero fall on the same 
straight line when the temperatures are plotted as a 
function of field strength. Guillaud’s curves of mag- 
netization of powders versus temperature for various 
field strengths show a similar decrease which is of the 
same order of magnitude as observed here. Therefore 
the magnetostriction appears closely related to the 
magnetization. 

The magnetostriction of disk B was also studied as a 
function of temperature and field strength; in this case 
the gauge was in the [110] direction, and the magnetic 
field was applied in the [110] and [111] directions. 
This yielded curves of the same type as shown in Fig. 8 
for the cubic sample; however, since the gauge was 
in a more favorable direction, the strains observed 
above the transition were larger (10X10~-* at 3150 
gauss). Here again, the temperature at which the 
magnetostriction difference first went through zero 
gave a straight line function of field up to 15 800 gauss. 

Figure 10 shows the magnetostriction difference of 
disk A as a function of temperature and magnetic 
field when the gauge is in the [111] direction and the 
field applied in the [111] and [112] directions. The 
magnetostriction in the [111] direction is shown to be 
very small, in fact barely measurable. In the case of a 
field of 9370 gauss, the magnetostriction below the 
transition is larger than at room temperature, and of the 
opposite sign; the magnetostriction difference becomes 
negligibly small near —78°C. Therefore an external 
field of less than 10 000 gauss is not able to affect the 
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spacing of the antiferromagnetically coupled (111) 
planes to any extent. 

Another similarity between the magnetostriction and 
the magnetization can now be drawn. Néel and Pauthe- 
net showed that the ferromagnetic intensity of mag- 
netization in the [111] direction to be small at all tem- 
peratures; and in Fig. 10 the magnetostriction in 
that direction is shown to be small likewise. Another 
striking similarity between the magnetostriction and 
the magnetization is the width over which the transition 
takes place. Guillaud reported changes occurring as 
low as 78°C. Magnetostriction is observable over an 
equally wide interval. 

Figure 11 gives the dependence of the room-tempera- 
ture magnetostriction on field strength. The curve for 
disk A is for the case of a [111] gauge direction and 
[112] and [111] field directions, as in Fig. 10, whereas 
the curves for the cube and disk C are for the case of a 
[112] gauge direction and for [112] and [110] field 
directions, as in Fig. 6. These curves strongly resemble 
Guillaud’s room temperature curves of the magnetiza- 
tion of powders versus field strength, which fact suggests 
again that the room-temperature magnetostriction may 
be closely related to the magnetization and in particular 
to that part described as the ferromagnetic component. 
Explanation of the mechanism from Li’s point of view 
has already been given in connection with the earlier 
figures. 

Figure 12 gives the dependence of the magneto- 
striction of the cube on field strength at —32°C, which 
is below the temperature range over which the maxi- 
mum changes in magnetostriction occur. Data is taken 
from Fig. 6, where the gauge is in the [112] direction, 
and the field in the [112] and [110] directions. In this 
case the magnetostriction is a straight line function of 
field strength, with zero intercept. Again, the mag- 
netostriction can be compared with Guillaud’s mag- 
netization, which below the transition, is also a straight 
line function of field. 

The marked effect of a magnetic field on the tempera- 
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ture at which the large magnetostrictive effects dis- 
appear suggested the possibility that an applied field 
could influence the transition temperature. A neutron 
diffraction experiment was undertaken by Corliss, 
Hastings, and Goldman" to investigate this possible 
field dependence more directly. The (111) neutron 
reflection is primarily a magnetic reflection which is 
observed only when the antiferromagnetic disposition 
of spins is the one appropriate to high temperatures. 
When the spins swing into the [111] direction, this line 
disappears. For fields of both zero and 6000 gauss 
applied in the (111) plane, the intensity of the (111) 
reflection decreased rapidly below —20°C, and by 
—30°C had disappeared into the background. This 
region between — 20°C and —30°C certainly contains 
the most unusual magnetostriction behavior, which, 
therefore, can be connected with the destruction of the 
room-temperature arrangement. On the basis of the 
neutron experiment, it appears that the magnetic field 
does not affect the actual transition to the extent ob- 
served in the magnetostriction data, although the 
results are to some extent inconclusive since the field 
had been applied in only one crystallographic direction. 
On the basis of the foregoing data, the following 
conclusions appear reasonable: 
(1) A large distortion of the antiferromagnetic lattice 
in the (111) plane takes place above the transition 
when the hematite crystal is rotated in a magnetic field. 
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Fic. 10. Magnetostriction in the [111] direction of disk A_as 
a function of temperature, the two field directions being [112] 
and [111]. 


A comparatively small distortion takes place in the 
[111] direction. 

(2) This magnetostriction appears to be very closely 
related to the magnetization, both having the same 
type of dependence on applied field strength and on 
temperature. In particular, the temperature at which 
the measured distortion first goes to zero depends 
linearly on field strength ; and this dependence has been 
shown by neutron diffraction not to be due to any 
influence of the field on the antiferromagnetic transition 
temperature. 

(3) The field and temperature dependence of the 
observed strains may be explained by the assumption 


6 Corliss, Hastings, and Goldman, Phys. Rev. 93, 893 (1954). 
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of the existence of domain walls separating ferro- 
magnetic domains. Microscopic variation in lattice 
spacing, stoichiometry, and internal strains, etc., can 
cause different stable spin directions in different regions 
of the crystal, and the resulting domain walls can then 
be responsible for the anisotropic ferromagnetic be- 
havior which hematite exhibits above the transition. 
At room temperature, when a magnetic field which is 
large enough to overcome the small anisotropy in the 
(111) plane is rotated in that plane, the antiferromag- 
netic domains are considered to rotate in that plane in 
such a way as to remain with their axis perpendicular 





a werc) 














4 
1200 1600 2000 
MAGNETIC FIELO STRENGTH Im Gauss 


Fic. 11. Room-temperature magnetostriction as a 
function of field strength. 


to the applied field, whereas the net magnetic moment 
of the walls lines up with that field. Below the transi- 
tion, the antiferromagnetic axis is the [111] direction, 
and is therefore always perpendicular to any magnetic 
field applied in the (111) plane; however the magnetic 
moment of walls that may still exist just below the 
transition could still rotate away from the [111] axis 
with the magnetic field, provided that the anisotropy 
is not too large. Below the transition the observed dis- 
tortion on rotating the crystal in a magnetic field shown 
in Fig. 6, which is attributed here to rotations of the 
wall magnetization in the (111) plane, has the opposite 
sign from that observed above the transition, which 
has been attributed here to the combined effects of 
rotations of wall magnetization parallel to the field and 
antiferromagnetic domains perpendicular to the field. 

Since the anisotropy presumably goes through zero 
at the transition and increases in absolute value on 
either side of the transition, then the ferromagnetic 
component can only be kept in the (111) plane down 
to that temperature below the transition at which the 
anisotropy field becomes equal to the applied field. 
This temperature has been found by experiment to 
depend linearly on the field strength. 

It should be pointed out that Shull’s determinations 
of the magnetic structure above and below the transi- 
tion were at 300°K and 80°K, respectively; and that 
the nature of the transformation in the general vicinity 
of 250°K was not studied in complete detail. Certainly 
the destruction of the room-temperature arrangement 
as seen by neutrons takes place over a 10° temperature 
interval ; the formation of the low-temperature arrange- 
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ment may be expected to cover an equally wide interval. 
Furthermore, the transition temperature appears to 
vary considerably with sample origin. Therefore the 
possibility has not been ruled out that residual anti- 
ferromagnetic domains and associated walls may 
remain in the high-temperature arrangement after the 
bulk of the material has gone over to the [111] spin 
direction; this interpretation is quite compatible with 
the results of the neutron diffraction experiment since 
the reflection from these few domains would be too 
weak to detect. 

(4) It remains to be determined whether the un- 
balanced spins when lining up with the applied field at 
room temperature are actually accompanied by the 
antiferromagnetically coupled system rotating to be 
either perpendicular or parallel to the applied field. 

The force tending to line up the ferromagnetic com- 
ponent of the magnetization o with the applied field 
H is proportional to Ho sing, where ¢ is the angle 
between H and a; whereas the force tending to line 
up an antiferromagnetic system perpendicular to an 
applied field H is proportional to H?(x,—x,) sin26, 
where x, and x, are the single crystal perpendicular 
and parallel susceptibilities and @ is the angle between 
H and the antiferromagnetic axis; and there is a third 
force which arises from the coupling between the spins 
of an antiferromagnetic domain and the spins of the 
domain walls, which, in the case of room temperature 
hematite discussed by Li, tends to keep the net wall 
magnetization parallel to the antiferromagnetic axis. 
Of these forces, the first is by far the largest, so the 
ferromagnetic component of the magnetization can be 
expected to align with the applied field quite readily. 
For small applied fields, the second force can be ex- 
tremely small compared to the third since the difference 
X1—Xy can be small, and so the antiferromagnetic axis 
would be expected to be parallel to the ferromagnetic 
magnetization and therefore to the applied field. How- 
ever, since the second force varies as H?, for larger fields 
the second force can become very strong and in that 
case the antiferromagnetic axis would be expected to 
remain perpendicular to both the applied field and the 
ferromagnetic magnetization. The existence of either 
or both of these mechanisms in room-temperature 
hematite can be proven conclusively only when diffrac- 





1450 H. M. A. URQUHART 


tion experiments with polarized neutrons become 
practicable. 
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At the Néel temperature local nucleations of the antiferro- 
magnetic order and their subsequent growth lead to the formation 
of domain walls. The domains in an antiferromagnet are thermo- 
dynamically stable only when the anisotropy force opposing the 
gradual switch of spins in the Bloch zone is small such that the 
wall energy is offset by the gain in entropy. However, in most 
cases the domain wall would owe its stability to the presence of 
lattice imperfections, such as interstitial atoms or dislocations. 
A typical magnetization curve of an antiferromagnet with ferro- 
magnetic domain walls is depicted. 

The weak ferromagnetism observed in the (111) plane of 
a-Fe,O; (hematite) is identified with the magnetization in domain 
walls pinned down by lattice imperfections. An assumption that 
the linear dimension of domains is, on the average, 10‘ atomic 
spaces gives the observed strength of the weak ferromagnetism. 


I, DOMAIN WALLS IN ANTIFERROMAGNETS 
1. General Considerations 


HE existence of domains in antiferromagnets was 
proposed by Néel to explain the increase of sus- 
ceptibility of antiferromagnets with field intensity.! 
More recently, Néel? suggested that the weak magnetic 
remanence observed in the chlorides of the iron group® 
should be attributed to the magnetization of the net 
moments of the domain walls. Furthermore, the sharp 
decrease of Young’s modulus in NiO and CoO at the 
Néel point observed by Street and Lewis‘ and in CoO 
by Fine® may be caused by the effect of change of 
domain structure under external stress. 

In general there are two types of domain boundaries 
in antiferromagnets, the change-step boundary and the 
change-axis boundary. The former is analogous to the 
180° boundary in ferromagnets. In the latter the mag- 


+ Work supported by the U. S. Army Signal Corps and the 
Office of Naval Research under contracts with the Laboratory for 
Magnetics Research, Carnegie Institute of Technology. 

1L. Néel, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, Septernber, 1953 (Science 
Council of Japan, Tokyo, 1954), p. 701. 

2 L. Néel, Brussels Conference, September, 1954 (unpublished). 

3'W. J. Haas and B. H. Schultz, J. phys. radium 10, 7 (1939). 
References to earlier theories are listed in this article. 

4R. Street and B. Lewis, Nature 168, 1036 (1951). 

5M. E. Fine, Revs. Modern Phys. 25, 158 (1953). 


The disappearance of this ferromagnetism at ca —20°C when the 
magnetic axis switches from a [112] direction to the [111] 
direction is due to the extreme difference in the anisotropy force 
in the (111) plane and that in a plane containing the [111] axis. 
The following experimental findings on a-Fe2O; are interpreted: 
(a) The variation of the ferromagnetism as the temperature 
increases shows the general feature of the decrease of long-range 
order in cooperative phenomena, being very gradual at lower 
temperatures and growing sharper and sharper as the temperature 
approaches the Néel point. (b) In the transition region of the two 
antiferromagnetic states of a-Fe2O; an applied field in the (111) 
plane causes a decrease of the temperature at which the ferro- 
magnetic effect and the large magnetostriction effect disappear 
but produces no change in the neutron diffraction intensity of 
the (111) line. 


netic axis at one side of the boundary is in a different 
direction from that at the other side; this is geo- 
metrically conceivable, when there are several crystal- 
lographically equivalent easy directions of sublattice 
magnetization. The crystallographic twins observed in 
crystals of NiO are probably change-axis domains.*® 
The distribution of such domains is very much sub- 
jected to the influence of internal strain, applied stress, 
etc., besides the thermal factor. 

The formation of domains in ferromagnets is pro- 
moted by the reduction of magnetostatic energy, while 
this is not so in antiferromagnets in the absence of an 
external field. However, the stability of domains in 
antiferromagnets is warranted at finite temperatures, if 
the wall energy is counterbalanced by the gain in 
entropy. When the formation of the spin lattice begins 
to take place at the Néel temperature, local nucleations 
of the antiferromagnetic order and their subsequent 
growth must lead to the formation of domains, no 
matter whether the latter is thermodynamically favored 
or not. Consequently, the existence of domain bound- 
aries should be found to accompany an antiferromag- 
netic transition, even though their existence might be 
transient. A number of domain walls are likely to be 
pinned down by lattice imperfections, such as disloca- 
tions and interstitial atoms, and continue their existence. 


®Y. Y. Li, Phys. Rev. 100, 627 (1955). 
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Similarly to the ferromagnetic case, an antiferromag- 
netic domain boundary must spread over a finite transi- 
tion layer, the so-called Bloch zone. Figure 1 shows an 
idealized one-dimensional model of a 180° boundary. 
The difference of 180° phase angle between the two 
neighboring domains is made up by the gradual changes 
in the phase angles from one spin to a neighboring one. 
In this figure the spins in the Bloch zone are parallel to 
the boundary. Geometrically they may be parallel to 
any plane containing the antiferromagnetic axis. How- 
ever, in a real antiferromagnet the formation of a 
domain wall increases the anisotropy energy and so 
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In (A) the antiparallel order is continued from one end 
to the other. (B) shows two domains with a sharp 
boundary at the middle. In both cases the phase angle 
is either 0 or x. In (C) the Bloch zone spreads over V —1 
spins between the two dotted vertical lines. The phase 
angle of the &th spin in the Bloch zone is increased by 
kr/N in comparison with that in (A). The increase of 
energy,’ 


Wex™ m*| J | s?/Na?, (1) 


per unit area, where J is the exchange integral, s the 
spin quantum number and 1/a? is the number of lines 
of magnetic ions across a unit area of the wall. For 
simplicity a is taken as the cubic root of a unit cell 
volume. Equation (1) is obtained by using the approxi- 
mate expression |J|s?g? for the increase of exchange 
energy. ¢ is x/N in the boundary region. On the other 
hand, the thickness of the Bloch wall is restricted by 
the anisotropy force ; the increase of anisotropy energy is 


Wanis ~ KNa ‘10, (2) 


per area of the wall, where K is the anisotropy constant 
referred to a unit volume of the material. The factor 5 
is added there for approximating the fact that most of 
the spins are not exactly along the hard direction. The 
third contribution to the increase of energy is the 
magnetostatic energy of the net moments in the 
boundary region. This energy is extremely small because 
the ferromagnetic moment of the Bloch zone is indeed 
small. By minimizing the total increase of energy [the 
sum of Eqs. (1) and (2) ], we find the wall thickness 


N= (10r?| J|s?/Ka*)!, (3) 


and 
Wwa (w?| J | s*K/10a)!. (4) 


7 Our estimate of wall energy follows the same method as used 
by Kittel for a ferromagnetic domain wall. See C. Kittel, Revs. 
Modern Phys. 21, 541 (1949). 
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the spins of the wall region would be kept parallel to 
a plane in which the least anisotropy is involved. The 
following discussions of this section given in terms of a 
180° domain boundary apply equally well to the 
change-axis domain boundaries. 


2. Energy and Entropy 


In a domain wall the increase of exchange energy is 
kept down by a gradual switch of the orientation of 
moments. The situation may be expressed in an idealized 
manner? by the following scheme: 


0 (A) 
1 ‘ (B) 


N-2 N-1 
—r (14—)rix 0, 
N N 


The main contribution to the entropy of a domain 
wall comes from its flexibility. Unlike its counterpart in 
ferromagnets, the locality and topographic details of an 
antiferromagnetic wall are not determined by the de- 
magnetization factor. A part of the wall surface may 
shift one or several atomic spaces to the left or to the 
right with respect to its neighboring parts. Instead of a 
straight plane, the wall would look like a patchwork on 
whose seams the shifts of the wall position take place. 
Let the total area of the wall be Aa’, and in the average 
a shift of position occurs m units of a apart. The entropy 


(C) 


Sk In(p4/™) 


(5 
=kA(Inp)/n?, ") 


where p is the number of ways in which the boundary 
may change its position at any point. Whether this 
shift leads to an appreciable increase of energy depends 
on the strength of the exchange interaction among the 
spins in the plane of the domain boundary. Assuming 
this increase in energy is negligible we have from 


























’ vy 


Fic. 1. An idealized one-dimensional model of a 180° domain 
wall. Upper: a single domain. Lower: a Bloch zone and the 
neighboring domains. 
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Eqs. (4) and (5) the free energy of a domain wall 
AF =7s(|J|k/10a)*— kT (Inp)/n?a? (6) 


per unit area. Evidently p> 3. (For too large a shift an 
appreciable increase of energy may be induced.) The 
domain wall is thermodynamically demanded if its 
formation leads to a decrease in the free energy, i.e., 
AF <0. To satisfy this condition, the anisotropy con- 
stant involved in the gradual switch of the spins must 
be small. Since m can never be smaller than 1, we 
deduce from Eq. (6) that when K> 10°7?/T, erg/cm* a 
domain wall is thermodynamically unstable. Since a 
high anisotropy is quite common in antiferromagnets, 
domain walls cannot always hold their own without 
the intervening of lattice imperfections. Furthermore, 
the increase in energy caused by a zigzag of the bound- 
ary would not be negligible. In fact, we are inclined to 
believe that in most cases domain walls actually owe 
their existence to the stabilizing effect of imperfection 
centers. 


3. Magnetization of Domain Walls 


The Bloch zone has a noncompensated moment. Its 
orientation is in the plane containing the easy direction 
of sublattice magnetization and the least anisotropy. 
Néel? found that this moment is negligibly small, unless 
the Bloch zone extends over only a very small number 
of atomic spaces, i.e., in case that |J|/K is extremely 
small [see Eq. (3) ]. However, a domain wall held down 
by lattice imperfections, such as interstitial atoms and 
dislocations, must have its Bloch zone compatible with 
the dimension of the imperfection center, i.e., at most, 
several atomic spaces. The net moment in such cases 
is of the order of one ionic moment per line of ions across 
the wall. This moment can reverse its direction by 
turning ¢ (=2/N) into — ¢g. (The changes of the phase 
angle through 180° can be achieved in either a right- 
hand screw fashion or a left-hand screw fashion.) In the 
absence of an external field, there is equal probability 
for the moment being in one direction or the opposite. 
This balance can be upset by an applied field Hq barely 
strong enough to overcome the potential barrier which 
hinders the free rotation of ionic moments. Unless the 
temperature is very near to the Néel point, the applied 
field, which has a sufficient strength to bring the net 
moment of the Bloch zone into alignment, could not 
break up the antiferromagnetic coupling of spins in the 
domains but cause a partial inclination of spins toward 
the field direction. Therefore, after the saturation of the 
ferromagnetic moment, the magnetization should con- 
tinue to increase at a constant rate which represents the 
susceptibility of the antiferromagnetic lattice itself. 
The susceptibility after the saturation should be almost 
the same as that just below H,. Any possible difference 
between these two readings would be only of the order 
of magnitude of x,—Xx, or less, where x,, and x, are 
respectively the susceptibilities when the applied field 
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is parallel and perpendicular to the preferred axis. 
A hysteresis with a weak remanence should be observed 
in such an antiferromagnet. We can only expect a 
remanence at most 10-* times that of the ordinary 
ferromagnets, and probably much less than that, for 
the ferromagnetic moments involved here are indeed 
very small. The magnetization curve and a part of the 
hysteresis loop of an antiferromagnet with ferromag- 
netic domain walls (Fig. 2) is constructed according to 
the: ideas presented above. Magnetization curves of 
this kind are actually observed in FeCl, and in other 
compounds,*:* as well as a-Mn.° 


II. DOMAIN WALL FERROMAGNETISM 
IN a-Fe,0; (HEMATITE) 

The magnetism of a-Fe,O; has been studied in de- 
tail. Among those who measured the susceptibilities 
and magnetization, Smith,” Guillaud,"! Chevallier,” 
Morin," Pauthenet," and Bizette ef al.’ have made 
definite contributions. Anderson ef al.!* have observed 
in a-Fe,O; a ferromagnetic resonance from which the 
anisotropy force may be estimated. Its magnetostric- 
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Fic. 2. A typical magnetization curve of an antiferromagnet 
with ferromagnetic domain walls. a and 6 are the straight lines of 
the paramagnetic magnetization of the antiferromagnetic lattice. 
The sharp rise in the part d is due to the reversal of the domain- 
wall moments whose direction is not favored under the applied 
field. Ha is the field strength required to overcome the potential 
barrier which hinders this reversal. The part e represents the 
gradual switch of the domain-wall moments to the field direction. 
h is a part of the hysteresis loop. The remanence is registered on 
the ordinate at r. 


8 Starr, Bitter, and Kaufimann, Phys. Rev. 58, 977 (1940). 

® Arrott, Coles, and Goldman, Phys. Rev. 98, 1864 (1955); 
A. Arrott (private communication). 

 T. T. Smith, Phys. Rev. 8, 721 (1916). References to earlier 
magnetic measurements on a-Fe,O; may be found in this article. 

"1 C, Guillaud, J. phys. radium 12, 489 (1951). 

#2 R. Chevallier and S. Mathieu, Ann. phys. 18, 258 (1943); 
R. Chevallier, J. phys. radium 12, 172 (1951). 

3 F, J. Morin, Phys. Rev. 78, 819 (1950). 

4 L. Néel and R. Pauthenet, Compt. rend. 234, 2172 (1952). 

16 Bizette, Chevallier, and Tsai, Compt. rend. 236, 2043 (1953). 

16 P, W. Anderson et al., Phys. Rev. 93, 717 (1954). 
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tion has been studied by Urquhart and Goldman." The 
neutron diffraction experiment of Shull et a/.'* confirms 
an earlier finding that below ca 950°K this crystal has 
two antiferromagnetic states. Figure 3 shows the spin 
arrangements as revealed by neutron diffraction. The 
magnetic lattice is the same for these states; the spin 
axis is in the [111] direction below ca 250°K while it is 
in a [112] direction between 250°K and 950°K. We 
propose to call them respectively the AII and AI states 
of a-Fe,O;. Besides these complications a weak ferro- 
magnetism in the (111) plane with a saturation mag- 
netization about 0.4 emu per cm’ was first noticed by 
Smith” and confirmed by later experimenters. It is 
always found in coexistence with the AI state. Both 
Smith and Pauthenet™ found that a weak isotropic 
ferromagnetism, besides the anisotropic one is observed 
in the temperature ranges of both AI and AII states in 
natural crystals from the island of Elba. However, it is 
not found by Smith” and Chevallier e¢ a/.'* in natural 
crystals from sources other than Elba, nor by Guillaud!! 
working with laboratory-prepared specimens of highest 
purity. Also, it is observed by Anderson ef al.'® that 
the ferromagnetic resonance in laboratory-grown crys- 
tals disappears when the temperature is cooled down 
below the temperature of transition between the two 
antiferromagnetic states. We notice that the isotropic 
ferromagnetism is absent in most specimens and varies 
in intensity from one specimen to another when it 
occurs, while the anisotropic ferromagnetism is con- 
stantly observed. The magnetization curve":™-!5 is of 
the type depicted in Fig. 2 with a small critical field Hz. 
We shall show that the anisotropic ferromagnetism in 
a-Fe,O; may be explained on the basis of domain-wall 
magnetization. Several tentative explanations of the 
origin of the parasitic ferromagnetism in a-Fe,O; have 
been previously discussed by Néel, Snoek,” and 
Forrer®! respectively. Among them, Snoek’s idea of 
attributing the effect to incoherent regions in anti- 
ferromagnets reads like a forerunner of the present 
theory. Néel’s assumption of the existence of Fe*? ions 
and the resultant ferromagnetism similar to that in 
Fe;0, might be correct in explaining the isotropic mag- 
netization of some natural crystals. None of the previous 
work has furnished an acceptable explanation of the 
following magnetic behavior of a-Fe,0;: 


(a) A permanent moment of 0.4 emu per cm* means 
only 0.02% of the total magnetic moment of Fe** ions 
per cm’; i.e., only 200 out of one million contribute to 
the noncompensated alignment of moments. 


17H. M. A. Urquhart, thesis, Carnegie Institute of Technology, 
1954 (unpublished); H. M. A. Urquhart and J. E. Goldman, 
preceding paper [Phys. Rev. 101, 1443 (1956) ]. 

18 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 

LL. Néel, Ann. phys. 4, 249 (1949); Compt. rend. 228, 64 
(1949) ; Revs. Modern Phys. 25, 58 (1953). 

% J. L. Snoek, Physica 16, 333 (1950); J. phys. radium 12, 188 
(1951). 

2. R. Forrer, J. phys. radium 12, 188 (1951). 


Fic. 3. The antiferromagnetic states of a-Fe,O;. The five 
cations along the [111] diagonal and those at three corners of 
a rhombohedral unit cell are shown. 


(b) This ferromagnetism disappears when the spins 
are disordered at the higher transition point and also 
when the antiferromagnetic axis flops through 90° to 
the [111] direction at the lower transition point. 

(c) The magnetization is found in the (111) plane 
when the antiferromagnetic axis lies in that plane. 


Our explanation is based on the idea of domain walls in 
antiferromagnets presented in Sec. I with the following 
assumptions: 

(i) The domain wall in hematite at the AI state does 
not owe its existence to the condition of thermo- 
dynamical equilibrium but rather to the stabilizing 
effect of lattice imperfections. As a result, the net 
moment in the narrow Bloch zone is of the order of 
1 ionic moment per line of ions across the wall. 

(ii) At room temperature, the domain walls are, on 
the average, about 10* atomic distance apart. 

(iii) In hematite at the AII state the domain wall 
cannot be retained even with the intervening of lattice 
imperfections. 

The resonance experiment of Anderson ef al.'* indi- 
cates that within the (111) plane there is an anisotropy 
force equivalent to 60 gauss, while in a plane containing 
the [111] direction the anisotropy is equivalent to 
30 000 gauss. Therefore, in the AI state the spins within 
the Bloch zone are oriented parallel to the (111) plane 
and the net moment is also in this plane. The observed 
strength of the weak ferromagnetism in the (111) plane 
is accounted for by the assumption (ii). The domain 
size of 10‘ atomic spaces should not cause a line broaden- 
ing of the magnetic diffraction of neutrons. From the 
third assumption (iii), the magnetization observed in 
the AI state should disappear in the AII state. This 
must not be regarded as an ad hoc assumption for the 
following reason: In the AII state the easy direction of 
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sublattice magnetization is along the [111] axis. To 
rotate a moment away from this direction involves a 
large increase of anisotropy energy. The anisotropy 
force in a plane containing the [111] direction is not 
exactly known for the AII state. Presumably its magni- 
tude is of the order of 10° gauss as in the AI state. The 
wall energy is proportional to ./K if the domain 
boundary exists on its own accord, or increases pro- 
portional to K if its Bloch zone is confined to the 
dimensions of the imperfection center which holds the 
wall in place. Since in a-Fe,O;, the latter is the case, 
the increase in energy due to a domain wall in the AIT 
state is 100 to 1000 times larger than in the AI state. 
We suggest that the imperfection center, which, in the 
AI state stabilizes the domain walls, cannot do the 
same in the AII state against such a large increase of 
energy. Therefore, as the temperature decreases through 
the transition point of the two states the domain walls 
must disappear through mutual annihilation and migra- 
tion to the surface. As the temperature increases again 
through the transition point, domain walls are recreated 
by nucleation and then stabilized by the imperfection 
centers. It is extremely improbable that the moments 
of the antiferromagnetic lattice would turn 90° en masse 
at the transition. 
It is interesting to note the following. 


A. Temperature Dependence of the Weak 
Ferromagnetism of the AI State 


As the temperature approaches the Néel point (ca 
950°K) the long-range order of antiparallel coupling of 
spins diminishes rapidly, and so the majority of local 
disorders can no longer be described as boundaries of 
domains. Therefore, we may expect that the decrease 
of ferromagnetic magnetization with temperature as- 
sumes the same course as the decrease of antiferro- 
magnetic order and vanishes above the Néel point. 
The curve of observed thermal variation of this ferro- 
magnetism" actually shows the general feature of the 
decrease of long-range order in cooperative phenomena, 
being very gradual at lower temperatures and growing 
sharper and sharper as the temperatures approach the 
order-disorder transition point. 


B. Transition between AI and AII States 


The magnetostriction measurements taken by Urqu- 
hart and Goldman” lead to several results of interest. 
Before the present theory of domain-wall ferromag- 
netism was available, the data could not be satisfactorily 
interpreted. It is found that the temperature, at which 
the magnetostriction first goes through zero and the 


YIN-YUAN LI 


large magnetostrictive effect disappears lies in the 
neighborhood of the transition point between the two 
states and decreases linearly with increasing applied 
field at the rate of about 1°C per 1000 gauss. This 
cannot be taken as an indication that the temperature 
of the AI-AII transition depends on the applied field, 
for it finds no confirmation in the neutron diffraction 
experiment of Corliss, Hastings, and Goldman,” in 
which the intensity of the (111) reflection is recorded 
with applied field in the (111) plane. When the anti- 
parallel-coupled spins switch into the [111] direction 
this line must disappear. Corliss ef al. have found no 
difference in the variation of intensity with zero and 
6000 gauss applied. We find that these two experimental 
findings taken together are very informative and lend 
further evidence to the theory of domain wall ferro- 
magnetism. While the bulk of the crystal is not affected 
by the applied field used in the two experiments, the 
existence of the domain wall in the AII state is given a 
slight advantage under the applied field until a lower 
temperature is reached. This not only puts the mag- 
netostrictive effect into harmony with the neutron 
diffraction observations but also agrees with the con- 
clusion of Urquhart and Goldman from the bulk of the 
magnetostrictive data that the ferromagnetic compo- 
nent of the spin system is mainly responsible for the 
magnetic strain under external field. Also, we believe 
that Chevallier’s observation of the dependence on 
applied field of the temperature at which the parasitic 
ferromagnetism disappears indicates the dependence of 
the stability of domain walls in AII when a field is 
applied. The interpretation of the magnetostriction at 
room temperature is given in an article by Urquhart 
and Goldman" from the present viewpoint. 


C. Cr.0; 


Parasitic ferromagnetism has not been observed in 
Cr,O; which is isomorphous in crystal structure. The 
only antiferromagnetic state reported in Cr.O; has the 
magnetic axis in the [111] direction,* similarly to the 
AIL state of a-Fe,O;. The anisotropy force in Cr.O; in 
a plane containing the [111] axis is probably of the 
same order of magnitude as that in a-Fe,O3. 
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When germanium is rapidly quenched from high temperature, acceptor centers are formed uniformly 
throughout the crystal. These centers have an energy of formation of about 2 ev. Each center is thought to 
contribute two acceptors, one near the valence band and one near the center of the gap. Experiments are 
described which indicate that these centers are either vacant lattice sites or a heretofore unidentified chemical 
impurity with radius smaller than that of germanium. Annealing has been studied in the temperature range 
250°C-450°C. The annealing process is shown to depend markedly on both the density of dislocations and 
the concentration of copper. It has not been possible to ascribe a consistent physical model to conform with 


the observed characteristics of the annealing process. 





INTRODUCTION 


HEN germanium is heated to high temperature 

the electrical properties become susceptible to 
change caused by chemical impurities! which readily 
enter the crystal by solid phase diffusion, dislocations? 
associated with plastic deformation, and vacancies or 
interstitial atoms* which may be “frozen” into the 
crystal by quenching rapidly. 

A heating system has been designed to minimize 
effects caused by chemical impurities and dislocations in 
hope of studying only vacancies or interstitial atoms or 
both. In some early studies‘ of this effect, it was shown 
that, when germanium was quenched from an elevated 
temperature in a time of about 0.1 second, acceptor 
centers were introduced uniformly throughout the 
crystal. The present work is an investigation of the 
formation and annealing of these centers. The inter- 
action of the centers with dislocations and with copper 
and tin impurity atoms has also been studied. 

Another study of quenching of germanium has been 
reported by Mayburg,> who quenched samples by 
radiation cooling. The cooling rate was considerably 
slower than that reported here and, in fact, was slow 
enough that the centers discussed here would have 
largely annealed during cooling.* Since Mayburg’s 
measured acceptor density was larger by a factor of 
about 5, it appears that he is observing a different type 
of acceptor. 


1See, for example, Fuller, Struthers, and 
Wolfstirn, Phys. Rev. 93, 1182 (1954). 

2 Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954); R. A. 
Logan and M. Schwartz, Phys. Rev. 95, 46 (1954). 

3 Lark-Horovitz, Bleuler, Davis, and Tendam, Phys. Rev. 73, 
1256 (1948). 

4R. A. Logan, Phys. Rev. 91, 757 (1953). 

5S. Mayburg, Phys. Rev. 95, 38 (1954). 

* Note added in proof.—This comment also applies to the 
experiment of Hopkins and Clarke [Phys. Rev. 100, 1786 (1955) ], 
who repeated Mayburg’s experiment (with radiation cooling) 
but took extra precautions to keep impurities out. They observed 
a lower density of quenched-in acceptors than that reported here. 
This is to be expected from their considerably slower quenching 
rate and the annealing data to be presented here. It does not 
indicate that the present results are due.to impurities. 


Ditzenberger, 


APPARATUS AND PROCEDURE 


Samples of germanium were heated and quenched 
using a furnace similar to that previously described.‘ 
The furnace consisted basically of a vertical graphite 
tube heated by rf induction. This tube was contained 
in a quartz tube which served to insulate the carbon 
from the rf coil and to contain an inert gaseous ambient 
(helium or nitrogen). The sample was placed in the 
carbon tube by means of an opening supplied by a 
quartz ball and socket joint located directly over the 
furnace region, and was prevented from sliding through 
the carbon tube by means of a molybdenum platform 
which was inserted in a slot in the quartz and carbon 
tubes. Quenching was accomplished by removing the 
molybdenum platform so that the sample fell into an 
ethylene glycol bath about 1 inch below. The sample 
was protected from shock on hitting the bottom of the 
ethylene glycol bath by means of a glass wool pad. 
Castor oil was also used as a quenching fluid, but it 
was found to be not as effective in cooling the sample as 
the glycol. This is thought to be due to the mixing 
caused by the boiling of the glycol in the vicinity of the 
hot sample. 

The samples of germanium used in these experiments 
were in the form of rods of dimension 0.060 in.X0.1 
in.X1 in. The rods were cleaned‘ and carefully inserted 
into the furnace through the opening provided by the 
ball and socket joint. The rods were then heated as 
follows: The sample was heated in about 1 minute to 
the temperature 7, from which it was to be quenched, 
and maintained at that temperature for 1 minute. 
The sample was then either quenched by removing 
the molybdenum platform or cooled slowly by shutting 
off the rf power. In quenching it is estimated by 
considerations of heat conduction that the sample 
cooled to near room temperature in about 0.1 second. 
In slow cooling, the sample reached 500°C in about 15 
seconds and room temperature in about 2 minutes. 

The resistivity of the sample was measured before 
and after the heating process by the two-point probe 
technique. These measurements were generally per- 
formed at room temperature, but some were also made 
at dry ice temperature. In both cases, the change in 
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acceptor concentration was calculated from the resis- 
tivity change. 

It is, of course, essential to the experiment that 
control samples can be heated to the temperature from 
which they are quenched, and cooled slowly without 
any significant change in room temperature resistivity. 
This can sometimes be accomplished in a furnace of 
this kind, without any special cleansing of the com- 
ponents. However, usually the furnace contains 
extraneous volatile chemicals that contaminate the 
specimen. To eliminate these, the following cleansing 
procedures were used : 

(1) The quartz tube was soaked in concentrated 
hydrofluoric acid (48% HF), rinsed in de-ionized water 
and fire polished to the softening point in an oxy- 
hydrogen flame. 

(2) The molybdenum platform was degreased with 
solvents, soaked in concentrated hydrochloric acid 
(37% HCl), rinsed in de-ionized water, soaked in an 
aqueous KCN solution, and finally rinsed in de-ionized 
water. 

(3) The carbon tube was heated for 25 minutes at 
about 1800°C in a vacuum of about 10-' mm Hg to 
evaporate out the impurities which it contained. 


RESULTS 


A. Temperature Dependence of the 
Quenched Centers 


Samples of germanium of various resistivities were 
heated to various temperatures and quenched as 
described above. After quenching, the change in density 
of filled acceptors was deduced from the change in 
room temperature resistivity. If these concentrations 
were determined from resistivity measurements at dry 
ice temperature, the concentrations in n-type samples 
were raised by about 20%, and those in the p-type 
samples were lowered by the same percentage. These 
results are consistent with Hall effect measurements by 
F. Morin that will be discussed below. Either measure- 
ment is a consistent approximation to the actual 
concentration of centers. For convenience, all measure- 
ments were subsequently made at room temperature. 

The added acceptors due to quenching were found to 
be uniformly distributed throughout the samples. In 
Fig. 1 the logarithm of the increase in acceptor density 
is plotted versus the reciprocal of the temperature of 
quench. In the limit of T-, the curves have been 
made to pass through the value 1.310" per cc as 
computed theoretically. The energy for formation of a 
center is calculated from the slope to be about 2 ev. 

6 The coefficient of the exponential changes with temperature 
due to entropy effects which may be calculated [see C. Zener in 
Imperfections in Nearly Perfect Crystals (John Wiley and Sons, 
Inc., New York, 1952), p. 289]. These calculations for germanium 
were made as in reference 1 using the temperature dependence 
of the modulus of rigidity measured by Bond, Mason, McSkimin, 
Olsen, and Teal, Phys. Rev. 78, 176 (1950); H. J. McSkimin, 


J. Appl. Phys. 24, 988 (1953); and M. E. Fine, J. Appl. Phys. 
24, 388 (1953). 
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It is noted in Fig. 1 that the concentration of 
acceptors in n-type samples is about double that found 
in p-type samples quenches from the same temperature. 
This suggests that the quenched center has two elec- 
tronic energy levels, one near the valence band and the 
other near the center of the energy gap. Further 
support was given to this explanation by the annealing 
data. It was found that, in a given time of annealing, 
the same percentage of acceptors annealed in both n- 
and p-type samples, which indicates that both acceptors 
were formed by the same defect. The annealing data 
will be discussed in more detail later. The Hall effect 
studies described in the following section are also 
consistent with this interpretation. 


B. Studies of Hall Effect, Carrier Trapping and 
Lifetime in Quenched Samples 


Samples of germanium were prepared in the form of 
the conventional bridges used in Hall effect studies. 
These bridges were heat treated in the same manner 
as the samples described above. Hall effect studies were 
then made on these bridges by F. J. Morin. In the 
p-type quenched samples, the only acceptors found 
(in addition to the ordinary group III acceptors) had 
an activation energy 0.04 ev above the valence band 
and were indistinguishable from copper. 

However, a new acceptor with activation energy 0.1 
to 0.2 ev below the conduction band was observed in a 
quenched n-type sample. The temperature dependence 
of the carrier concentration in this sample is shown in 
Fig. 2. For comparison, similar data are shown for a 
control sample which was heated but not quenched; 


TEMPERATURE IN DEGREES CENTIGRADE 
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ADDED ACCEPTOR DENSITY 


40'3 


0625 0.850 0.875 0.900 


103/T (*«-") 
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Fic. 1. The temperature dependence of the acceptor concen- 
tration in quenched germanium samples. The dashed curve was 
obtained with samples which contained 6X10" atoms of tin 
per cc. ; 
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the heat treatment did not introduce any detectable 
change in impurity concentration. It is seen that the 
acceptors introduced on quenching become ionized 
at 150 to 250°K. At this temperature the Fermi level is 
in the range 0.1 to 0.2 ev below the conduction band, 
indicating that this is also near the position of the 
acceptor energy level. However, it is not possible to fit 
the data in this region by using an acceptor of a single 
activation energy. 

It is evident in Fig. 2 that the number of filled 
acceptors introduced on quenching (the difference 
between the two curves) is about 20% greater at dry 
ice temperature than at room temperature. This is in 
agreement with the resistivity measurements described 
above. 

Shulman has examined quenched n-type bridges to 
observe the effects of trapping of conducting holes.’ 
The quenched centers did not act as hole traps; the 
only trapping observed was due to copper. For example, 
in the above bridge which contained about 10% 
quenched acceptors per cc, Shulman identified a copper 
concentration of 5X 10" cm. This is in good agreement 
with other measurements of the level of copper con- 
tamination in control samples heated in the quenching 
apparatus at that time. 

Measurement of the lifetime of minority carriers 
by the Haynes and Hornbeck® photodecay technique 
indicate that recombination centers are introduced into 
the sample by quenching. For example, quenching 
from 850°C reduced the lifetime in typical sample rods 
from the initial value of 150 usec to about 15 usec. 
In the control rods the heat treatment without quench- 
ing reduced the lifetime to about 70 usec. 


C. Quench of Tin-Doped Crystals 


Interesting results which help to clarify the nature 
of the quenched centers were obtained using specimens 
of single-crystal germanium doped with 6X10" tin 
atoms per cc. Since tin is a group IV element and forms 
an electrically neutral impurity in germanium,’ it 
would be expected that the atoms of tin in solid solution 
in germanium would be in substitutional positions. 
However, the tetravalent radius of a tin atom is about 
20% larger than the germanium atom; so some stress 
is exerted by the tin atom on the adjacent germanium 
atoms. At elevated temperature this strain could be 
reduced by inserting either a small impurity or vacancy 
adjacent to the tin atom. The observed increase in 
acceptor density produced on quenching tin doped 
crystals is shown in Fig. 1 (dashed curve) and is taken 
as evidence that the quenched centers are formed 
adjacent to tin atoms. As before, in the limit of T+, 
the curve has been made to pass through the computed® 
value 5.610” per cc. The slope indicates that the 


7R. G. Shulman, Phys. Rev. (to be published). 
8 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 
°F. A. Trumbore, private communication. 
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Fic. 2. The temperature yoy og of the carrier concentration 
in m-type germanium which has been heated to about 900°C and 
quenched. The control sample was also heated to 900° but cooled 
to 500° in about 15 seconds, to room temperature in about 2 
minutes. At lower temperature both curves approach the slope 
characteristic of the donor impurity atoms (E=0.0115 ev). 


energy of formation of the center adjacent to a tin 
atom is 1.3 ev. The acceptor density in the tin-doped 
crystals is about five times as large as in pure samples. 
This implies that the quenched-in center is either a 
vacancy or a small chemical impurity, heretofore 
unidentified. 


D. Annealing of the Quenched-In Centers 


The annealing in air of the quenched-in centers 
was studied over a temperature range from 250°C to 
450°C. The usual procedures were used to avoid 
extraneous chemical contamination. The furnace 
consisted of a cleaned quartz test tube immersed in a 
lead-tin bath. The cleaned sample was dropped into the 
tube at the beginning of the anneal. At the end of the 
anneal the test tube was removed from the lead-tin 
bath and quenched in water. Annealing times were 
thus determined to within a few seconds and the tem- 
perature of the lead-tin bath was maintained within 
1% of the nomial value of the anneal temperature. 

Resistivity was measured at room temperature using 
the 2-point probe technique. The change in acceptor 
density was calculated from the measured resistivity 
change. The annealing data is presented in Fig. 3 
where the percent of quenched-in acceptors that remain 
in the quenched sample is plotted against the time of 
annealing at various anneal temperatures. The solid 
curves in Fig. 3 were obtained with samples which 
contained about 10" quenched-in acceptors per cc. 
The p-type samples were all cut from the sample 
crystal; the n-type samples, except those annealed at 
400°C, were also cut from a single crystal. These 
samples were heated in helium and quenched from 
about 850°C in castor oil. Each sample was annealed 
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Fic. 3. The percent of quenched-in acceptors that remain in 
the sample plotted against the time of annealing for various 
temperatures of annealing. The solid curves were obtained with 
samples which had ~10"*/cc quenched-in acceptors whereas the 
dashed curves were obtained with samples having ~10"/cc 
quenched-in acceptors. 


for only one period of time so that each experimental 
point is obtained with a different quenched sample. 
Since the measured changes in concentration were 
small, this was done to eliminate cumulative effects 
and errors. The dashed curves in Fig. 3 were obtained 
with samples which contained about 10! quenched-in 
acceptors per cc. These samples were heated in nitrogen 
and quenched from about 900°C in ethylene glycol, 
which is a more effective quenching fluid than the 
castor oil. For these samples a whole annealing curve is 
obtained from a single sample. This was found to 
introduce no extraneous effects since a sample which 
was heated for a given interval of time was found to 
anneal to the same extent as a sample which was 
annealed in a series of short intervals for the same total 
time. 

The data presented in Fig. 3 for the samples with 
~10''/cc quenched-in acceptors agrees at the higher 
temperatures (350°C) with that obtained with the 
samples containing only ~10"/cc quenched-in 
acceptors. Similar results were also obtained using 
samples from the tin-doped crystals. At lower tem- 
peratures, however, the results indicate that even more 
acceptors are “annealed” into the crystal than the 
concentration initially quenched-in. This effect, al- 
though not understood, is similar to that observed by 
Mayburg.® 

At a given temperature, the rate of annealing 
decreases markedly after a fast initial rate. For example, 
samples containing ~10" quenched-in acceptors per 
ce annealed to the same extent in 60 minutes at 300°C 
as those heated only 10 minutes at this temperature. 
Other samples which contained ~10' quenched-in 
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acceptors per cc retained 30% of these acceptors after 
heating for 22 hours at 350°C compared to the plateau 
at 40% reached in a few minutes by similar samples, 
as shown in Fig. 3. 

After annealing for a long time at low temperature 
(300°C or 350°C), further annealing occurs if the 
samples are heated at higher temperature (400°C or 
450°C). These samples annealed to the same extent as 
control samples which had not been previously annealed 
at the lower temperature. In the experiments where 
samples were annealed at 350°C and then at 400°C, 
the results were not changed if the samples were 
heated slowly (~1° per minute) in going from 350°C 
to 400°C. 

In estimating the precision of the annealing data, 
several factors have to be considered: 


(1) The copper concentration in the heated samples 
as deduced from measurements on control samples 
was always at least an order of magnitude smaller than 
quenched-in acceptor densities. For example, when 
10/cc quenched-in acceptors were observed, 10"/cc 
of these may possibly be due to copper and no correc- 
tions were applied for this. 

(2) The percentage error ascribed to the resistivity 
measurements is about +5% so that for most measure- 
ments the room temperature concentration of filled 
acceptors is uncertain by about 2X 10"*/cc. Hence the 
precision in the annealing data is poor at the high 
temperatures (as is evidenced, for example, by the 
scatter in the experimental points obtained when 
annealing at 450°C). 

(3) The concentration of quenched-in centers was 
deduced from room temperature resistivity measure- 
ments. As shown in Fig. 2, this estimate is about 25% 
too low. Such a discrepancy should not greatly affect 
a qualitative study of the anneal process. 


E. Effect of Dislocations and of Copper 


It was not possible to quench acceptors into samples 
in which about 10° dislocations/cm? had been introduced 


TABLE I, The effect of copper on the anneal process.* 








Initial value 
Sample p(ohm- 


number cm) |Nn-—Na|/cc Acu Aquench Aannea! 





N-type samples from crystal GelI1I-1073 
3.3 X10" 1.1310" 1.7610" 
2.1 X10" 1.2810" ~10" 
3.1 X10" (controls) 2.1 X10" 
3.54 10" 1.75X 10" 


1X10" 

1X 10% 
1.07 10" 
1.15 10" 


P-type samples from crystal GeVIII-528 
2.8 X10" 0.65X10" 1.7510" 
2.8 X10" 0.5 K10" 2.1 10" 
3.6 X10" (controls) 1.6 X10" 
3.2 *10" 1.7 X10" 


4X10" 
4.510" 
6X 10" 
9x 10" 


13.55 
13.65 
10.44 
11.86 








® Acu is the concentration per cc of copper added by heating the samples 
at 550°C in the presence of copper. Aquench is the concentration per cc of 
acceptors added by quenching the samples from 850°C. Aanneai is the concen- 
or cc of acceptors removed by annealing the samples for 5 minutes 
at 400°C, 
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by plastic deformation at high temperature. Apparently 
the dislocations so increase the rate of annealing that 
the centers anneal during the quench. In addition, 
copper markedly affects the process of annealing. 
About 10" copper atoms per cc (added by diffusion 
at 550°C) had no effect on the quenched-in acceptor 
concentration, which was also about 10" per cc. 
However, the copper-doped samples annealed to a 
lesser extent than control specimens, as is shown in 
Table I. 


DISCUSSION AND CONCLUSIONS 


Germanium samples have been heated and rapidly 
quenched under conditions where the thermal treat- 
ment introduces negligible effects due to chemical 
impurities and plastic deformation. Rapid quenching 
introduces acceptor centers with two energy levels, 
one near the valence band and the other near the 
center of gap. The enhanced effects obtained on 
quenching samples heavily doped with tin are taken 
as evidence that the quenched-in center is either a 
vacancy or an impurity with smaller radius than a 
substituted germanium atom. 

The annealing of the centers has been studied in 
the temperature range 250°C-450°C. The low tem- 
perature at which annealing occurs indicates a low 
activation energy for the annihilation of the quenched-in 
centers. After the fast initial rate at a given temperature, 
the annealing progresses very slowly. This slow rate 
can be increased by heating the sample at a higher 
temperature than that at which it has been previously 
annealed. At the high temperatures from which the 
samples are quenched, the rate of annealing is markedly 
increased in the presence of high dislocation density. 
At lower temperatures, the extent of annealing de- 
creases with increased copper concentration in the 
sample. These interactions of the centers with dis- 
locations and copper make the data both difficult to 
obtain consistently and to interpret. Although the 
observed characteristics of the centers does not permit 
an unambiguous identification or detailed under- 
standing of the process of formation and anneal, 
certain possible explanations can be excluded. 
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The simple processes of annealing can be shown to 
be incompatible with the observed characteristics of 


the annealing. Two such processes are as follows: 


(1) The temperature dependence of the rate of anneal 
may be expressed in terms of an activation energy 
or a spectrum of activation energies. 

(2) The centers may anneal by interacting with 
another species or compete with another species for 
the sites at which they are annihilated. 

The observations described above rule out these 
mechanisms by using the following arguments: 

(1) Some of the centers that do not anneal in 22 
hours at 350°C anneal in about 100 seconds at 400°C. 
If this is a thermally activated process, then the 
activation energy is 5 ev, or the jump time is 10* 
seconds at 400°C. Thus the centers could not possibly 
anneal in 100 seconds at 400°C by a thermally activated 
process. 

(2) If the centers anneal by interacting with another 
specie or compete with another specie for the sites 
where they anneal, then as the specie or anneal sites 
are used up at each temperature of annealing, the rate 
of annealing will decrease with time. Such a model is 
consistent with many of the observations but is contra- 
dicted by some of the data. For example, after annealing 
a quenched sample for a long time so that the anneal 
rate becomes very small, further annealing at high 
temperature should not annihilate centers, since 
according to this model the competing specie or the 
anneal sites are used up. However, as described above, 
samples did anneal further at 400°C after being 
annealed for a long time at 300 or 350°C. 
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Comparison of the characteristic energy losses of electrons in several materials with the fine structure 
found on the short-wavelength side of the x-ray K-absorption edge indicates that there is a correlation 
between the two phenomena. This leads us to believe that many of the characteristic energy losses may be 
due to excitation of the valence electrons to higher allowed energy levels. It is also shown that, in general, 
the energy-loss spectra are similar for metals which are neighbors in the periodic table, and that there is 


some dependence on the crystal lattice constant. 





INTRODUCTION 


T is the purpose of this paper to show that a striking 
correlation exists between the characteristic energy 
losses of electrons in solids and the fine structure found 
on the short-wavelength side of the x-ray absorption 
edge. For the sake of simplicity, we consider here only 
the K-edge fine structure, and compare the charac- 
teristic losses with the maxima of absorption of the 
fine structure as measured from the K-edge. Since the 
x-ray K-edge corresponds to a transition of a K-electron 
to the first unoccupied level above the Fermi level, and 
the maxima of absorption of the fine structure to 
transitions to higher allowed levels, it is quite plausible 
to account for the characteristic energy losses as due to 
excitations of the valence electrons to the same higher 
energy levels. It is, of course, obvious that the initial 
states will differ for the two cases, and that, therefore, 
there will be some differences in the level spectra ob- 
tained in regard to the number of levels observed and 
the probabilities of the transitions. One might also 
reasonably expect differences in the energy values due 
to the fact that the fine structure is measured from the 
Fermi level. There would also be possible differences in 
the widths of the spectral lines since the initial K-state 
for the x-ray case is very sharp whereas, off-hand, the 
initial state for the electron case would appear to be 
considerably broader. At the present time there are not 
sufficient data available to allow discussion of the 
transition probabilities or the half-widths of the spectral 
lines, and we can only approach the problem from the 
limited viewpoint allowed by a comparison of energy 
absorption values. 

Before we present the numerical data, we will first 
discuss the characteristic energy losses and the x-ray 
fine structure so that the two phenomena in question 
are understood. These discussions will be brief since 
there are rather complete reviews of both subjects; in 
the case of the x-ray fine structure by Hanawalt! and 
by Kurylenko? and in the case of the characteristic 
losses by Marton, Leder, and Mendlowitz.* 

‘J. D. Hanawalt, J. Franklin Inst. 214, 569 (1932). 

2 C. Kurylenko, Cahiers phys. 54, 1 (1955). 

3 Marton, Leder, and Mendlowitz, Advances in Electronics and 


Electron Physics (Academic Press, Inc., New York, 1955), Vol. 
VII, pp. 183-238. 


CHARACTERISTIC ENERGY LOSSES 


It has been found that electrons, which interact with 
a solid, lose rather small, well-defined amounts of 
energy. The distribution in energy of the electrons 
after the interaction, measured either in transmission 
through thin films or in reflection from the solid, gives 
a spectrum consisting of a strong line, corresponding to 
those electrons which have not lost energy, and then 
several other lines corresponding to the characteristic 
energy losses. The range of energies of observed losses 
is approximately between 5 and 75 ev and the line 
shapes vary from very narrow (e.g., aluminum) to very 
broad (e.g., silicon). These energy losses have been 
known since 1924,‘ but until 1941, when Ruthemann® 
started investigating them, they were measured only in 
conjunction with measurements of secondary electron 
emission. In recent years a number of investigators*"” 
have been interested in this problem, with a subsequent 
rapid increase in the data available. Kronig and 
Penney," in an article on the band structure of solids, 
suggested that the observations of Rudberg"® might be 
interpreted in terms of interband transitions. Haworth" 
in 1935 observed the characteristic losses in Mo and 
also discussed these in terms of interband transitions. 
In 1936, Rudberg and Slater'* attempted a theoretical 
description of the results for copper, based on the 
quantum theory of the solid state. They considered 
that the incident primary electrons caused transitions 
from the occupied 3d band to the 4s band and others 
above. To calculate the relative probability of different 
energy losses, they used the density of states curve and 


4J. A. Becker, Phys. Rev. 23, 664 (1924). 

5G. Ruthemann, Naturwiss. 29, 648 (1941); 30, 145 (1942); 
Ann. Physik 2, 113 (1948). 

® G. Mollenstedt, Optik 5, 499 (1949) ; 9, 473 (1952). 

7L. Marton and L. B. Leder, “yy Rev. 94, 203 (1954); L. B. 


Leder and L. Marton, Phys. Rev. 1345 (1954). 

8 W. Kleinn, Optik 11, 226 (1954). 

9H. Watanabe, J. Phys. Soc. Japan 9, 920 (1954); 9, 1035 
(1954) ; Phys. Rev. 95, 1684 (1954). 

TD), Gabor and G. W. Jull, Nature 175, 718 (1955). 

1 R. L. Kronig and W. G. Penney, Proc. Roy. Soc. (London) 
130, 499 (1930-1931). 

12, Rudberg, Phys. Rev. 50, 138 (1936); Proc. Roy. Soc. 
(London) A127, 111 (1930). 

3. J. Haworth, Phys. Rev. 48, 88 (1935). 

“ E. Rudberg and J. C. Slater, Phys. Rev. 50, 150 (1936). 
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approximate wave functions corresponding to each of 
the levels. The velocity distribution curve so obtained 
was compared with the characteristic energy loss curve 
measured by Rudberg.” They found that the first two 
maxima agreed quite well, but that the theoretical 
distribution contained peaks which Rudberg had not 
observed. More recent measurements’!® have shown 
the existence of these higher energy losses so that the 
calculated values of Rudberg and Slater fit better than 
it appeared at that time. Cauchois'® compared the 
characteristic energy losses in aluminum with the fine 
structure of the x-ray K-absorption edge. However, she 
made the comparison with the maxima of transmission, 
«and Watanabe? has correctly pointed out that the com- 
parison should be made with the maxima of absorption. 
The approaches of Kronig and Penney," Haworth," 
Rudberg and Slater,’ and Cauchois"® are all essentially 
the same since they all postulate excitation of a single 
“free” electron to higher energy levels. On the other 
hand, Bohm and Pines"’ have attempted to explain the 
characteristic losses on the basis of excitation of col- 
lective oscillations in the free-electron gas of a metal. 
It appears that there may be some agreement with the 
Bohm-Pines theory for the cases of Al, Be, and Mg. 


X-RAY ABSORPTION EDGE FINE STRUCTURE 


In this section we will present a summary of the 
experimental and theoretical background of the x-ray 
fine structure. Two theories attempting to explain the 
fine structure have been formulated. While they both 
are able to interpret certain aspects of the experimental 
data successfully, they contain inherent difficulties 
which limit their range of validity. We present these 
theories in order to give a more complete picture of 
the available information concerning the x-ray fine 
structure. 

The x-ray absorption edge is obtained by passing 
x-rays through an absorber and measuring the intensity 
of the transmitted beam as a function of the wavelength. 
It is found that, at a wavelength corresponding to the 
energy required to transfer an inner shell electron ta 
the first empty higher level, there is a sudden increase 
in absorption of the x-ray beam. This region of high 
absorption is called the absorption edge. As the wave- 
length is decreased, the absorption coefficient fluctuates. 
In some cases these fluctuations have been observed 
over a range of several hundred electron volts. This 
fluctuation of the absorption is called the fine structure. 

In order to explain this fine structure, Wentzel'® and 
Coster suggested that each x-ray quantum could 


16 P, P. Reichertz and H. E. Farnsworth, Phys. Rev. 75, 1902 
(1949). 

16 Y. Cauchois, Conference on Applications of X-Ray Spec- 
trosco py to Solid State Problems, October 23-25, 1950, Navexos 


p- Lo Copenh Acta Cryst. 5, 351 (1952). 
D. Bohm and D. Pines, Phys. Rev. 85, 338 (1952); 92, 609 
(1953); D. Pines, Phys. Rev. 92, 626 (1953). 

8G. Wentzel, ‘Ann. Physik 66, 437 (1921). 


® D. Coster, Phil. Mag. 44, 546 (1922). 
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cause a double or even multiple ionization of the atom, 
thus removing simultaneously a K- as well as an L- or M- 
electron from the atom. However, experimental results” 
on the isolated atoms which make up the solid show 
that the fine structure of the K-absorption edge extends 
only 10-20 electron volts from the edge whereas in the 
solid the fine structure can extend as much as 300 
electron volts from the edge. Furthermore, it has been 
shown that the fine structure in a solid is a function of 
the temperature, and also” that, for solids with the 
same crystal structure, the spectra can be made to 
overlap if one employs a scaling parameter which is a 
function of the lattice constant. 

Kronig™ inferred from these experimental data that 
the fine structure is a property of the whole aggregate 
of atoms forming the solid rather than the sum of the 
individual contributions of the several atoms. He based 
his interpretation on the quantum theory of the solid 
state. The electron is excited from the K-shell by the 
photon with sufficient energy to raise it to a position 
above the uppermost occupied level in the valence or 
conduction band. If the energy of the electron in its 
final state corresponds to an allowed energy band, the 
electron travels around in the solid in a manner which 
is essentially free. He assumes that the influence of the 
lattice on the motion of the electron is a small perturba- 
tion by a periodic field. The momentum and energy are 
related by the expressions which specify the transla- 
tional symmetry of the wave function corresponding to 
an energy in a particular band. Because of certain sym- 
metry properties of the material it is found, for given 
values of the momentum 7k, that the “free” electron 
cannot travel through the material. This occurs when 
the momentum satisfies the Bragg relations. In this 
case, the electron waves are reflected by certain planes 
in the material in such a manner as to set up an inter- 
ference pattern which gives a null probability of finding 
the electron in this momentum state—thus we have a 
forbidden state. 

The energy at the boundary of an allowed band in a 
cubic structure is given by 


9 


=—(e?+ +’), (1) 
8md? 


where s is Planck’s constant, m is the electronic mass, 
d is the lattice constant, and a, £8, and y are integers. 
If an electron were to receive from the photon the 
requisite energy corresponding to the momentum which 
satisfies the Bragg reflection law, the photon would not 
be absorbed by the material. In this instance we would 
find a maximum in transmission (minimum in absorp- 
tion) in the x-ray fine structure. The probability of no 
© D. Coster and J. H. Van der Tuuck, Z. Physik 37, 367 (1920) ; 
J. D. Hanawalt, Phys. Rev. 37, 715 (1931). 

11D). Coster and J. Veldkamp, Z. Physik 70, 306 (1931); 74, 
191 (1932); G. A. Lindsay, Z. Physik 71, 735 (1931). 

2R. L. Kronig, Z. Physik 70, 317 (1931); 75, 191 (1932); 75, 
468 (1932). 
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absorption increases with the number of planes able to 
participate in this type of reflection. In this way one 
can find the various heights of the transmitted lines in 
the absorption spectra in terms of these equivalent 
planes. It should be noted at this point that we are 
considering dipole excitation of the electron by the 
photon and should expect the final state of the electron 
in the K-absorption spectrum to be a p-state. Kronig 
considers the distribution of the various angular mo- 
mentum states in the bands to be dense enough so 
that for almost any momentum in the band there is a 
wave function contribution from a p-type state. 

Since the positions of the absorption minima are a 
consequence of the Bragg law, we would expect the 
energy corresponding to the various absorption minima 
to be a function of the lattice spacing. Therefore, 
different materials with the same type of structure 
should exhibit similar types of spectra which can be 
made to coincide by scaling in terms of the lattice 
constant. The spacing of the absorption minima should 
also be temperature-dependent. This is found to be so 
in many materials. 

Hayasi® interprets the fine structure in a somewhat 
different manner. Since the initial electron state in the 
K-shell is an s-state, it is necessary that the final state 
have a p-type symmetry. He utilizes the fact that there 
are deviations from perfect periodicity in the solid 
because of thermal vibrations and because of other 
impurity types to allow him to consider the final state 
of the electron as a “quasi-stationary” state. That is, 
he considers the electron trapped and localized over a 
small number of lattice sites. We can think of the 
electron in the p-type state to be reflected from a pair 
of planes at right angles to the direction of propagation. 
The electron “bounces” back and forth between these 
planes and so is localized about the emitting atom. 
The strength of localization is obtained by finding the 
number of equivalent planes about the “emitting” atom 
which can give the same type of localization. For those 
states having a large number of equivalent planes 
participating, one would expect a greater probability 
of trapping than those states which have a smaller 
number of planes. In this way a number of transitions 
can be ruled out. In a manner, this is a type of selec- 
tion rule. 

The energy of the final state is given by the knowledge 
of the planes participating in localizing the electron. 
This corresponds to the energy of the forbidden states 

*% T. Hayasi, Sci. Repts. Tohoku Univ. 33, 123 (1949) ; 33, 183 
(1949) ; 34, 185 (1950). We are indebted to Professor Hayasi for 
a preprint of an article to appear in Science Reports of Tohoku 
University in which he considers the relationship between the 
characteristic energy losses, the x-ray absorption fine structure, 
and the critical potentials for Ni and Cu. He postulates a level 
structure for the final states of the excited electrons in a manner 
similar to that given in our present paper. Certain outer shell 
levels are assumed to be the initial states for the characteristic 
loss transitions and are assigned energy values derived from 
critical potential data. This allows him to calculate the energy 


differences between the initial and final states which are then 
compared to the characteristic loss spectra. 
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in the Brillouin zone structure of the solid. It is interest- 
ing to note that where Kronig finds a forbidden final 
state, and so a minimum in the absorption, Hayasi finds 
a “bound” allowed state (in a forbidden zone) and thus 
a maximum in absorption. Also, Hayasi calculates the 
width of the various “bound” energy levels by con- 
sidering the thermal displacement of the various planes 
which smears out the energy of the electrons being 
bound by these planes. In addition to this thermal 
width, there is the natural line width of the forbidden 
zones known in the usual Brillouin zone theory. 

In his theoretical treatment,% Hayasi studies a 
modified one-dimensional Kronig-Penney model where 
there is a deviation in the periodic potential at the 
origin. He finds that in this manner the energies of the 
“quasi-stationary” states correspond quite closely to 
the Brillouin zone boundary energies. In terms of a 
one-dimensional model, an impurity localized to one 
lattice site can give the symmetry of the localized level 
to correspond to a p state. Slater and Koster® have 
shown that in a three-dimensional cubic model, with 
the perturbing potential exhibiting the same symmetry 
properties as the lattice, the p-type levels will not 
appear if the perturbation is localized to one lattice 
site. When the perturbation extends over more than 
one lattice site with sufficient strength, s, p, d, etc., types 
of localized levels appear to break off from the band and 
exist in the forbidden zone. 


IMPLICATIONS OF THE THEORIES 


On the basis of either the Kronig or Hayasi theory, 
several properties of the fine structure can be predicted. 
For instance, metals crystallizing in the same type 
should have the same type of fine structure. In the case 
of neighboring metals in the periodic table, the density 
of states would probably be similar, so that those with 
the same type of crystal structure will have the same 
spectrum but scaled by the lattice constant [e.g., for 
a cubic structure it is given by Eq. (1) ]. Where crystals 
are not of the same kind, e.g., cobalt (hexagonal) and 
nickel (cubic), we might still expect similar spectra but 
with some modification because of the differing crystal 
types. This is because an hexagonal close-packed lattice 
can be approximated by a cubic lattice with an appro- 
priate lattice constant.?* Where metals are not neighbors 
in the periodic table, the densities of states may be 
quite different. Therefore, although the fluctuations 
may be correlated with a parameter which is a function 
of the lattice constant, the line shapes might differ 
because of the different densities of states. 

In the Kronig theory, the liberated electrons were 
regarded as almost free, so that the forces exercised by 
the lattice may be regarded as small perturbations. 


* T. Hayasi and S. Okada, Sci. Repts. Tohoku Univ. 37, 331 
(1953) ; T. Sagawa, ibid. 37, 339 (1953). 

25 G. F. Koster and J. C. Slater, Phys. Rev. 96, 1208 (1954). 

26 C, Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 16. 
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This implies that the foregoing conclusions would be valid 
only at some distance from the zero potential, and 
from experiment?’ this distance appears to be approxi- 
mately 50 ev from the absorption edge. The distance 
from the edge within which the lattice dependence 
would not hold would, of course, vary for different 
metals. Using his own theory, Hayasi found good agree- 
ment with the measured values for nickel and copper 
to within 12 ev and for lithium to 6 ev from the edge. 
Since Hayasi employs quasi-stationary states (localized 
levels), it would be expected that his theory would 
probably hold better than the Kronig theory near the 
K-edge. 


COMPARISON OF THE X-RAY FINE STRUCTURE 
WITH THE CHARACTERISTIC LOSSES 


While we do not attempt to apply the details of the 
theories of the fine structure to the characteristic 
energy losses, some of the more general aspects are 
helpful for the correlation. Both the theories of the fine 
structure and the experimental data indicate that the 
energy dependence of the fine structure goes as the 


TABLE I. Comparison for aluminum. The fine structure values 
are given in the first column and the characteristic losses in the 
second, both in ev. 





Fine structure® (ev) Characteristic losses» (ev) 


8.0 7.0 

15.0 14.6 

24.5 21.6 

29.2 
36.2 
43.8 
50.8 





34.0 
42.0 
52.0 





* See reference 28. ; 
b These values for the characteristic losses are the combined results of 
several investigators. 


inverse square of the lattice constant. It is to be 
expected that any theory which assumes a lattice de- 
pendence for the energy levels will show that the 
energies are inverse functions of the square of the 
lattice constant. This can readily be obtained from 
dimensional considerations. We will investigate these 
aspects after we first show the numerical agreement 
between the characteristic energy loss spectra and the 
x-ray fine structure. In all cases the fine structure 
values are the maxima of absorption taken from the 
K-absorption spectra, and are measured in ev from 
the K-edge. The characteristic energy losses are all 
measured in ev from the zero loss (elastic peak). 

In Table I we show the two sets of values for 
aluminum. The fine structure values are those given by 
Johnston and Tomboulian” and the characteristic loss 
values are the average of all the published values. It is 

27G, P. Brewington, Phys. Rev. 46, 861 (1934); D. Coster, 
Physica 2, 606 (1935); V. P. Barton and G. A. Lindsay, Phys. 
Rev. 46, 362 (1934). 


28 R. W. Johnston and D. H. Tomboulian, Phys. Rev. 94, 1585 
(1954). 
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_ TABLE II. Comparison for iron. The fine structure values are 
given in the first column and the characteristic losses in the second 
column, both in ev. 





Fine structure® (ev) Characteristic losses» (ev 


9.3 7.0 
15.8 15.8 
22.9 20.4 
39.0 36.5 
55.1 56.1 











* See reference 30. 
> See references 7 and 8. 


obvious that the numerical correlation is quite good 
except for the absence of the 29.2-ev value (which 
probably is a multiple of the 14.6-ev loss) in the fine 
structure. It should be pointed out that aluminum 
presents one of the best cases for the plasma theory 
since the theoretical plasma loss fits quite well the 
measured 14.6-ev loss, and Blackstock, Birkhoff, and 
Slater” have shown that the theoretical mean free 
paths also fit the experimental values. However, the 
plasma theory does not account for the 7.0-, 21.6-, 
36.2-, and 50.8-ev losses. From our own, unpublished, 
data we know that the 14.6-ev loss for aluminum has a 
larger cross section than any of the other characteristic 
losses, and this leads us to believe that in this case we 
may be observing a multiple process consisting of a 
superposition of the plasma loss on the interband 
transition. It should be noted that, of all the cases for 
which comparisons have been made, the Be data are 
completely in disagreement (see Table V). Here too 
there are indications from other sources’ that the Be 
electron losses may be due to plasma excitations, and 
so might have no counterpart in the x-ray fine structure. 

In Table II are listed the values for iron. The x-ray 
values are those given by Aoyama and Fukuroi,* while 
the characteristic losses are taken from the measure- 
ments of Kleinn* and Marton and Leder.’ The numerical 


TABLE ITI. Comparison of values for potassium. 


Fine structure® (ev Characteristic losses” (ev 





32.8 








® See reference 31. 
b See reference 7. 


*® Blackstock, Birkhoff, and Slater, Phys. Rev. 100, 1078 (1955). 
*§. Aoyama and T. Fukuroi, Sci. Repts. Tohoku Univ. 28, 
410 (1939-1940). 
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TaBLe IV. Comparison of values for potassium. 








Characteristic losses> (ev) 


Fine structure® (ev) 


2.7 

5.2 ry 

10.0 0. 

< 6. 
1. 











* See reference 32. 
b See reference 7. 


agreement is extremely good. In Table III we give the 
values for potassium. Four low-lying levels are found 
in the case of the fine structure given by Platt® which 
were not found for the characteristic losses by Marton 
and Leder. However, this may simply be due to their 
low probability plus lack of resolution of the spectro- 
graph close to the zero level. The other levels are in 
excellent agreement. The 11.4- and 25.5-ev charac- 
teristic losses are shown as average values of the 
bracketed x-ray values. We do this tentatively because 
they do fall midway between the two sets of values, 
and also because in the characteristic energy loss 
spectrum they are broader than the other loss lines.* 

The comparison for sodium (Table IV) is not as 
complete as in the other cases, although two values 
which are common to both sets of measurements are in 
excellent agreement. It is easy to see why the 2.7-ev 
x-ray value would not be observed in the characteristic 
loss spectrum with the present resolution available 
since it would fall close to the zero-loss line and probably 
be obscured. It is also probable that the 16.6- and 
21.9-ev characteristic losses have not as yet been 
observed in the x-ray case since Rule® could observe 
with consistency only the first three values. 

In Table V, we have given the values for several 
other metals which we will not discuss individually. 
The tabulated values represent the combined measure- 
ments of several investigators in some cases. We find 
that there are either fine structure values or charac- 
teristic losses without counterpart in the other. It will 
be interesting, in view of this possible indication of 
their existence, to see whether they will be found with 
further measurement. 

Equally good correlation is found for the several 
compounds that have been measured in both cases. 
In Tables VI, VII, VIII we have given both sets of 
values for NaCl, KCl, and KBr. We note that for these 
materials, as for potassium, more losses are observed 
than are generally found for the metals, indicating 
many closely spaced, narrow levels. 


SIMILARITIES IN THE CHARACTERISTIC 
LOSS SPECTRA 


We have pointed out earlier that it might be expected 
that neighboring metals in the periodic table have 


4 J. B. Platt, Phys. Rev. 69, 337 (1946). 
# K. C. Rule, Phys. Rev. 66, 199 (1944). 


similar spectra, provided the density of states are not 
radically different, modified by a dependence on the 
lattice constant [/e.g., Eq. (1) ] and the crystal structure. 


TABLE V. Comparison of the values for several other metals. 








Fine structure Charact. losses Fine structure Charact, losses 
(ev) ev (ev (ev) 





Be> 


6.5 
18.9 


Ag* 








® Munier, Bearden, and Shaw, Phys. Rev. 58, 537 (1940). 

b See reference b of Table I. 

: See reference 28. 

. Veldkamp, Z. Physik 77, 250 (1932); °. 776 (1933). 
. Ww. man and H. Friedman, Phys. Rev. 56, 392 (1939). 

tS. 7. Stephenson, Phys. Rev. 58, '877 (1940). 

© H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. (London) 161, 
420 (1939). 

b See reference 

iA. E, oe net Arkiv. Mat. Astron. Fysik 28A, 1 (1942). 

} See reference 23. 

kW. H. Zinn, Phys. Rev. 46, 659 (1934). 

1H, Friedman, Naturwiss. 24, 569 (1954). 
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Several such metals for which data are available can be 
compared in this way. In Table IX we compare the 
spectra of copper and zinc. Both have a completed 3d 
shell, and copper has one, while zinc has two, 4s 
electrons. However, zinc is close-packed hexagonal 
(a=2.665 A, c=4.947 A)® while copper is face-centered 
cubic (¢=3.615 A). In order to determine a possible 
lattice dependence, we must approximate an ideal 
close-packed hexagonal lattice for zinc. For such a 
lattice, the axial ratio c/a should be 1.633. In zinc 
c/a= 1.86, indicating a departure from the ideal lattice. 
The axial constants for the ideal lattice are found to 
be a;=2.88 A and c,=4.70 A.* We then determine the 
distance of closest neighbors in this ideal lattice by 
multiplying the a by V2. We can now calculate the loss 
values for zinc expected on the basis of the measured 
copper values by multiplying the zinc values by 
(3.615/4.07)?=0.79. These calculated values are given 
in column three of Table IX. Considering that we had 
to approximate the zinc lattice we get surprisingly good 
results which indicate that the two spectra are indeed 
similar and do show a lattice dependence. 

Another pair of metals which should have the same 
spectra are gold and platinum which are both face- 
centered cubic (a=4.079A and a=3.923 A, respec- 
tively). Both have one electron in the 6s shell, but Au 


TABLE VI. Comparison of the values for sodium chloride. 








Fine structure* (ev) Characteristic losses> (ev) 


0.9 
3.8 
11.2 
20.5 
27.2 
39.4 











* See reference 32. 
» See reference 7. 


TABLE VII. Comparison of the values for potassium chloride. 








Fine structure® (ev) Characteristic losses> (ev) 





7.9 
9.6 
13.5 


20.0 
22.4 
26.1 
28.6 


22.9 
28.7 








* See reference 27 and S, Kiyono, Sci. Repts. Tohoku Univ. 36, 1 (1952). 
> See reference 7. 


% All the lattice constant values used are taken from H. E. 
Swanson, National Bureau of Standards Circular 539 (U. S. Gov- 
ernment Printing Office, 1953-1955). 

“The axial constants for the ideal close-packed hexagonal 
lattice are found from the two relationships, ¢,/a,:= 1.633 and 
2a;?+-¢;? = 2a?+-c?. 
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TABLE VIII. Comparison of the values for potassium bromide. 








Fine structure* (ev) Characteristic losses» (ev) 


1.1 
4.2 
7.2 
9.6 
12.6 
16.3 
19.8 
22.4 
25.4 
27.1 











® See reference a of Table VII. 
b See reference 7. 


TABLE IX. Comparison between the characteristic losses for 
Cu and Zn. In the last column are given the values calculated 
for Zn, using the ratio of the square of the lattice constants. 








Zn Zn (calc) 








has a completed 5d shell while Pt lacks one electron to 
complete its 5d shell. Since gold has been more 
thoroughly measured, we will use it as the standard. 
From the lattice constants, we would expect Pt to have 
slightly larger characteristic losses. The expected differ- 
ences here are actually smaller than the probable errors 
involved in the measurements, but we might expect a 
trend to be apparent. In Table X we show the measured 
values in the first two columns and the calculated values 
for Pt in the third column. We find that Pt does have 
slightly larger losses in agreement with the calculated 
values. The 46-ev loss for Pt is possibly an average of 
two losses as indicated in the table. 

In Table XI we show the energy loss values for silver 
and cadmium. The Ag values are averages of the 
measurements of several investigators while the cad- 
mium values are our own. These metals both have a 
completed 4d shell. Silver has one electron in the 5s 
shell and Cd has two. As in the case of Cu and Zn we 
compare a cubic lattice (Ag, a= 4.086 A) with a close- 
packed hexagonal lattice (Cd, a=2.98 A, c=5.62 A). 
If we approximate an ideal lattice for Cd as we did for 
Zn, we obtain a nearest neighbor distance of 4.60 A. 
This would indicate that the Cd losses should be less 
than those of copper. Actually, we find that the first 
two Cd losses are greater than those of Cu. 

We can also compare the spectra of the compounds 
KCl and KBr, both of which are face-centered cubic 
crystals. Their lattice constants are 6.293 and 6.600 A 
respectively, so that the KCl losses should be 1.1 times 
the KBr losses if there is a lattice constant dependence. 
In Table XII the measured characteristic losses are 
given in columns 1 and 2 and the calculated values for 
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TABLE X. Comparison of the characteristic losses for Au and Pt. 
In the last column are given the values calculated for Pt using 
the ratio of the square of the lattice constants. 








Gold 


6.3 6.6 6.5 
12.0 11.7 12.5 
18.0 tee 18.7 
24.0 24.8 25.0 
33.0 34.0 34.3 
sia} 46.0 42.6 

61.4 


Platinum Platinum (calc) 





50.0 S047 


58.0 60.3 








KC! in column 3. Again we see that the spectra are 
similar and that there is some reason to believe a 
lattice constant dependence exists. For comparison 
purposes we have included the characteristic losses for 
K in column 4. 


DISCUSSION 


We have shown that in many cases a numerical corre- 
lation exists between the fine structure of the K-absorp- 
tion edge of x-rays and the characteristic energy losses 
of electrons in solids. 

The x-ray fine structure has been related to the 
periodic properties of the lattice by Kronig and Hayasi. 
We would expect that the Kronig theory is probably 
valid only for large distances from the K-edge because 
he treats the electron in the solid as being essentially 
free. On the other hand, we would not expect the 
Hayasi theory to hold for large distances from the K- 
edge. This is because his theory is based on “imper- 
fections” in the periodic lattice which perturb the ideal 
periodic potential. The perturbing potentials tend to 
localize the electron within a small region in the lattice— 
a quasi-stationary level. Unless the perturbing potential 
is very large compared to the unperturbed lattice 
potential, only the energy levels close to the K-edge 
would be affected. Therefore, if the photoelectron has an 
energy which brings it to a level much above the K- 
edge, this level will probably exhibit the properties of 
a similar level in an unperturbed solid. Although the 
Hayasi approach may be successful for the levels close 
to the K-edge, we cannot discard the possibility that 
some of the fine structure maxima close in may arise 
from double excitation by the photon, e.g., K-excitation 
plus, possibly, an L- or M-excitation. 

If we assume that there is a lattice dependence in the 


TABLE XI. Comparison of the characteristic losses for Ag and 
Cd. In the last column are given the values calculated for Cd using 
the ratio of the square of the lattice constants. 








Cd Cd (calc) 


4.4 3.2 
8.1 5.8 
13.2 
18.4 
35.8 





18.7 
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characteristic loss spectra, then we would expect it to 
be exhibited as an inverse function of the lattice con- 
stant squared. This has been noted in some cases. As in 
the case of the x-ray fine structure, we can get a trapping 
potential extending over a region of a few lattice 
spacings from impurities (and finite size of crystallites). 
Therefore, we can expect to find localized levels around 
these “impurity” sites, and the energies of these levels 
will be a function of the inverse square of the extension 
of the perturbing potential. For metals this extension 
is usually of the order of magnitude of the lattice 
constant. 

The characteristic loss values used for the comparison 
are taken either from our own measurements or are the 
combined measurements of several investigators. These 
values may be in error as much as 1 or 2 ev because of 
several factors which have not been taken into account, 
such as; line shape, influence of prominent lines on less 
prominent neighbors, purity of specimens, and tem- 
perature. Also, the x-ray K-edge position from which 


TaBLE XII. Comparison of the characteristic loss spectra for 
KBr and KCl. The calculated values for KCl are obtained by 
multiplying the KBr values by the ratio of the square of the 
lattice constants. The loss values for potassium are given in the 
last column. 








KBr KCl (calc) 





6.9 

8.9 
12.8 
18.0 
19.9 
21.9 
25.6 
28.0 











the fine structure is measured cannot be determined 
with great accuracy. One must bear in mind that these 
errors will cause some deviations. 

Since we have considered here only the K-edge fine 
structure the initial state in the x-ray process is an s- 
state as compared to the various possible angular 
momentum states for the initial states in the electron 
scattering experiments. However, since the various 
angular momentum states in the bands are very close 
to each other energy-wise, it is not expected that any 
significant differences in the energy levels would be 
observed due to the angular momentum selection rules. 
It should, however, be noted that the initial state in the 
x-ray absorption is sharp while the initial state in the 
electron absorption may be considerably broader. There- 
fore, without an accurate knowledge of the densities 
of states in the bands, it would be extremely difficult to 
make meaningful comparisons of the line shapes or 
intensities for the two cases. 

As in the case of the x-ray absorption spectra near 
the K-edge, where some of the lines may arise from an 
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additional photoejection from the outer shells to the 
bands, so also in the case of the electron absorption 
we may expect excitations of the outer shell electrons. 
This could possibly explain some of the cases where 
there is a correlation between the fine structure and 
the characteristic spectra but no apparent energy 
dependence on the lattice. 

In order to have a complete theory of the charac- 
teristic energy losses in terms of the band picture, 
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more information concerning the densities of states is 
necessary. 
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Cohesive Energy of Potassium* 


SAM BERMAN,| JOSEPH CALLAWAY, AND ROGER D. Woops 
Department of Physics, University of Miami, Coral Gables, Florida 
(Received October 27, 1955) 


The cellular method has been applied to a calculation of the cohesive energy of metallic potassium. The 
crystal potential is taken from a self-consistent field with exchange for the potassium ion. An approximate 
exchange interaction between the valence and the core electrons was included. The cohesive energy was 
found to be 18.5 or 19.3 cal/mole according as Pines’ or Wigner’s expression for the correlation energy is used, 
and the effective mass to be 86% of the free-electron mass. The experimental value is 22.6 cal/mole. 


INTRODUCTION 
HE cohesive energy of potassium was first cal- 
culated by Gorin! who used the cellular method. 
Unlike previous calculations for lithium and sodium by 
Wigner and Seitz? and by Seitz,* Gorin did not obtain 
reasonable agreement with experiment, but found a 
value considerably too small. Gorin attributed the fail- 
ure to the supposed greater importance of the electron 
interaction, i.e., correlation between valence and core 
electrons. The subject has since been taken up again by 
Kuhn and Van Vleck‘ and by Brooks’ who use the 
“quantum defect method” which avoids explicit use of 
a potential, but rather makes use of knowledge of the 
energy levels of the free potassium atom, determined by 
atomic spectroscopy. These authors find much better 
agreement; in particular Brooks finds a cohesive energy 
which differs from the experimental value by only 0.4 
cal/mole neglecting the Coulomb interactions of the 
valence electrons—a discrepancy probably well within 
both the experimental and theoretical uncertainties. 
The basic assumption of the Wigner-Seitz method is 
that the atomic polyhedron can be replaced by a sphere 
of equal volume. Each atomic cell is regarded as elec- 
trically neutral, so that the valence electron moves in 
the field of the corresponding positive ion. In this 
* This research was supported by the Office of Naval Research. 
¢ Present address: Department of Physics, California Institute 
of Technology, Pasadena, California. 
1E. Gorin, Physik. Z. Sowjetunion 9, 328 (1936). 
PP Naas and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
OF. Seitz, Phys. Rev. 47, 400 (1935). 


4T. S. Kuhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950). 
5H. Brooks, Phys. Rev. 91, 1027 (1953). 


approximation, the cohesive energy is essentially the 
difference of two quantities: first, the boundary cor- 
rection due to the fact that the wave function of the 
ground state of the valence electron is flat at the surface 
of the atomic sphere. Hence there is a decrease in the 
kinetic energy of the ground-state wave function, and 
at the same time, the valence electron is forced back 
into the ion core to a certain extent, i.e., into a region of 
more negative potential energy. The second quantity 
is the kinetic energy of the electron distribution, occa- 
sioned by the fact that only one electron of each spin 
can be in a given state. This kinetic or Fermi energy 
can be calculated by the method of Bardeen® (which has 
been extended by Silverman’) where it is determined by 
the effective mass of the electrons. The contribution 
from the Coulomb interaction of the valence electrons is 
considered to be that for a free-electron gas, diminished 
by the exchange and correlation holes. The net effect 
of the Coulomb interaction turns out to be small. This 
surprising result has been explained by Bohm and 
Pines® as a consequence of the screening effect of the 
rest of the electron distribution on the field of any 
single electron. 

We have repeated Gorin’s calculation with some im- 
provements. The potential of the K ion is taken from a 
self-consistent field with exchange calculated by 
Hartree and Hartree.’ (The K* ion field used by Gorin 


6 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

7R. A. Silverman, Phys. Rev. 85, 227 (1952). 

8D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines, 
Phys. Rev. 92, 626 (1953); D. Pines (unpublished). 

®D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1936). 
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did not include exchange.) Second, we have used 
approximate values for the exchange interaction 
between valence and core electrons, estimated from the 
Hartree-Fock equations by means of approximate wave 
functions. Different exchange interactions are used for 
s- and p-like states. The value of the cohesive energy 
obtained, 18.5 or 19.3 cal/mole, according as Pines’ 
or Wigner’s expression for the correlation energy is used ; 
is a marked improvement over Gorin’s result of 6 
cal/mole. Although there is still considerable discrep- 
ancy between this value and the experimental result of 
22.6 cal/mole,"° the agreement is reasonable considering 
the remaining uncertainties. These uncertainties in- 
volve: (1) the exact form of the exchange interaction 
for the valence electron, (2) increased correlation be- 
tween valence and core electrons over the situation 
prevailing in the free atom, arising from the compression 
of the valence electron distribution, (3) polarization of 
the ion core by the valence electron, (4) deviation of the 
Coulomb interactions of the valence electrons from the 
values predicted by the free-electron approximation, 
(5) terms in the kinetic energy proportional to &*, and 
(6) relativistic corrections. It is hoped to consider these 
topics in a later investigation. 


METHOD OF CALCULATION 


Approximate wave functions for states of s- and p- 
like symmetry were obtained from the orthogonalized 
plane waves" of lowest energy for the type of state 
considered. These functions were used to compute 
approximate exchange interactions between core and 
valence electrons. The s-state exchange interaction was 
included as an inhomogenous term in the wave equation 
for the I’; state; and the p-state interaction was inserted, 
as a potential, into the equation for the p-like functions 
involved in the effective mass calculation. It can be 
shown” that an exchange interaction can be included 
in the calculation of the effective mass without change 
in Bardeen’s formula. The difference in the two ex- 
change interactions is significant." 

Using this exchange potential and the previously 
mentioned Coulomb potential from the Hartree field,° 
the wave equation was integrated for the observed 
lattice spacing (r,=4.84 Bohr units), subject to the 
boundary condition that the wave function have zero 

F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 356. 

u é: Herring, Phys. Rev. 57, 1169 (1940). 


2 F, S. Ham (private communication). 
8 Herman, Callaway, and Acton, Phys. Rev. 95, 371 (1954). 
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radial derivative on the atomic sphere. An eigenvalue, 
Ey= —0.453 ry, was obtained. 

According to Bardeen,* the reciprocal of the effective 
mass, Eo, is given by 


rP? fr dP 
z.-|—(=—-1)] 7 (1) 
3 P dr r=. 


Here R and P are r times the radial parts of the s- and 
p-state wave functions for the energy Eo. E, was found 
to be 1.168, but the value appears to be sensitive to 
details of the exchange potential in the outer region of 
the atomic cell. The value obtained by Brooks’ was 
1.065. 

The contribution to the binding energy from the 
boundary correction and from the Fermi energy is 


Ep=Eo+2.21(E:/r2). (2) 


The value of Eg is —0.342 Rydberg. The contribution 
from the Coulomb effects in the valence electron 
distribution is (according to the free-electron approxi- 
mation) 
1.2 0.916 0.88 
E;=-——-— 3 (3) 
vy 


The first two terms represent the Coulomb repulsion 
and the exchange interaction, respectively. The correla- 
tion correction, which is the third term, is that given by 
Wigner," corrected for an error in Wigner’s derivation.'® 
The values of these terms are: Coulomb repulsion, 
0.2480 Rydberg; exchange, 0.1893; correlation, 0.0697 ; 
giving a total of —0.0110 Rydberg, or —3.4 cal/mole. 
The theory of Pines* yields a correlation energy of 
—0.0671 ry and a net interaction of —0.0084 ry or 
— 2.6 cal/mole. 

The cohesive energy is the difference between the sum 
of Eg and £; and the ionization energy of the free atom, 
for which we take the 4s electron eignevalue computed 
by Hartree and Hartree,’* —0.291 Rydberg. The value 
obtained is 0.062 Rydberg or 19.3 cal/mole, using 
Wigner’s correlation expression; and 0.059 ry or 18.5 
cal, using the result of Pines. 

We wish to thank Mr. Jack Segal for assistance with 
the numerical calculations. 


4 E. Wigner, Phys. Rev. 46, 1002 (1934); Trans. Faraday Soc 
34, 678 (1938). 

18 C. Herring (private communication). 

16D. R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc. 34, 
550 (1938). 
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Soft X-Ray Absorption of Thin Films of Iron and Iron Oxide* 


D. E. Carterft AND M. P. Givens 
Institute of Optics, University of Rochester, Rochester, New York 
(Received November 16, 1955) 


The absorption of thin films of iron and of iron oxide has been studied in the wavelength region 170 to 
340 angstroms. The absorption edge of iron was found to be at 225 angstroms, while that of iron oxide was 


at 218 angstroms. 





I. INTRODUCTION 


T is possible, by irradiating a solid with radiation 

of the appropriate energy, to lift an electron from 
an inner level of an atom into the permitted empty 
states of the valence band. The absorption of this 
radiation is given as! 


u(E) « f(E)N(£), 


where u(E) is the absorption coefficient, f(£) is a 
probability factor for the transition (the square of 
the dipole moment for the transition), and N(E£) is 
the density of unfilled energy levels in the valence 
band. It is thus possible to gain some information 
about NV (E) by studying the absorption of the radiation 
as a function of energy or wavelength. 

As has been pointed out by Skinner,! the soft x-ray 
region above 100 angstroms has, in general, the greatest 
resolution for studying the structure of the valence 
bands. In our study of iron and iron oxide we used the 
M;,; level as the initial level. The approximate position 
of the M2,; absorption edge can be calculated from the 
data on the limiting frequencies of x-ray lines given in 
the International Critical Tables? or from the term 
values for the x-ray energy levels given by Bohr and 
Coster.’ These two sources give 218 and 228 angstroms, 
respectively. 


II. DESCRIPTION OF SPECTROGRAPH 


Because of the high absorption of soft x-rays by air, 
it was necessary to use a vacuum spectrograph. This 
was the same spectrograph described by Givens and 
Siegmund,‘ altered to permit the transferral of films 
to it from a vacuum evaporator by means of a vacuum 
bottle. 

A schematic diagram of the spectrograph is given 
in Fig. 1. The source was a copper spark operated 
in vacuum with a dc voltage of approximately 30 000 
volts, as measured by a standard sphere gap in air. This 
gave a series of fairly evenly spaced lines from 100 to 
400 angstroms. Both the spark gap and voltage were 


* Supported by the Office of Naval Research. 

t Now at Navy Ordnance Division, Eastman Kodak Company, 
Rochester, New York. 

1H. W.B. Skinner, Repts. Progr. in Phys. 5, 237 (1939). 

2 International Critical Tables oe Hill Book Company, 
Inc., New York, 1929), Vol. VI, p. 3 

3N. Bohr and D. Coster, Z. Pbraik 12, 342 (1923). 

4M. P. Givens and W. P. Siegmund, Phys. Rev. 85, 313 (1952). 


adjustable. The sparking rate used was about 1000 
sparks per hour. The number of sparks was counted by a 
pair of Cenco impulse counters fed by an amplifier 
with a loop which picked up the strong induction field 
produced by the spark. 

The slit was composed of two adjustable jaws made 
of stellite. The slit had to be wide enough for reasonably 
short exposures, yet narrow enough for good resolution 
and for preventing the copper particles given off by 
the spark from breaking the absorbing films. A good 
compromise was found to be about 0.03 mm. 

The absorbing films of iron or iron oxide on celluloid 
were mounted behind the slit for protection from the 
flying copper particles from the spark. It was found 
necessary to transfer the iron films from the vacuum 
evaporator to the spectrograph in a vacuum bottle to 
prevent their oxidation. 

The two-meter grating was used at 5° from grazing 
incidence. The grating had 30000 lines to the inch, 
the width of the ruled area being four inches. 

The plates were mounted on a holder machined to 
the shape of the Rowland circle which would accom- 
modate four 2X 10 inch plates covering the range from 
about 100 to 1500 angstroms. Ilford Q plates were used 
in the early work, but later Kodak SWR plates were 
used. The plateholder could be moved up and down 
behind an occulting diaphragm, so that as many as 
four or five exposures could be made on one plate 
without disturbing the vacuum. 

The entire system was evacuated by one fore pump 
and two oil diffusion pumps. One diffusion pump, a 
DPI MC-500, was connected directly to the plate 
chamber, and the other, a small glass diffusion pump, 
was connected to the source chamber. The fore vacuum 
for both of these was supplied by a Cenco Hypervac 20. 
The pressure could be reduced to less than 5X 10-* mm, 
as measured with an ion gauge. 


Ill. FILMS 


The films of iron were obtained by vacuum evapora- 
tion of chemically pure iron wire onto a supporting 


GRATING 


Fic. 1. Schematic diagram of grazing incidence spectrograph. 
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celluloid substrate. The celluloid films were made by 
placing a drop of collodion on the surface of a tray of 
distilled water. After the solvent (amyl acetate) had 
evaporated, the film was carefully lifted off on a holder. 
Celluloid was chosen for the supporting film because it 
had been shown to have no strong absorption bands in 
the wavelength region under investigation.® 

At first the iron films were exposed to the air during 
the transfer from the vacuum evaporator to the 
spectrograph. Measurements of the electrical resistance 
of these films, however, established that the oxidation 
of the films was very rapid when the vacuum evaporator 
was opened to the atmosphere. 

The first method that was tried to prevent this 
oxidation was to overcoat the iron films with silicon 
monoxide or magnesium fluoride before the vacuum 
evaporator was opened. Resistance measurements 
showed that while these coatings slowed the oxidation 
they did not prevent it. 

The next method tried was to transfer the films 
from the vacuum evaporator to the spectrograph, which 
had already been pumped down, in a vacuum bottle. 
With this method measurements of resistance estab- 
lished that a thickness of less than 10 angstroms of the 
film would be oxidized, which was less than five percent 
of the thickness of the films used. 

The iron oxide films were obtained by allowing the 
iron films to oxidize in the laboratory atmosphere for 
several days to insure that the oxidation was complete. 

Thicknesses of films were determined by weighing 
a thin microscope glass cover slide before and after the 
evaporation of the iron. These films when weighed were, 
of course, iron oxide films. The weights of the iron 
films were obtained from the weight of the corresponding 
iron oxide films by multiplying by 112/160 (on the 
assumption that the oxidized film was Fe,O;). In order 
to avoid the tedious job of weighing each film separately, 
a plot of weight of film in micrograms per square 
centimeter vs optical density was made for several iron 
oxide films and the weights of subsequent films were 
determined by measuring the optical density. 

The thickness of the films could be determined by 
dividing the weight per square centimeter by the 
density, if it was assumed that the density of the film 
was the same as the bulk density. A check on this 
assumption was made on an iron oxide film by measuring 
the thickness interferometrically by the method of 
Tolansky.** The thickness of the film so determined 
was 440 angstroms. The thickness was also calculated 
by measuring the optical density, reading the weight 
from the graph of weight vs optical density, and 
dividing the weight per square centimeter by the 
density of the bulk material. This gave 420 angstroms 
as the thickness. These data were interpreted to show 


‘ H. M. O'Bryan, J. Opt. Soc. Am. 22, 739 (1932). 

®S. Tolansky, Proc. Roy. Soc. (London) 184, 41 (1945). 
7S. Tolansky, Proc. Roy Soc. (London) 186, 261 (1946). 
8 A, F. Gunn and R. A. Scott, Nature 158, 621 (1946). 
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that the density of the films was substantially the same 
as the bulk density, and that calculations of the thick- 
ness from the weight based on this assumption were 
valid. 


IV. PHOTOMETRY 


The first step in determining the absorption of the 
films of iron or iron oxide was to determine the wave- 
lengths of the spectral lines of the copper spark used as 
a source. Photographs and tables of the copper spark 
spectrum in the soft x-ray region were available,’ but 
it seemed advisable to make a preliminary wavelength 
calibration of the spectrographic plates by using a 
simpler spectrum. Accordingly, the plates were first 
calibrated for wavelength as a function of distance 
along the plate by the use of an aluminum spark 
spectrum, which gives a few quite dense, easily recog- 
nizable lines.'-® From this preliminary calibration and 
the available tables for the copper spark spectrum, it 
was then easy to determine the wavelengths of the 
lines of the copper spark spectrum. 

It was also necessary to calibrate each plate in- 
dividually in terms of density as a function of exposure 
in order to determine the absorption. To do this, three 
exposures of, for example, 4000, 2000, and 1000 sparks 
were made through the plain celluloid film of the same 
thickness as that on which the iron was deposited, and 
8000 sparks through the iron on celluloid film. Since 
the spark was run at a constant voltage and at as 
nearly as possible a constant sparking rate, the exposure 
received by the plate was taken to be proportional to 
the number of sparks in the case of the plain film. The 
densities of various lines of the copper spark spectrum 
were determined for the three exposures through the 
plain celluloid film and for the one exposure through 
the iron film by a recording densitometer. The two 
exposures through the plain film nearest in density to 
the exposure through the iron film were used to cali- 
brate the spectrographic plate for density as a function 
of exposure. Then, by comparing the density of a given 
line for the exposure through the iron film with the 
densities of that line for the two exposures through the 
plain film, it was possible to obtain the transmission of 
the iron film. 


V. RESULTS AND DISCUSSION 


Figure 2 is a graph of In (J)/J) as a function of 
wavelength for a thin film of iron, where Jo is the 
intensity of the incident radiation and J is the intensity 
of the radiation transmitted. The ordinate was desig- 
nated In(/»/7) rather than wx because there were un- 
doubtedly some losses due to reflection and scattering, 
but, according to the results of Sabine," the losses due to 


®P. G. Kruger and F. S. Cooper, Phys. Rev. 44, 826 (1933). 
10 J. Soderquist, Z. Physik 79, 634 (1932). 
1 E. Ekefors, Z. Physik 51, 471 (1928). 
12M. Siegbahn and T. Magnusson, Z. Physik 95, 133 (1935). 
3G. B. Sabine, Phys. Rev. 55, 1064 (1939). 








SOFT X-RAY ABSORPTION 


reflection from the iron should be small. The weight of 
the iron film, determined as explained in Sec. III, was 
17.7 micrograms per square centimeter, which would 
correspond to a thickness of 220 angstroms. 

The chief characteristics of this curve are a marked 
absorption edge as the wavelength of the incident 
radiation is decreased, and a double-peaked band of 
absorption at shorter wavelengths. Since the absorption 
edge covers a wavelength range of several angstroms, 
it is difficult to specify any one wavelength as being the 
position of the edge. We have adopted the convention 
of Skinner and Johnston" and have defined a mean 
absorption edge as being that point at which the 
absorption is one-half the sum of the maximum and 
minimum values of the absorption adjacent to the edge. 
The mean absorption edge of iron is at 225 angstroms 
or 54.9 electron volts. The width of the absorption 
band at half-maximum is 25 angstroms or 6.9 volts. 
The two peaks are at 216 and 210 angstroms, a sepa- 
ration of 6 angstroms of 1.6 volts. 

The absorption is assumed to be due to transitions 
of electrons from the filled M2,; (3p) level of iron into 
the vacancies of the M45 (3d) and N, (4s) bands. 
These two bands are the nearest bands with unfilled 
levels and transitions to them are permitted by the 
selection rules. The experimental results will be com- 
pared with those expected from these assumptions. 

The value actually obtained for the position of the 
mean absorption edge for iron, 225 angstroms, com- 
pares favorably with the average of the two predicted 
values, 223 angstroms. 

In the free atom the M,,; level is really not a single 
level but consists of two separate levels quite close 
together. The theoretical separation of these levels may 
be compared by the following formula’: 
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Fic. 2. Graph of In(Jo/J) vs wavelength for a thin film of iron, 


4H. W. B. Skinner and J. E. Johnson, Proc. Roy. Soc. (London) 
Al61, 420 (1937). 

18 A, E. Ruark and H. C. Urey, Atoms, Molecules, and Quanta 
(McGraw-Hill Book Company, Inc., New York, 1930), p. 256. 





Fic. 3. Schematic 
plot of density of 
states vs energy for 
3d and 4s bands of 
iron. 
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in which Z is the atomic number of the atom, d is the 
screening constant for the M2, levels, a is the fine 
structure constant, R is the Rydberg constant, and 
p is the wave number. This formula gives the separation 
of the levels as 1.3 volts or 4.8 angstroms. These 
computations were for the free atom, but, since the 
M>,; levels are quite strongly bound, we should not 
expect them to be so broadened by interaction effects 
that they lose their doublet structure. 

The observed separation of the peaks was 6 angstroms 
or 1.6 volts. In view of the uncertainty both in the 
experimental data and in the theoretical formula, it 
seems only natural to assume that the doubling of the 
absorption peaks is due to the doublet structure of the 
M,,; levels. (Skinner'® has reported a separation of 1.4 
volts observed in emission work.) 

It is generally assumed that the NV, or 4s energy level 
of the iron atom is considerably broadened by the 
interactions of the atoms in the solid. The M4 or 
3d level should not be broadened nearly as much, since 
it is an inner level and the wave functions of the 3d 
electrons of one atom do not overlap those of the next 
atom appreciably. Thus the curve for N(E) as a 
function of £ is high and narrow for the 3d electrons 
and low and broad for the 4s electrons. It is further 
assumed that in the solid the energy bands of the 3d 
and 4s electrons of iron overlap. The 3d and 4s bands 
are filled up to the same level with the eight outer 
electrons of iron, and above the top of the filled portion 
there are unfilled states to which the electrons may go. 
This is represented very schematically in Fig. 3 (after 
Coster and Kiestra’’). 

The high absorption in the neighborhood of the edge 
is attributed to transitions into both the 3d and 4s 
bands. The height and narrowness of the peaks must 
be due to the shape of the unfilled part of the V(E) 
distribution for the 3d electrons. The doubling of the 
peaks has already been explained by the fact that the 


16 Skinner, Bullen, and Johnson, Phil. Mag. 45, 1070 (1954). 
17D). Coster and S. Kiestra, Physica 14, 175 (1948). 
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Fic. 4. Graph of In(J/Z) vs wavelength for a thin 
of iron oxide. 





initial level in the absorption transition, the 39, is 
really a double level. The absorption immediately to 
the left of the peaked structure is assumed to be due 
to the 4s band alone, as the empty levels of this band 
are pictured as extending some distance beyond those 
of the 3d band. 

According to the view of energy bands filled to a 
certain level, we should expect the absorption edge to 
be quite sharp. Actually it is not sharp but diffuse, 
the absorption rising steadily over a considerable 
wavelength range. However, Skinner'® has found that 
the transition metals (including iron) do not have 
sharp emission edges as expected. Since if the emission 
edge of iron is not sharp the absorption edge would not 
be expected to be sharp either, our results for a diffuse 
edge are in accord with those of Skinner. A possible 
explanation of the diffuse edge suggested by Skinner is 
Auger transitions. 

Figure 4 shows the graph of In(Jo/J) as a function 
of wavelength for a thin film of iron oxide. The weight 
of the iron oxide was 14.5 micrograms per square 
centimeter, which would correspond to a thickness of 
280 angstroms. 

The curve for iron oxide is similar in general shape 
to that for iron but there are a few definite differences. 


AND M. P. GIVENS 


The mean absorption edge of iron oxide occurs at 218 
angstroms or 56.6 volts. The width of the absorption 
band at half-maximum is 10 angstroms or 2.7 volts. 
The peaks are at 216 and 211 angstroms, a separation 
of 5 angstroms or 1.4 volts. 

The two high narrow peaks are assumed to be due to 
transitions from the doublet 3p level to the unfilled 
3d levels of the iron ion. The separation of the peaks for 
the iron oxide was found to be 5 angstroms as compared 
to 6 angstroms for the iron metal. The accuracy of the 
experiment was not sufficient to determine whether 
or not this was a real difference. 

The absorption edge of the iron oxide occurred at a 
shorter wavelength or higher energy than that for 
the iron, the shift being 7 angstroms or 1.7 volts. This 
shift toward shorter wavelengths in the absorption edge 
of the metallic constituent as one goes from the metal 
to the oxide appears to be quite common and has been 
found by several other investigators working with other 
metals.'8-* 

The width at half-maximum of the absorption edge 
for iron oxide was considerably narrower than that for 
iron. According to the band theory, the valence levels 
of the iron are broadened into bands by the interaction 
of the iron atoms or ions in the solid and the width of 
the bands is the greater the closer the spacing of the iron 
atoms or ions. In the iron oxide the iron ions are 
separated more than they are in the metal, the inter- 
action is less, and so the energy levels associated with 
the iron ions are less broadened for the iron oxide than 
for the metal. 
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Measurements have been made of the F-center absorption band in KCl, KBr, KI, NaCl, and LiF in the 
range from 4°K to 300°K. Analysis of these data shows that the important ionic vibrational frequency 
influencing the F-center is considerably lower than that of the lattice, indicating that a configuration 
coordinate curve model may be the appropriate one to use, rather than the continuous dielectric model. 
Using the peak of the F-center emission bands as determined by Botden, van Doorn, and Haven, and the 
present absorption data, configuration coordinate curves are computed for the ground and excited state 
curves of F-centers in KCl, KBr, KI, and NaCl. Using these curves, predictions of the emission band- 
widths are found to be in agreement with experiment except for the case of KCl. The low efficiency of 
F-center luminescence may be understood by applying the criterion for luminescence proposed by Dexter, 
Klick, and Russell to these configuration coordinate curves. 





I, INTRODUCTION 


HE F-center in alkali halides! is believed to con- 
sist of an electron trapped at a negative ion 
vacancy. It has been widely investigated for many years 
and is probably the best understood imperfection in the 
field of solids. Properties of the F-center such as absorp- 
tion, thermal and optical bleaching, photoconduction, 
and magnetic susceptibility appear to be understood in 
at least a qualitative fashion. Also, the model has been 
investigated theoretically as an impurity imbedded in a 
static dielectric, and the wave functions thus obtained 
have given reasonably correct values for the position 
of the F-band absorption and its absorption strength. 
It has generally been anticipated that, after absorp- 
tion of light, the F-center would return to its ground 
state by emission of light. It was also anticipated that 
the efficiency of this process would be high if measured 
at sufficiently low temperatures.? An investigation by 
Klick* of the luminescence of the F-center in LiF and 
KCl over the wavelength range from the F-center 
absorption band to 25 000A indicated that the effi- 
ciency at 4°K was less than 3% over most of this 
range. Botden, van Doorn, and Haven‘ found that by 
quenching additively colored crystals of KCl, KBr, KI, 
NaCl, and RbCl from high temperatures to that of 
liquid nitrogen they were able to obtain luminescence 
which they attributed tentatively to F-centers. The 
efficiency was estimated to be of the order of 1%. The 
conclusion appears to be that a large fraction of 
F-centers return to their ground state by some radia- 
tionless process. 


* Taken from a thesis submitted by George A. Russell in partial 
fulfillment of the degree of Doctor of Philosophy at the University 
of Illinois. 

t Present address: Bureau of Aeronautics, Navy Department, 
Washington, D. C. 

1 See F. Seitz, Revs. Modern Phys. 26, 7 (1954) for a compre- 
hensive review of the properties of color centers. 

2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), pp. 136, 222. 

3C. C. Klick, Phys. Rev. 94, 1541 (1954). 

4Botden, van Doorn, and Haven, Philips Research Repts. 9, 
469 (1954). 


Huang and Rhys® and Pekar® have extended the 
F-center theory to include the interaction of the 
F-center with the vibrational phonons of the lattice at 
large distances from the center. On the basis of this 
dissipation mechanism the ratio of the probability of a 
radiative transition to a radiationless transition was 
computed to be 10'8 for the F-center in KBr at 20°K, 
in striking contrast to the value of 10-* observed 
experimentally at even lower temperatures. Markham’ 
and Meyer® have suggested that a less approximate 
treatment might reduce the computed ratio to that 
observed. More detailed calculations,’ however, still 
leave a discrepancy of a factor of 10° in most cases. 

In contrast to the methods which treat the lattice as 
a continuous dielectric, there is the configuration 
coordinate curve approach which takes into account the 
interaction of a center and its neighboring ions or atoms. 
Configuration coordinate curves, introduced by von 
Hippel” and Seitz"! have long been used in a qualitative 
way for describing optical processes occurring at a 
center. An important additional observation is due to 
Schén! who suggested that the broad-band low- 
temperature absorption and emission spectra” arose 
from the zero-point vibrational energy of the center. 
Williams“ made a detailed computation of the con- 
figuration coordinate curves for thallium in potassium 
chloride, using the distance from the thallium to the 
neighboring chlorine ions as the coordinate. Using these 
curves and treating the center quantum mechanically 
as a simple harmonic oscillator, Williams was able to 
compute the position and band width of both the 


5K. Huang and A. Rhys, Proc. Roy. Soc. (London) A204, 406 
(1950). 

®S. I. Pekar, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 510 
(1950) ; 22, 641 (1952). 

7J. Markham, Phys. Rev. 91, 1277 (1953). 

8H. J. G. Meyer, Physica 20, 181 (1954). 

9H. J. G. Meyer, Physica 20, 1016 (1954). 

A. von Hippel, Z. Physik 101, 680 (1936). 

1 F, Seitz, Trans. Faraday Soc. 35, 79 (1939). 

12M. Schon, Ann. Physik, Series 6, 3, 343 (1948). 

8 C, C. Klick, J. Phys. Chem. 57, 776 (1953). 

4 F, E. Williams, J. Chem. Phys. 19, 457 (1951) ; J. Phys. Chem. 
57, 780 (1953). 
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Fic. 1. Schematic illustration of a radiationless transition 
according to Dexter, Klick, and Russell. 


thallium emission and absorption bands as a function 
of temperature with considerable accuracy. It has also 
been shown that by using the same model, configuration 
coordinate curves may be computed from experimental 
data'® and this has been done for manganese in zinc 
silicate." Some of the approximations involved in the 
configuration coordinate curve method are discussed by 
Williams and Hebb" and by Lax."* On the basis of this 
model Dexter, Klick, and Russell have proposed a 
mechanism for radiationless transitions which is illus- 
trated in Fig. 1. If the intersection point, C, of the 
ground and excited states of a center is at lower energy 
than the point, B, on the excited-state curve to which 
transitions are made, then in approaching its new 
equilibrium after absorption of light, the system may 
find itself in the vicinity of C for a time long enough for 
transitions to the ground state to be made without 
radiation. 

In general, the configuration coordinate model should 
be applicable in cases where the wave functions of the 
center are highly localized while the continuous di- 
electric model should be preferable in cases where the 
wave functions are spread out. It is not clear which 
model is the more accurate for the F-center, and the 
first problem is to decide this point experimentally. 
Having settled on a model, the problem will then be to 
attempt to examine the luminescence behavior of the 
F-center on the basis of this model. 

It is possible to decide between these models in a 
rather direct way by observing the absorption band of 
the F-center as a function of temperature. Both models 
predict that the width of the band at half-maximum, 
AE, is given by 


AE=A[coth(hy,/2kT) }}, (1) 


where A is a constant, h is Planck’s constant, & is 
Boltzmann’s constant, and 7 is the temperature in 
degrees absolute. In this expression », is the vibrational 
frequency which influences the center in its ground 
state. The continuous dielectric model would specify 


16 C. C. Klick, Phys. Rev. 85, 154 (1952). 
980) C. Klick and J. H. Schulman, J. Opt. Soc. Am. 42, 910 
1952). 
17 F, E, Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951). 
18M. Lax, J. Chem. Phys. 20, 1752 (1952). 
® Dexter, Klick, and Russell, Phys. Rev. 100, 603 (1955). 
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that », be the frequency of the longitudinal optical 
vibrational modes of the lattice while on the con- 
figuration coordinate model the frequency necessary to 
fit experimental data would be characteristic of vibra- 
tions near the center and in general would be different 
from the lattice frequencies, Experiments were carried 
out, then, to determine the variation of the width of 
the absorption band as a function of temperature with 
sufficient precision to establish the validity of the 
functional form of Eq. (1) and to determine », for the 
F-center. 


Il. EXPERIMENTAL RESULTS 


Figure 2 is a schematic drawing of the low-tempera- 
ture Dewar used in these experiments. It was designed 
to hold a crystal sample at any temperature between 
4°K and room temperature for a time sufficiently long 
so that an absorption curve might be taken for the 
F-center. This measurement took between five and ten 
minutes, and in that time the temperature variation 
was +1°K for the worst case. Temperature control at 
low temperatures was obtained by varying the pumping 
speed on the charcoal container which varied the desorp- 
tion rate of helium, and by varying the energy supplied 
to the heater. At higher temperatures, cooling was 
accomplished by circulating precooled helium gas 
through the charcoal container to offset the heat input 
to the system. The temperatures were measured by 
using a platinum resistance thermometer and a cali- 
brated carbon resistor,” both of which were placed 
close to the samples. 

Optical absorption measurements were made with a 
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Fic. 2. Schematic drawing of low-temperature Dewar. 
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F-CENTERS 


Beckman Model DU Spectrophotometer. Two crystals 
of the same material and approximately the same thick- 
ness were placed in the two crystal-holder positions 
shown in Fig. 2. One crystal, however, contained 
F-centers. A mirror system was used to transmit the 
optical beam first through one crystal and then through 
the other so that the absorption of the F-band could be 
determined directly. 

Measurements were made on the F-bands in KCl, 
KBr, KI, NaCl, and LiF. In all cases single crystals 
grown by the Harshaw Chemical Company were used. 
KCl and KBr were additively colored at 650°C and 
after being cleaved to size, the samples were heated to 
500°C for 35 minutes, quenched to room temperature, 
and kept in the dark until the optical absorption meas- 
urements were made. NaCl, KI, and LiF were colored 
by exposure to gamma rays from Co™. A dosage from 
12 to 48 megaroentgens was used and the high energy 
of the gamma rays (1.2 Mev) insured essentially uni- 
form coloration of the samples. The samples were kept 
in the dark to prevent formation of the K-band.*! In 
addition it was necessary to store KI at 77°K to prevent 
the rapid bleaching of the F-band observed in this 
material at room temperature. 

Both the configuration coordinate model'® and the 
continuous dielectric model'® suggest that, to a first 
approximation, the absorption and emission bands of 
simple centers are Gaussian in shape. Possible deviations 
from a Gaussian shape are discussed by Dexter.” 
Hesketh and Schneider™ have shown that the absorp- 
tion curve of the F-center can be fitted by an expression 
of the form 

a=ao exp[ — a(hvy—hyvo)*], (2) 


where a is the coefficient of absorption, ap and a are 
constants, 6 is a constant which should be 2 for the 
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Fic. 3. Method used to determine the peak of the 
F-center absorption band. 


*H. W. Etzel and F. E. Geiger, Jr., aah Rev. 96, 225 (1954). 
22D. L. Dexter, Phys. Rev. , 615 (19 54). 
*R. V. Hesketh and E. E. "Schneider, Phys. Rev. 95, 837 
(1954). 
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Fic. 4. Variation of the width of the F-band in KCl and LiF at 
half-maximum as a function of temperature. The solid curves are 
the best fits to the experimental points using Eq. (1) and choosing 
vg=2.6X 10" for KCl and vg=4.1X 10" for LiF. The dashed curve 
llustrates an equation given by Meyer for KCI. 











curve to be Gaussian but which has been found to be 
2.0 on the high-energy side and from 2.5 to 2.8 on the 
low-energy side of the F-band, # is Planck’s constant, 
v is the frequency of light at which a is measured, and 
vo is the frequency of the peak of the absorption curve. 
By plotting (Inao/Ina)! as a function of hy, it is possible 
to obtain high precision in the determination of both 
the peak position of the absorption and the width of 
the curve at half the maximum. A plot of this sort, 
which assumes the curve to be Gaussian, but allows the 
constant @ to vary from one side of the band to the 
other, is shown in Fig. 3 for the F-center in KBr taken 
at 193°K. Measurement errors are estimated to be 
+0.001 ev for the peak position and +0.005 ev for 
the width of the absorption curves. 

The variation of the F-band width with temperature 
is plotted in Figs. 4 and 5 for various alkali halides and 
an equation of the form of Eq. (1) is fitted to the points 
by choosing v,. In these figures the abscissa is given as 
T! in order to show the approach at high temperature 
to the 7 dependence of the width of the absorption 
curve. From these data it is apparent that it is the 
deviation from the 7! dependence that determines 7,, 
and for this reason the low-temperature points are the 
most significant ones. 

Figure 6 shows the variation in peak position of the 
F-band as a function of temperature for KCI, KBr, KI, 
and NaCl. Results on LiF are not included because of 
the relatively large experimental errors in this case. 
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Fic. 5. Variation of the width of the F-band in NaCl, KBr, and 
KI at half-maximum as a function of temperature. The curves are 
the best fits to the experimental points using Eq. (1) and choosing 
— 10" for NaCl, »,=2.6X 10" for KBr, and »,=3.6X 10" 
or KI. 


The data follow that of Pohl* in general but cover the 
low-temperature region in somewhat greater detail. 


Ill. CONTINUOUS DIELECTRIC MODEL VS 
CONFIGURATION COORDINATE MODEL 


Examination of the experimental results on band- 
width measurements, given in Figs. 4 and 5, shows that 
a relation of the form given in Eq. (1) describes the 
results within the limits of experimental error. There- 
fore it appears to be a good approximation to consider 
the center as interacting with an ionic vibration of a 
single frequency rather than a spectrum of frequencies. 

It is then of interest to examine whether this fre- 
quency is characteristic of the unperturbed lattice, as 
assumed in the continuous dielectric model, or is 
different as would in general be the case if the con- 
figuration curve model were applicable. The longitudinal 
optical vibrational frequencies, vo, of the ionic lattices 
are obtained from the transverse vibrational frequencies, 
v,, by the use of the relation of Lyddane, Sachs, and 
Teller®>: 


vo= ve(€,/€0)3, (3) 


where ¢ and ¢, are the “high-frequency” and static 
dielectric constants respectively. The transverse fre- 
quency »; corresponds to the peak of the infrared ab- 
sorption. In some cases this is not known directly but 
the restrahl frequencies, vr, are known. An approxi- 
mation to »; is then made by using 


vpe=Avp, (4) 


where the constant, A, is determined from transmission 
and restrahl measurements on other alkali halides to 
be approximately 0.90. Table I compares the values of 


*R. W. Pohl, Proc. Roy. Soc. (London) 49 (extra part), 
3 (1937). 
% Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941). 


vo Obtained by using Eq. (3) with the experimentally 
obtained »,. For KCl, KI, and NaCl the infrared ab- 
sorption peak is known; for KBr and LiF only the 
restrah] frequency is known. It is apparent that », 
differs from vo by a factor of approximately 2 or more, 
except for the case of KI where the factor is reduced 
to 1.1. 

These results seem to indicate, then, that the F-center 
is influenced primarily by the vibrations of its nearest 
neighbors. In general it would be expected, because of 
the “softness” of the F-center, that the vibrational 
frequencies of ions surrounding it would be less than 
that of normal ions so that on the configuration coordi- 
nate model », should be less than vo. Table I indicates 
that this is the case. 

An additional argument can be advanced from the 
calculations of Huang and Rhys.® To account for the 
experimentally observed width of the F-band in KBr at 
20°K, they computed that an average value of 22.4 
vibrational quanta were given to the lattice in the 
transition corresponding to optical absorption. How- 
ever, using Simpson’s model of the F-center in NaCl,”* 
they calculated only 3.6 vibrational quanta. This calcu- 
lation might be taken to indicate that the continuous 
dielectric model used by Huang and Rhys describes a 
relatively minor interaction of the F-center. 

Meyer® has examined some of the older work of 
Mollwo”’ and has attempted to fit band widths to an 
equation of the form of Eq. (1) using the longitudinal 
optical frequencies of the lattice. To fit the points, he 
arbitrarily introduces a constant C so that the equation 
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Fic. 6. Variation of the peak of the F-center absorption band with 
temperature for NaCl, KCl, KBr, and KI. 
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becomes of the form 
hyo , 
AE=A (cot +c) ; (5) 
2kT 


where yo is taken to be the lattice frequency. In this 
older experimental work, however, there are very few 
data taken in the low-temperature range and, as has 
been shown before, this is the crucial region for the 
determination of v,. In Fig. 4 the dashed curve is a 
plot of Eq. (5) for KCl F-centers using the constants 
given by Meyer. It is apparent that this curve is not a 
good fit to the experimental points. 


IV. COMPUTATION OF CONFIGURATION 
COORDINATE CURVES 


The continuous dielectric model appears to be in- 
adequate to describe the optical properties of the 
F-center. In this section, therefore, the configuration 
coordinate model will be applied to the F-center and 
the ground and excited state energy curves will be 
computed. The accuracy of this treatment can be 
evaluated by comparing the predictions of the model 
with experiment. 

Experimental data are used to evaluate the con- 
figuration coordinate curves, following the methods 
described by Klick.'® It is assumed that there is a single 
ground state for the F-center and that the energy 
curves are parabolic so that the center acts as a simple 
harmonic oscillator in either state. The mass of this 
oscillator is taken to be the sum of the masses of the 
six nearest positive ions. In KCI:TI, Williams has 
shown that the effective mass is larger than this sum 
by a factor of 1.2. In most applications of these curves, 
the specific assumption on the mass is not critical. It is 
also assumed that the only mode of oscillation of im- 
portance for the center is the radial in-phase motion of 
the six nearest positive ions. This assumption is justified 
on the basis that changes in energy of the center are 
much greater for the radial in-phase oscillations than 
for other allowed modes of oscillation. The state from 
which an optical transition starts is treated quantum 
mechanically while the final state is treated classically 
if the region of the curve to which transitions are made 
is many vibrational quanta above the minimum of the 
curve. This procedure can be justified by using the 
Bohr correspondence principle, and has been discussed 
in detail by Williams and Hebb” and by Lax." Finally, 


TABLE I. Longitudinal optical vibrational frequencies of the 
lattice (vo) and experimentally determined vibrational frequencies 
of the F-center (vg) for various alkali halides. 








vo v9 


6.3X 10" 
4.7X 10" 
4.0X 10" 
7.8X 10" 
22.3 10" 
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it is assumed that the transition probability between 
the states is independent of the value of the coordinate 
at which the transition is made. Dexter?* has investi- 
gated this point and estimated the corrections to be 
made to the shapes of the emission and absorption 
bands. 

The configuration coordinate curves are then given 
by four constants: ky, k., Xo, and Uo. The k’s are force 
constants for the ground and excited states respectively 
and the Xo and U» are the separation of the minima of 
the curves in coordinate and energy. In this treatment 
the abscissa X is the variation in distance from the 
center of the F-center to the center of one of the nearest 
neighbor ions; the origin for this coordinate is taken as 
the minimum of the ground-state curve. Both the 
electronic and ionic energy of the system are included 
in the energy plotted as the ordinate of these curves. 
The origin in energy is also taken at the minimum of 
the ground state curve. 

Experimental data such as that of Figs. 4 and 5 are 
used to determine y,, which is simply related to k, by 


k,=4'v,2M, (6) 


where M is the mass assigned to the center. It can also 
be shown! that the width at half-maximum of the 
absorption band at absolute zero is 


AE yia(0°K) = 1.355X10-(y,/k,)'&eXo. (7) 


The peak of the absorption band at absolute zero will 
be given by 


1 abs (0°K) aed Uot b Re: vo thy. (8) 


In addition to Eqs. (6), (7), and (8), a fourth inde- 
pendent equation is necessary to determine the four 
constants of these curves. Following a suggestion by 
Lax,”* a careful attempt was made to use the variation 
in peak position of the F-band absorption with tem- 
perature and relate it to the constants of the curve. The 
expression which evolves is 


OE 


3apk, 9Em| —h*v,2 
aT |p 


4rRn OP |r 4k 


2k, 


T? 


’ 


ke—k, ) coth?(hv,/2kT) 
(eee 


where 7 is defined by 
Vin= (4/3) No(r43+r— )n, 


and V,, is the molar volume of the host lattice, Vo is 
Avogadro’s number, r,; and r_ are the radii of the 
positive and negative ions of the host lattice, ar is the 
coefficient of thermal expansion of the F-center, and R 
is the radius of the F-center. By using the variation of 
the absorption band with pressure determined by 


28M. Lax, Office of Naval Research Technical Report No. 5, 
Project No. NRO 17-419 (unpublished). 
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Fic. 7. Configuration coordinate curves for the F-center in KBr. 


Jacobs,” it is possible to use Eq. (9) if the ratio a/R is 
known. Since neither is known it is possible to assume 
that ar is the same as the linear coefficient of thermal 
expansion of the host lattice and that R is equal to the 
radius of the missing negative ion. With these assump- 
tions, constants for the configuration coordinate curves 
of the F-center in KC] have been computed. In this 
case, however, a variation of a factor of 2 in k, occurs 
for a variation of ar/R by a factor of 1.2. This procedure 
for determining the fourth equation was abandoned in 
this case as being too sensitive to the choice of the 
unknown constants. 

A fourth equation was obtained, instead, by using 
the emission data of Botden, van Doorn, and Haven‘ 
on additively colored and quenched crystals. By argu- 
ments similar to that used in obtaining Eqs. (7) and (8), 
the peak of the emission spectrum at low temperatures 
is given by 


Ew emis(0°K) = Uo—} oXo°+ shy, (10) 


and the low-temperature emission band width is 
AE emis(0°K) = 1.355 10-8 (v./ke)*kyX 0. (11) 


Equations (6), (7), (8), and (10) were then used to 
compute the configuration coordinate curves for the 
F-center in KCl, KBr, KI, and NaCl. Figure 7 illus- 
trates the results for KBr. Emission data is not available 
for LiF so that only the ground state and slope of the 
excited-state curve at X =0 are known in this case. 
The results of the configuration coordinate calcula- 
tions are given in Table IT; in this table energy is given 
in electron volts and distance in angstroms. The values 
of keX,?/2 give the energy of the point on the excited 
state curve to which transitions are made in absorption 
above the minimum of that curve and W is the height 
of the “intersection” of the ground- and excited-state 


* J. S. Jacobs, Phys. Rev. 93, 993 (1954). 


curves above the minimum of the excited state curve 
as shown in Fig. 7. 

By using these configuration coordinate curves, it 
becomes possible to predict the width at half-maximum 
of the emission band. This value, AE... may be com- 
pared with the value, AE,x», obtained by Botden, 
van Doorn, and Haven from experiment. These values 
are given in the last two columns of Table II. For NaCl, 
Botden, van Doorn, and Haven report a double peak 
at low temperature; the half-width given in Table IT 
corresponds to the longer wavelength emission band 
obtained by analyzing the emission into two overlapping 
bands. 


DISCUSSION 


It is interesting to compare the widths of the emission 
spectra derived from the configuration coordinate curves 
and from experiment. For KBr and KI the agreement 
is reasonably good. In NaCl agreement is found if the 
observed emission is separated into two bands. A dis- 
tinct double-peaked emission is not always found in 
NaCl, however, so that the emission may be influenced 
by such factors as the size of the crystal or the rate of 
quenching. In KCI the observed emission is distinctly 
wider than that predicted from the curves. Here too 
there may be overlapping bands since a crystal allowed 
to stand at room temperature for 15 hours and then 
cooled to 77°K has emission peaks at 1.084 and 1.23u. 
The shorter wavelength band overlaps the 1.00-4 band 
found by quenching directly to 77°K, and if there is a 
sizeable amount of the 1.08% band introduced in the 
rapid quenching case, the observed emission would be 
broadened. In general, then, the results indicate that 
the luminescence observed by Botden, van Doorn, and 
Haven is from F-centers and that the configuration 
coordinate model accounts for both absorption and 
emission. 

It is also interesting to note from Table II the close- 
ness of the values of k, and &, in each case. This is 
rather surprising since for KCl:Tl the ground-state 
stiffness is greater than that of the excited state by a 
factor of two. It appears from these values that the 
vibration of the center is rather weakly dependent on 
the state of excitation of the electron. For the case of 
the F-center, Xo is positive, as shown by the pressure 
data of Jacobs,” indicating an expansion of the F-center 
as the electron is excited. This is contrary to the rather 
surprising negative values of Xo for the case of KCI: T! 
where the center diminishes in size when the electron 
on the thallium ion is excited. The values of Xo are 


TABLE II. Constants of the configuration coordinate curves for 
the F-center in various alkali halides. 











k, ke Xo Uo keX8/2 W AEexp 
(ev/A) (ev/A2) (A) (ev) (ev) (ev) (ev) 


6.50 0.42 1.75 
6.56 0.41 1.50 

0.28 1.35 
0.37 = =1.96 





0.51 
0.44 
0.35 
0.59 


KCl 
KBr 
KI 


12.44 
NaCl 10.94 
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slightly larger in all cases for the F-center than for the 
thallium activated KCl as might be expected. 

From the work of Botden, van Doorn, and Haven it 
appears that only by immediately quenching to very 
low temperatures is it possible to produce the lumines- 
cence which they attribute to the F-center. It is possible 
that if the crystals are left at higher temperatures some 
type of migration occurs which puts the centers at 
positions where their emission is quenched. This does 
not seem to materially alter the absorption spectrum 
in most materials. A similar phenomenon has been 
reported by Schulman, Ginther, and Klick® for lead in 
NaCl. From this one might conclude that only in 
crystals quenched rapidly to very low temperatures do 
the F-centers exist in a completely random distribution. 

Examination of Table II shows that in each case the 
intersection of the curves occurs at an energy, W, less 
than the energy of the point to which transitions are 
made, keX?/2. On the criterion for luminescence pro- 
posed by Dexter, Klick, and Russell,’ it would be 
expected that the efficiency of luminescence would be 
small, and this is in accord with the measurements of 
Klick® and of Botden, van Doorn, and Haven.’ 


*® Schulman, Ginther, and Klick, J. Opt. Soc. Am. 40, 854 
(1950). 
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SUMMARY 


This work appears to have shown that the continuous 
dielectric model is not a satisfactory approximation, but 
that the configuration coordinate model adequately 
describes the absorption and emission properties of 
F-centers in alkali halides. A quantitative determination 
of configuration coordinate curves for both the ground 
and excited states of the F-center has been made for 
KCl, KBr, KI, and NaCl. The ground-state curve has 
been determined for LiF. In addition to showing how 
the F-center interacts with its neighboring ions, these 
curves have led to a simple explanation of one of the 
most puzzling aspects of the F-center: the low efficiency 
of F-center luminescence. 
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Levels of Al*® from the Mg*‘(p,7)Al*® Reaction 
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At the 222-kev resonance in the reaction Mg*(p,7)Al**, a 2.05+-0.02-Mev gamma ray in cascade with 
one of 0.454+0.005 Mev, and a 1.56+-0.03-Mev gamma ray in cascade with one of 0.97+0.03 Mev have 
been observed. The intensities of the 2.05, 1.56, and 0.97-Mev gamma rays are in the ratio of 100:14:5. 
The 2.05-Mev gamma rays have a thick target yield of (1.0+0.5) X10" y/p, and exhibit an isotropic 
angular distribution with respect to the bombarding beam. The width at half-maximum of the reasonance 
is less than 2 kev. The level in Al** formed at the 222-kev resonance has an energy of 2.50+0.02 Mev, and 
a spin and parity of $+ or $+, with the latter being a less probable assignment. 


INTRODUCTION 


RESONANCE in the reaction Mg*(p,7)Al*> at 
a bombarding energy of 222+1 kev was first 
observed by Tangen e¢ al.!? In the present experiment, 
the gamma-ray spectrum from this reaction was 
examined with a NalI(TI) crystal and the following 
quantities measured: the energies of the gamma rays, 
the components in coincidence, their relative intensi- 
ties, and the angular distribution of one of the gamma 
rays. 
The low-lying levels of Al** have been examined pre- 


1R. Tangen, Kgl. Norske Videnskab. Selskabs, Fork. Skrifter, 
No. 1 (1946). 
? Grotdal, Lénsjé, and Tangen, Phys. Rev. 77, 296 (1950). 


viously by Goldberg’ through the reaction Mg™(d,n)AI?®, 
and by Casson‘ using the reaction Mg™(p,7)Al*®. 
Casson used a one-inch cube of NaI(T1) to examine 
the gamma spectrum. His proton beam ranged between 
6 and 12 microamperes. Since the yield of this reaction 
is low, he used an arrangement which allowed the 
crystal to be moved to within 3.5 mm of the target to 
obtain an adequate counting rate. With such a geometry, 
there is a high probability that two gamma rays in 
cascade will enter the crystal simultaneously. The 
crystal then responds as if a gamma ray with an 
energy equal to the sum of the two in cascade had 
entered. It is believed that the 2.35-Mev gamma ray 


3 E. Goldberg, Phys. Rev. 89, 760 (1953). 
4H. Casson, Phys. Rev. 89, 809 (1953). 
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Fic. 1. Angular distribution apparatus, showing the target 
in a position perpendicular to the proton beam, 


reported by Casson is spurious and arose from this 
process. In the present experiment this difficulty was 
overcome by using a larger beam current and locating 
the crystal at a larger distance from the target. 


METHOD 


A proton beam of 100 to 200 microamperes was 
accelerated to approximately 238 kev by a 250-kv 
accelerator.> The target was a piece of natural mag- 
nesium one-eighth of an inch thick. Using a NaI(TI) 
crystal two inches in diameter by two inches long, it 
was possible to make spectrum measurements with the 
front face of the crystal 5} inches from the target, 


although most of the measurements were made at 
2} inches. Measurements were also made using a 
Nal(TI) crystal five inches in diameter by four inches 
long® with its front face 6} inches from the target. The 
two-inch crystal was used with a Dumont 6292 photo- 
multiplier, and the five-inch crystal with a Dumont 
K1198. The output from the photomultipliers was fed 
through a biased linear amplifier and displayed on a 
multichannel pulse-height analyzer. 

To determine which pairs of gamma rays are in 
coincidence with each other, the output from a two- 
inch crystal was used to open a gated amplifier into 
which was fed the output of a second two-inch crystal. 
The gating pulse was two microseconds long. The front 
face of each of these crystals was two inches away from 
the target. The crystals were at 90° and 270° to the 
beam. 

The angular distribution measurement was made 
using the apparatus shown in Fig. 1. A two-inch monitor 
crystal was held at a fixed angle while another was 
swung around the target as center. The beam was 
collimated by two apertures one-quarter inch in diam- 
eter separated by seven inches. For this portion of the 
work the front face of the crystal was five inches from 
the target. The target was held perpendicular to the 
beam for a comparison of the yields at 0°, 30°, 60°, 
and 120°, and at an angle of 45° to the beam for a 
comparison of the yield at 0° to that at 90°. 

Energy calibrations of the crystals were made using 
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Fic. 2. Curve A is the y-ray spectrum from Mg*(p,y)Al® obtained with a 2 in.X2 in. crystal with 
its front face 2} inches from the target. This curve is corrected for background. Curve B shows the 
background. The vertical lines through the points give the standard deviation as calculated from the 
number of counts. The single- and double-escape peaks arise from pair creation followed by the escape 
of one or both of the annihilation quanta from the crystal. 


5 Allen, Almqvist, Dewan, and Pepper, Can. J. Phys. 29, 557 (1951). 
* The author is indebted to Dr. H. E. Gove and Dr. E. B. Paul for the loan of this crystal and for assistance in making the 
measurements with it. 
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Fic. 3. The high-energy portion of the y-ray spectrum from 
Mg™(p,7)Al*® obtained with a 2 in.X2 in. crystal with its front 
face 5} inches from the target, corrected for background. The 
vertical lines through the points give the standard deviation as 
calculated from the number of counts. 


the following gamma rays: 2.185-+-0.015 Mev’ and 1.49 
Mev* from the decay of Pr, 0.6616 Mev’ from Cs'¥7, 
and 0.511-Mev annihilation radiation from Na”. Cali- 
bration runs were made before and after reaction runs. 


RESULTS 


Figure 2 shows the spectrum obtained using the two- 
inch crystal with the front face 2} inches from the target 
and at an angle of 90° to the beam. Near the upper end 
of the spectrum there is a large peak corresponding 
to 2.05+0.02-Mev gamma rays, and a small peak at 
2.5 Mev. Figure 3 shows the spectrum in the energy 
region of 1.9 Mev to 2.5 Mev as obtained with the front 
of the crystal 55 inches from the target. There is no 
evidence of a 2.5-Mev gamma ray with the crystal in 
this position. On the basis of this measurement an 
upper limit of two percent of the 2.05-Mev component 
may be set for the intensity of the 2.5-Mev gamma ray 
at 90° to the beam. A similar measurement at 0° to 
the beam with the front of the crystal 32 inches from 
the target yields an upper limit for this quantity of 
four percent. This result disagrees with that of Casson,‘ 
who found a gamma ray of 2.35 Mev with an intensity 
one-third of the 2.05-Mev gamma ray. It is believed 
that the 2.35-Mev peak in Casson’s spectrum is largely 
caused by the addition of cascade gamma rays. With 
the crystal close to the target there is a large probability, 
even with the one-inch cubic crystal used by Casson, 
that two cascading gamma rays will be absorbed in the 
crystal simultaneously and yield an output pulse 
equivalent to that caused by a gamma ray whose 
energy equals the sum of the energies of the two in 
cascade. Assuming no angular correlation between the 
two in cascade and that the face of Casson’s crystal 
was 3.5 mm from the target, this effect is expected to 

7 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 


469 (1953). 
* Cork, Brice, and Schmid, Phys. Rev. 96, 1295 (1954). 
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Fic. 4. Curve A is the y-ray spectrum in the region of 0.5 Mev 
from Mg*(p,y)Al® corrected for background. Curve B is the 
spectrum of 0.511-Mev annihilation radiation, corrected for 
background. Curve C is the spectrum coincident with y rays 
>1.9 Mev. Curve D is the background of chance coincidences. 
The vertical lines through the points give the standard deviation 
as calculated from the number of counts. These curves were 
obtained using a 2 in.X 2 in. crystal. 


be approximately twenty-five times greater in Casson’s 
experiment than in the present data. 

At the lower end of the spectrum in Fig. 2 there is a 
broad peak at approximately 0.5 Mev. This peak is 
shown in greater detail in curve A of Fig. 4. In curve B 
of this figure is shown the spectrum from 0.511-Mev 
annihilation radiation. The fact that the peak from 
the reaction is much broader than that from the annihi- 
lation radiation shows that it is composed of more than 
one gamma ray. Gamma rays of 0.511 Mev are expected 
from the decay of positrons emitted by Al** and are 
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Fic. 5. Curve A is the y-ray spectrum in the region of 0.5 
Mev from Mg*™(p,y)Al**. Curve B is the spectrum of 0.511-Mev 
annihilation radiation. The points shown by open circles belong 
to this curve. Both curves are corrected for background. Curve 
C is the difference between A and B. The vertical lines 
through the points give the standard deviation as calculated 
from the number of counts. These curves were obtained using 
a 2 in.X2 in. crystal. 
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Fic. 6. Curve A is the y-ray spectrum from the decay of Pr!“ 
obtained with a 2in.X2in. crystal, corrected for background. 
Curve B is the background. The vertical lines through the 
points give the standard deviation as calculated from the number 
of counts. 


assumed to be one component. The position of the 
front edge of the reaction peak agrees with that from 
annihilation radiation bearing out the presence of 
0.511-Mev gamma rays. Curve C shows the spectrum 
of pulses coincident with gamma rays having an energy 
>1.9 Mev. The peak in this curve corresponds to a 
gamma ray of 0.454+0.005 Mev. The background due 
to chance coincident pulses was determined by gating 
the amplifier with random pulses from a radioactive 
source, and is shown as curve D. Curve A is assumed 
then to be composed of a component of 0.511 Mev 
attributed to annihilation radiation plus a nuclear 
component of 0.454+0.005 Mev. 

In Fig. 5 are again shown the spectrum in the region 
of 0.5 Mev as curve A, the spectrum from 0.511-Mev 
annihilation radiation as curve B, and also the difference 
between the two as curve C. The first two spectra 
have been normalized to have the same yield at 0.511 
Mev. The difference of the two spectra is a peak corre- 
sponding to a gamma-ray energy of 0.453-0.005 Mev, 
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Fic. 7. The spectrum of + rays taken in coincidence with y rays 
of energy >1.2 Mev using a 2 in.X2 in. crystal. The vertical lines 
through the points give the standard deviation as calculated from 
the number of counts. 


in agreement with the value for the nuclear component 
obtained above by the coincidence method. 

A 0.454-Mev gamma ray is then in cascade with a 
2.05-Mev gamma ray. Because of a large background 
at low energies, the spectrum was not investigated 
below 0.4 Mev. Assuming there are no gamma rays 
with an energy less than 0.4 Mev in cascade with the 
2.05-Mev and 0.454-Mev gamma rays, then the excita- 
tion energy of the level in Al*® corresponding to the 
resonance at a bombarding energy of 222 kev is 2.50 
+0.02 Mev. 

Figure 6 shows the spectrum from the decay of Pr. 
There is a small peak at 1.7-Mev presumably associated 
with pair production by the 2.185-Mev gamma rays 
followed by the escape of one of the annihilation quanta 
from the crystal. This will be referred to as a single- 
escape peak. This peak is superposed on the Compton 
spectrum from the 2.185-Mev gamma rays. The in- 
tensity of the peak in Fig. 2 at 1.56-Mev, an energy 
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Fic. 8. Curve A is the spectrum of y-rays >0.7 Mev from the 
decay of Pr obtained with a 5in.X4in. crystal, corrected for 
background. Curve B is the background. The vertical lines 
through the points give the standard deviation as calculated from 
the number of counts. 


approximately corresponding to the single-escape peak 
from the 2.05-Mev gamma ray, is larger than that at 
1.7 Mev in the Pr spectrum. This indicates the 
presence of a gamma ray of 1.56+0.03 Mev in the 
spectrum from the reaction. 

In Fig. 2 there is another peak at 0.98+-0.03 Mev. 
This is below the energies of 1.03 and 1.05 Mev where 
the double-escape peak caused by the escape of both 
annihilation quanta, and the single-escape peaks are 
expected from the 2.05-Mev and 1.56-Mev gamma 
rays respectively. Figure 7 shows a typical spectrum 
of pulses in coincidence with those greater than 1.2 Mev. 
There is a peak at 0.96+-0.05 Mev, and thus a gamma 
ray of this energy. Considering the maximum available 
energy of 2.5 Mev, the only observed gamma ray 
above 1.2 Mev which is energetically able to be in 
cascade with a 0.96-Mev gamma ray is the 1.56-Mev 
gamma ray. 
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Figures 8 and 9 show the spectra from the reaction 
and from the decay of Pr as obtained using the five-by- 
four inch crystal. A comparison of these spectra leads 
again to the identification of 1.56- and 0.97-Mev gamma 
rays. In this larger crystal the chance of the escape of 
quanta is diminished, and thus the intensity of the 
pair-escape peaks is less. 

The maximum energy which can be transferred to an 
electron in the crystal by a Compton scattering is 
Eo/(1+ (0.51/2E») ], where Ey is the gamma-ray energy 
in Mev. This is 1.82 and 1.34 Mev for the 2.05- and 
1.56-Mev gamma rays. In the spectrum obtained with 
the two-inch crystal, shown in Fig. 2, broad peaks 
occur slightly below these energies. The spectrum from 
the reaction using the larger crystal shows these 
Compton peaks have a diminished intensity relative to 
the highest energy peak (Fig. 9). In this crystal there 
is a higher probability that a gamma ray undergoing 
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Fic. 9. Curve A is the spectrum of y-rays >0.7 Mev from 
Mg" (p,y7)Al*® obtained with a 5in.X4in. crystal, corrected for 
background. Curve B is the background, plotted with its 
ordinate scale reduced by factor of two from that for curve A. 
The vertical lines through the points give the standard deviation 
as calculated from the number of counts. 


one or more scatterings will lose all its energy to the 
crystal. The decrease of the Compton peaks is then 
expected and substantiates the classification of these 
peaks. 

The spectrum from the reaction is then composed 
of gamma rays having the following energies : one of 2.05 
+0.02 Mev in cascade with one of 0.454+0.005 Mev, 
one of 1.56++0.03 Mev in cascade with one of 0.97+0.03 
Mev, and annihilation radiation. 

The areas under the peaks at 2.05, 1.56, and 0.98 
Mev in Fig. 2 are as 3:1:1, and in Fig. 9 as 6:1:0.5. 
Using radioactive sources of known strength, Dr. W. G. 
Cross of this laboratory has obtained a curve for the 
two-inch crystal of efficiency for absorption in the 
photopeak versus gamma-ray energy (unpublished). 
From this curve the efficiencies for absorption into the 
photopeak of 2.05-Mev, 1.56-Mev, and 0.98-Mev 
gamma rays are found to be 10, 13, and 20 percent 
respectively. From a similar curve for the five-inch 
crystal obtained by Dr. A. E. Litherland of this 
laboratory (unpublished) the efficiencies are found to 
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Fic. 10. The angular distribution of the 2.05-Mev y rays with 
respect to the proton beam. The vertical lines through the points 
give the standard deviation. 


be as 82:92:106. Thus the intensities of the 2.05-Mev, 
1.56-Mev, and 0.97-Mev gamma-rays are found by 
the two-inch crystal to be as 100:25:15, and by the 
five-inch crystal to be as 100: 14:5. There is considerable 
uncertainty in determining the area under the peaks 
especially in the case of those in the spectrum obtained 
with the two-inch crystal, and for this reason the 
relative intensities obtained with the five-inch crystal 
are more reliable. 

The angular distribution of the 2.05-Mev gamma 
rays with respect to the direction of the proton beam 
is shown in Fig. 10. It is isotropic to within a few percent. 

The thick-target yield curve of the 2.05-Mev gamma 
rays as a function of the bombarding energy is shown 
in Fig. 11. The width at half-maximum, I’, of the reson- 
,ance is less than 2 kev. This agrees with the value of 
<1 kev found by Tangen,! but disagrees with the value 
of 6 kev found by Hunt ef al. The thick target yield of 
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Fic. 11. The number of counts in the photopeak of the 2.05-Mev 
gamma rays as a function of the bombarding energy. The vertical 
lines through the points give an estimate of the probable error in 
the number of counts. The horizontal lines through the points 
give an estimate of the probable error in the proton energy. 


*Hunt, Jones, Churchill, and Hancock, Proc. Phys. Soc. 
(London) A67, 443 (1954). 
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Fic. 12. The level scheme of Al* as proposed by Goldberg with 
the energies of the levels at 0.454 Mev and 2.50 Mev taken from 
the present work. The arrows indicate the y rays observed. The 
bracketed J-values are considered to be less probable assignments 
than those not bracketed. 


the 2.05-Mev gamma rays at 238-kev bombarding 
energy is (1.0+0.5)X10-" gamma rays per proton. 
The energy of the protons was calibrated by using a 
value for the resonance energy of 222 kev.’ 


DISCUSSION 


The level structure of Al** as proposed by Goldberg’ 
plus the gamma rays observed in this work are shown 
in Fig. 12. The energies of 0.454+-0.005 Mev and 2.50 
+0.02 Mev from the present work have been used for 
two of the states rather than Goldberg’s values of 0.45 
+0.03 Mev and 2.51+0.05 Mev. The gamma rays are 
seen to fit into the structure proposed by Goldberg. 
Since the intensity of the 0.97-Mev gamma rays is only 
about a half of that of the 1.56-Mev gamma rays, the 
0.97-Mev level must have an alternative mode of 
de-excitation. This could be a cascade through the 
(0).454-Mev level. The coincidence experiment which 
established the cascade of the 0.97- and 1.56-Mev 
gamma rays did show a large peak at approximately 
0.5 Mev (Fig. 7). However since the amplifier was 
gated by all gamma rays with an energy greater than 
1.2 Mev, the 0.454-Mev gamma rays in cascade with 
the 2.05-Mev gamma rays overshadow any contribu- 
tion from gamma rays of this energy from the 0.97- 
Mev level. 

The 2.05-Mev gamma ray is believed then to arise 
from a transition from the 2.50-Mev level to the 0.454- 
Mev level. This latter level has been assigned* a spin 
and parity of $+. The isotropic distribution of the 
2.05-Mev gamma-ray is consistent with the 2.50-Mev 
level having a spin and parity of }+, or $+. However, 
if the level is $+, an isotropic angular distribution 
will only occur for a particular mixture of M1 and £2 
radiations. The ratio of the intensity of E2 radiation 
to that of M1 must equal 0.07 if the two radiations are 
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in phase, and 13.9 if they are 180° out of phase, to 
produce an isotropic distribution of the 2.05-Mev 
gamma-rays. An assignment of $— is considered 
unlikely as this would require a mixture of M2 and 
E1 radiations with the ratio of their intensities again 
0.07 if in phase and 13.9 if 180° out of phase, whereas 
M2 radiation is expected to be much weaker than E1 
radiation. Since transitions from the 2.50-Mev level 
to the ground state, with a spin of 3 or $ and even 
parity,’ are observed to be less probable than to the 
first excited state of 3+, spins greater than 3 for the 
2.50-Mev level have not been considered. Goldberg’ has 
suggested a possible assignment of }+ to the 2.50-Mev 
level from an analysis of the angular distribution of 
neutrons from the Mg*(d,n)Al** reaction. 

From the thick target yield, a value of 0.012 ev was 
calculated for wI',I',/f using the formula given by 
Fowler et al."° The statistical factor w takes the value 
1 or 2 depending whether the 2.5-Mev level has a spin 
of } or } respectively. Estimates may be made of I, 
by using a value for the reduced width" equal to h?/M R?, 
where M is the reduced mass and R is the interaction 
radius. These estimates are as follows: 0.25 ev for an 
assignment of S; to the level, 0.04 ev for a P; assign- 
ment, and 0.002 ev for a D; assignment. Values for I’, 
as calculated by using the formulas of Blatt and Weiss- 
kopf,” with statistical factors as given by Kennedy 
and Sharp,” are as follows for proton transitions: 3 ev 
for M1 radiation from a 5; level, 12 ev for Z1 radiation 
from a P; level, and 0.0007 ev for Z2 radiation from 
a D, level. The theoretical estimates for oI',T,/T, 
where '=I',+T',, are then as follows: 0.23 ev for M1 
radiation from a S; level, 0.04 ev for E1 radiation from 
a Py level, and 0.001 ev for £2 radiation from a D,; 
level. These values are to be compared to the observed 
value of 0.012 ev. The first two. estimates can be 
brought into agreement with the experimental value 
by reasonable changes in I’, and I',, but the third 
estimate is low. Recalling that the assignment of 3+ 
also required a particular mixture of £2 and M1 
radiation and that the transitions prefer the first 
excited state to the ground state for which 5/2 is the 
more probable spin, $+ would seem to be a less prob- 
able assignment than either 3+ or }—. 
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The gamma radiation following inelastic proton scattering from F" has been observed using 2.4- to 4.1- 
Mev protons from the BNL research Van de Graaff. Gamma rays of energies 1.238+0.010 and 1.350+0.010 
Mev are observed in the singles NaI(Tl) spectrum using 3.0-Mev protons. The angular distributions of 
these gamma rays show anisotropies of +29 percent and —29 percent respectively. Three-crystal pair- 
spectrometer measurements at 3.0 Mev and 3.5 Mev indicate that a 1.449+0.010-Mev gamma ray is also 
present. Coincidence measurements at 3.0 Mev show that gamma rays of energies 1.2330.010 Mev and 
1.346+0.010 Mev are in prompt coincidence with 109-kev radiation while a 1.354-+0.010-Mev gamma ray 
is in delayed coincidence with 197-kev radiation. These observations imply states in F at 1.342+-0.010 Mev, 
1.452+0.010 Mev, and 1.551+0.010 Mev. The observed relative gamma-ray intensities show that the 
1.24-Mev radiation originates mainly from the 1.34-Mev state and that the 1.34-Mev state exhibits less 
than an 8 percent branch to the J=5/2+ level at 197 kev. These observations together with the fact that 
the 1.24-Mev radiation is nonisotropic indicate an assignment J =3/2 for the 1.34-Mev state. 





INTRODUCTION 


T is only recently that serious attempts have been 

begun to compute the spectra of nuclear levels. 
One such attempt has been made near the beginning 
of the mixed 1d and 2s shell just beyond O'*! with 
results that vary from fair to good. In particular, rather 
impressive agreement with experiment is obtained on 
the properties of certain even-parity states of O” and 
F"” that are involved in the beta decay of O. When the 
mixed shells are treated in intermediate coupling, they 
give an account of the ground state of O” and of the 
ground, 0.197-Mev, and 1.55-Mev states of F”; the 
spins and parities of these states are correctly given. 
Good log ft values for the beta decays and certain 
absolute and relative gamma-radiation widths are also 
obtained. The agreement is good enough to make one 
wish to press it further to test whether it is genuine or 
fortuitous. Already, there are signs that the simple 
account in terms of three nucleons coupled together 
outside an inert core is inadequate; for one thing the 
lifetime of the £2 transition in F from the 5/2+ state 
at 0.197 Mev to the ground state is substantially 
shorter that can be accounted for on the basis of 
radiation from a single proton and we must invoke some 
surface oscillation in the O'* core to speed up the 
transition. A more serious problem for the theory is the 
occurrence of states that it does not predict. According 
to the published literature,’ states exist at 0.109 and 
1.35 Mev, neither of which is accounted for by the 
theory. Since the theory provides no states other than 
those at 0.197 and 1.55 Mev until we are well above 
2 Mev, it would be more satisfactory should these 
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extra states turn out to have odd parity, presumably 
being associated with the breakup of the O'* core, 
although it is certainly surprising that such states 
should lie so low; the state at 0.109 Mev is in fact }—. 

It is therefore very interesting to examine in more 
detail the region of low excitation in F™ to see whether 
any light can be thrown on the properties of the 
“unwanted” states and indeed to see whether there may 
not be more of them. Too great a richness of odd-parity 
states would be a serious embarrassment. For these 
reasons we have undertaken a careful search for excited 
states of F'® below about 2.5 Mev. 


EXPERIMENTAL METHODS AND RESULTS 


We have restricted ourselves to studies of the gamma 
radiation following inelastic proton scattering from 
F*, Targets of CaF2, BaF:, and Teflon of a few mg/cm? 
thickness have been bombarded with 2.0- to 4.1-Mev 
protons from the Brookhaven National Laboratory 
research Van de Graaff. The proton currents used varied 
from less than 10~* microampere to about two micro- 
amperes depending upon the problem in hand. NaI(T1) 
scintillation detectors have been used exclusively; 
they were employed as single-crystal spectrometers, in 
various coincidence arrangements, and as a three- 
crystal pair spectrometer. 

Above a proton energy of about 2.4 Mev, gamma rays 
of 1.24 and 1.35 Mev are seen in the Nal singles 
spectrum, besides the intense 109- and 197-kev radiation 
from the first two excited states in F and the 6- and 
7-Mev radiation from O'* following the F!(p,a)O"* 
reaction. Gamma rays of 1.24 and 1.35 Mev may be 
expected owing to excitation of the known F" levels 
at 1.35 and 1.57 Mev,’ which levels may subsequently 
decay to the ground state or may cascade through the 
109- and 197-kev levels.‘ Figure 1 shows the singles 

‘Experience has shown that the levels in F® are usually 
populated fairly strongly in the F"(p,p’) reaction when the avail- 
able energy for the emitted proton rises above about 1 Mev. 


Since most of the data were obtained at 3.0 Mev, we should not 
expect to excite states in F" above about 1.8 Mev. 
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Fic. 1. Singles spec- 
trum, F+ at 3.2 Mev 
and 0° with respect to 
the proton beam. Data 
are recorded using a 
gray-wedge pulse-height 
analyzer. 


INTENSITY 


RELATIVE 


“PRE BW OR ae 


ie) 05 10 LS 20 


y ENERGY iN Mev 

spectrum up to 2.3 Mev observed at 0° to the proton 
beam with E,=3.2 Mev. The peaks at 1.24 and 1.35 
Mev are clearly evident above the background from 
the 6- and 7-Mev O" radiation. A prominent peak due 
to annihilation radiation is also seen. The data are 
recorded by a gray-wedge pulse-height analyzer whose 
intensity scale is logarithmic. The full ordinate corre- 
sponds to an intensity ratio of about 80:1 (the sharp 
cutoff at about 340 kev is imposed electronically to 
avoid halation from the intense 109- and 197-kev 
pulses). 

In order to obtain accurate energies for the 1.24- and 
1.35-Mev lines, the data were recorded by an Atomic 
Instrument Company twenty-channel pulse-height 
analyzer and the F+> runs were interleaved with the 
spectrum from the decay of Co. Figure 2 shows typical 
data taken at 90° with respect to the proton beam and 
at E,=3.0 Mev.® The upper half of Fig. 2 shows the 
Ni® gamma rays while the lower half shows the 1.24- 
and 1.35-Mev lines from F+ . Using the values® 
1.1728+0.0005 Mev and 1.3325+0.0003 Mev for the 
Ni® gamma rays, we obtain for the F+ gamma rays 
the values 1.238--0.010 Mev and 1.350+0.010 Mev. 

Owing to the possibilities of cascades from the 
1.57-Mev level through the 109-kev level and direct 
ground state transitions, one may also expect to see 
gamma rays of about 1.46 and 1.57 Mev. Figure 3 
shows the singles spectrum from about 1.28 Mev to 

5’ The greater part of this work has been performed using 
Dumont 6292 photomultiplier tubes. The gain of some of these 
tubes varies substantially with the counting rate [Bell, Davis, 
and Bernstein, Rev. Sci. Instr. 26, 726 (1955) ], an increase in 
that rate by a factor two resulting for some tubes in an increase 
in pulse height by as much as 2 percent. We have taken great 
care, whenever accurate energy measurement has been involved, 
to allow for this rate-dependent gain according to an empirically- 
established procedure. 


* Lindstrém, Hedgran, and Alburger, Phys. Rev. 89, 1303 
(1953). 
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1.62 Mev taken at 90° to the proton beam and with 
E,=3.0 Mev. The expected positions of 1.46- and 
1.57-Mev lines are indicated by arrows. Although the 
shape of the tail on the high-energy side of the 1.35-Mev 
line indicates the presence of underlying structure, 
these data are not definitive enough to allow quanti- 
tative interpretation. 

In order to see the possible 1.46- and 1.57-Mev lines 
more clearly, the spectrum was investigated by using 
the three-crystal pair spectrometer which has the 
advantage over the single-crystal spectrometer of a 
much better effective resolution. Figure 4 shows a 
three-crystal pair spectrum taken at 0° with respect to 
the proton beam with Z,=3.0 Mev and covers the 
energy region of 1.02 Mev to 1.55 Mev. The first two 
peaks are due to the aforementioned 124- and 1.35- 
Mev lines. From the relative positions. of the three 
peaks together with the previously determined energies, 
we find for the highest peak the energy 1.449+0.010 
Mev. Attempts at observing a ground-state transition 
from the 1.57-Mev level were unsuccessful. Three- 
crystal pair spectra were recorded by the gray-wedge 
analyzer and by the twenty-channel] analyzer. Figure 5, 
which covers the energy region from about 1.40 Mev 
to 1.61 Mev, shows the results of a twe!ve-hour run 
at 3.0 Mev. The pair peak of the 1.45-Mev line is 
clearly evident. The arrow marks the expected position 
of a 1.57-Mev line. 

Various coincidence experiments were next performed 
in order to determine the origins of the 1.24-, 1.35-, 
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Fic. 2. Upper curve, singles spectrum showing the 1.17-Mev 
and 1.33-Mev Ni® gamma rays; lower curve, F+) at 3.0 Mev 
and 90° with respect to the proton beam. Data are recorded using 
an Atomic Instrument Company 20-channel pulse-height analyzer. 
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and 1.45-Mev gamma rays and to look for the existence 
of other possible gamma rays. If we assume for the 
states of F® the rough values 0.11, 0.20, 1.35, and 1.57 
Mey, and assume that no other states are being excited 
with 3.0-Mev protons, we may expect the following 
possibilities’:*: gamma rays of 1.37 and 1.15 Mev in 
coincidence with 197-kev radiation; gamma rays of 
1.46 and 1.24 Mev in coincidence with 109-kev radia- 
tion; gamma rays of 1.35 and 1.57 Mev due to direct 
ground state transitions from the corresponding states 
(the intense 109-kev and 197-kev radiation is of course 
present owing to direct excitation of the first and 
second excited states of F"’), 

Figures 6 and 7 show the spectra in coincidence with 
197-kev. and 109-kev radiation respectively. In all our 
coincidence work we have been careful to provide 
suitable absorbers of lead backed by copper to minimize 
the scattering of low-energy gamma rays between the 
crystals. Figure 6 covers an energy range of 1.12 to 
1.42 Mev and shows the expected peak at about 1.35 
Mev (along with a distortion of the low-energy tail 
owing to random coincidences with 1.24-Mev gamma 
rays). Figure 7 covers an energy range of 1.13 to 1.45 
Mev. In addition to the expected line at about 1.24 Mev, 
a prominent line appears in Fig. 7 at about 1.35 Mev. 
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Fic. 3. Singles spectrum; F+ > at 3.0 Mev and 90° with respect 


to the proton beam. The large peak at 39 volts is the 1.35-Mev 
gamma ray. 
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7™The transition between the 1.57- and 1.35-Mev states is 
known to be weak.® 

8 Jones, Phillips, Johnson, and Wilkinson, Phys. Rev. 96, 547 
1954). 
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Fic. 4. Three- 
crystal pair spec- 
trum; F+ / at 3.0 
Mev and 0° with 
respect to the proton 
beam. 
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Such a cascade (1.35 Mev—0.109 Mev) cannot be 
explained by the previously accepted® level scheme of 
F” but requires a new level at about 1.45 Mev. In the 
case of Fig. 7, care must be taken to allow for coin- 
cidences with gamma rays of 1.35 Mev which would 
result from counting back-scattered radiation from the 
197-kev gamma rays (of energy 111 kev) in the 109-kev 
channel. Such events can be investigated conveniently 
owing to the fact that the 197-kev level in F” has a 
lifetime of 0.1 usec.* The coincidence circuit used for the 
present work had a resolving time of about 0.1 usec and 
had provisions for delaying either of the input signals 
by 0.2 ysec. In the case of coincidences with 197-kev 
radiation, when the 197-kev pulses were delayed, the 
expected random rate® was obtained whereas when the 
high-energy pulses were delayed, a spectrum similar to 
Fig. 6 was obtained but reduced in intensity by an 
amount agreeing with that expected on the basis of 
the lifetime of the 197-kev state together with the 
resolving time and delay involved. In the case of 
coincidences with 109-kev radiation, inserting the 
delay in either the low- or high-energy legs of the 
coincidence circuit resulted in the expected random 
rate. One must conclude then that there is a negligible 
contribution to the 109-kev peak from the 197-kev 
back-scattered radiation and that the peak in Fig. 7 
at about 1.35 Mev represents prompt coincidences 
with 109-kev gamma rays. Comparison with Ni®™ 
gamma rays, using a procedure of interleaving runs 
as before, yields the following results: gamma rays of 
1.233+0.010 Mev and 1.346+0.010 Mev are in prompt 
coincidence with 109-kev radiation ; a 1.3540.010-Mev 
gamma ray is in delayed coincidence with 197-kev 
radiation. These values are consistent with an in- 
dependent observation that the “1.35”-Mev gamma 


* Intensities were adjusted so that the “real’’-to-“random” 
ratio was at least 10 to 1. 
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Fic. 5. Three-crystal pair spectrum; F-++/ at 3.0 Mev and 0° 
with respect to the proton beam. The peak at 19.5 volts is the 
1.45-Mev gamma ray. 


ray in coincidence with 197-kev radiation and the 
“4.35”-Mev gamma ray in coincidence with 109-kev 
radiation have the same energy within 10 kev. 

Figure 8 shows coincidences with 109-kev radiation 
and covers an energy range of 1.28 Mev to 1.58 Mev. 
The arrow indicates the expected position of a 1.45-Mev 
line. Figure 8 can be compared with Fig. 3 which 
covers essentially the same energy region in singles. 
The results of Fig. 8, Fig. 5, and Fig. 6 indicate a level 
in F** at 1.551+0.010 Mev which decays predominantly 
by cascades through the 197-kev state.” 

Since the 1.55-Mev level does not cascade appreciably 
through the 109-kev state, the 1.45-Mev gamma ray 
observed in the three-crystal work must originate in 
the new level, which from the measured gamma-ray 
energies (direct ground-state transition and cascade) 
has the value 1.452+0.010 Mev. 

Such a new level is also required by comparing the 
present results with those obtained by studying the 
gamma radiation following the beta-decay of O”.§ In 
the latter study only the gamma ray of 1.35 Mev that 
comes from the 1.55-Mev level is identified and an 
upper limit of 6 percent is set on the intensity relative 
to it of a 1.45-Mev gamma ray. However, in the present 
work the 1.45-Mev gamma ray has an intensity as 
great as 20 percent of that of all the “1.35-Mev” 
gamma rays combined. Since we know that there are 
at least two if not three transitions of this energy, it 
follows that the O” and F'°(p,p’) results can only be 
reconciled by existence of a new level at about 1.45 
Mev which supplies the bulk of the 1.45-Mev gamma 
radiation in the present experiment but which is not 
strongly excited by the beta decay of O”. 

Further evidence that the 1.45-Mev radiation is 
chiefly a ground-state transition from a new level and 

We adopt the energies 0.1092+0.0006 Mev and 0.1968 


+0.0007 Mev for the first and second excited states of F* (C. A. 
Barnes, Phys. Rev. 97, 1226 (1955). 


not a cascade transition from the 1.55-Mev state comes 
from studying the spectrum of low-energy gamma rays 
in coincidence with high-energy gamma rays. We 
examined the low-energy spectrum as we swept a 
narrow high-energy coincidence channel through the 
region of interest from 1.18 to 1.46 Mev. At the low- 
energy end of this range we expect to see the 109-kev 
gamma ray most strongly; this is so, although we do see 
some 197-kev coincident radiation owing to pulses from 
1.35-Mev radiation getting into the high-energy channel. 
If we move the channel towards 1.35 Mev, we expect 
to see both 109-kev and 197-kev radiation rather 
strongly since both are in genuine coincidence with 
“1.35-Mev” gamma rays; this is borne out in experi- 
ment. If the 1.45-Mev gamma ray were in coincidence 
with 109-kev gamma rays, then as we moved the high- 
energy channel above 1.35 Mev and up to 1.45 Mev 
the 109-kev line should again predominate. This 
however, does not happen and the 109-kev and 197-kev 
gamma rays remain in about the same ratio that 
they showed when the coincidence channel was at 
1.35 Mev; the coincidences are rather feeble and the 
real-to-random ratio is poor as is to be expected, since 
we are now really working on the extreme tail of the 
1.35-Mev line. This shows that the 1.45-Mev line 
comes from a direct transition to ground and is not 
part of a cascade. This sequence of events is shown 
in Fig. 9. 

From the evidence of Fig. 6, we may discuss the 
possible intensity of a 1.24- to 0.197- Mev cascade. This 
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Fic. 6. Spectrum in coincidence with 197-kev radiation; F+p 


at 3.0 Mev and 90° with respect to the proton beam. The peak at 
43.5 volts is the 1.35-Mev gamma ray. 
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is certainly weak but a careful consideration of the 
shoulder seen around a pulse height of 40 volts suggests 
that it may not all be due to chance coincidences 
between 0.197-Mev and 1.24-Mev radiation and that 
there may be a small residual genuine effect. If this is 
so, it implies that the 1.45-Mev level has a branch via 
the 0.197-Mev level whose intensity is 7+-5 percent of 
that of the main transition to the 0.109-Mev level. 
Corrobroating evidence for the weakness of such a 
cascade comes from the fact that the energy of such a 
transition would be 1.255 Mev whereas the energy 
observed in the singles spectrum was 1.238--0.010 Mev 
and the energy observed in coincidence with 109 kev 
was 1.233+0.010. In addition, if one persisted in 
claiming that a 1.24-Mev to 0.197-Mev cascade was yet 
responsible for the observed 1.24—0.109 Mev coin- 
cidences (so that one still required only two levels in 
the region of 1.4 Mev in F"”, the previous 1.35-Mev 
level being shifted to 1.45 Mev) a triple cascade would 
be implied, starting from the 1.55-Mev level. The 
energy of the “109”’-kev radiation involved would then 
be due to the 1.551- to 1.452-Mev transition, namely 
0.099 kev. This is contrary to observation: the low- 
energy spectrum is coincidence with 1.24-Mev gamma 
rays was compared with the low-energy spectrum in 
singles. This is seen in A and C of Fig. 9. The “109”’-kev 
radiation observed in both cases was measured to have 
the same energy within 2 percent. Unsuccessful attempts 
were made to observe triple coincidences. Also, attempts 
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F+p) at 3.0 Mev and 90° with respect to the proton beam. The 
peaks at 38 and 42 volts are the 1.24- and 1.35-Mev gamma rays. 
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Fic. 8. Conditions 
similar to those for 
Fig. 7 but displaying 
a higher energy 
region. The peak at 
44 volts is the 1.35- 
Mev gamma ray. 
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at observing “100”-kev to “200”-kev coincidences were 
not successful. Such a triple cascade would also be 
inconsistent with the results on the gamma spectrum 
following O" decay® where it was observed that prompt 
low-energy—high-energy coincidences from the 1.55- 
Mev level were less than 6 percent of the strengths of 
the 1.35-Mev gamma ray from that level. The 1.452- 
Mev level is found therefore to decay via two paths: 
through the 109-kev level, and directly to the ground 
state. These observations also imply that the observed 
1.233—0.109 Mev coincidences result from transitions 
originating in a level at 1.342+-0.010 Mev. The gamma 
ray of 1.24 Mev has also been observed in a reaction 
F(n,n’)F® by Freeman," but we see her suggestion 
that it may arise in a cascade between levels at 1.44 
and 0.20 Mev is incorrect. Day* has also observed a 
line at 1.23 Mev following inelastic neutron scattering. 

Figure 10 shows the spectrum from 0.97 Mev to 
1.27 Mev in coincidence with 197-kev radiation. The 
arrow marks the expected position of a 1.145-Mev 
gamma ray. A limit on the relative intensity of the 
ground-state transition from the 1.34-Mev level was 
made by comparing the 1.35-Mev intensity in the 
singles spectrum with that seen in the various coin- 
cidence results. These calculations together with the 
results of Fig. 10 indicate that the 1.34-Mev state 
decays predominantly via the 109-kev level. 

In order to determine relative intensities of the 
various gamma rays, it was necessary to determine the 
relative efficiencies for counting the 109-kev and 
197-kev gamma rays in our geometry. Figure 11 shows 
the 109-kev and 197-kev lines obtained in singles when 
0.95-Mev protons bombarded a thick fluorine target 
with the same target assembly, detectors and absorber 


J. M. Freeman, Phys. Rev. 99, 1446 (1955). 
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Fic. 9, Low-energy spectrum F+/ at 3.0 Mev and 90° with 
respect to the proton beam; A—singles; B—in coincidence with a 
narrow channel at 1.18 Mev; C—in coincidence with 1.24 Mev; 
D—in coincidence with 1.30 Mev; E—in coincidence with 1.35 
Mev; F—in coincidence with 1.46 Mev. 


as used before. The small peak below the 109-kev line 
is due to 109-kev backscattered radiation and iodine 
K x-ray escape from the Nal crystal. (Previous argu- 
ments above indicated that there was a negligible 
amount of 197-kev backscattered radiation.) The 
desired relative efficiencies were obtained by comparison 
of the areas in Fig. 11 included in the counting channels 
with an integration of the known yields" of 109- and 
197-kev radiation over the various proton resonances. 

The angular distributions of the 1.24-Mev and 1.35- 
Mev gamma rays were measured in order to gain 
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information on the spins of the levels and to be able 
to correct the observed intensities since some of the 
observations were made at 0° while most were made at 
90° with respect to the proton beam. Figure 12 shows 
the results. The curves are of the form 1+-4¢ cos*@ (but 
are not least-squares fits). The 1.24-Mev and 1.35-Mev 
gamma rays show anisotropies (coincidence rate for 
6=0° divided by that for €2=90° minus one) of about 
+29 percent and —29 percent, respectively. 

Figure 13 shows the proposed scheme for F” up to 
and including the 1.55-Mev state. The numbers on the 
transitions in parentheses are the relative intensities and 
pertain to the branching from each of the upper levels 
separately; that is, they do not imply anything about 
the relative excitations of the upper levels. 

In using the coincidence results to estimate relative 
abundance, we have assumed that the gamma-gamma 
correlations are isotropic. This is so for the cascades 
that pass through the first excited state but is probably 
not true for the others. However, the measurements 
were made in very bad geometry and the correlations 
due to cascades passing through the second excited 
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Fic. 11. Singles spectrum; thick F+/ at 0.95 Mev; geometry is 
identical with that used for the previous coincidence measure- 
ments. The peaks at 21 and 39 volts are the 0.109- and 0.197-Mev 
gamma rays; that at 16 volts is due to 0.109-Mev back-scattered 
radiation. 


state will be somewhat weakened by the long lifetime 
of that state. 

A level in F at 0.9 Mev has been suggested” from 
the reaction O'*(d,n)F. We have seen no gamma rays 
such as would correspond to the excitation of this level 
in our experiment; nor have we seen any gamma rays 
that do not fit into the level structure of Fig. 13. At 
the higher bombarding energies a gamma ray of 2.74 
Mev appears which might correspond to the excitation 
of the level in F® at about 2.8 Mev.’ However, this 
gamma ray comes rather from O"* following F(p,a)O"*; 
we have made it the subject of a separate investigation.” 
Since it is so close in energy to the possible line from 
F'®, we cannot say very much about our possible 


2 R. L. Seale, Phys. Rev. 92, 389 (1953). 
8 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 
(1956). 
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excitation of the F state. It seems rather unlikely 
from our results that F possesses any more states 
below about 2.5 Mev than these shown in Fig. 13. 


DISCUSSION 


Apart from the establishment of the new state at 
1.45 Mev, we are unable to make any certain state- 
ments as to the characteristics of the F® states. The 
weakness of the ground state M1 transition from the 
1.55-Mev state relative to the M1 transition to the 
0.197-Mev state (<4 percent) confirms the earlier 
figure’ of <4.5 percent obtained from the O” decay, 
and our value of 1.354+0.010 Mev for the energy of 
this latter transition is in fair agreement with the 
1.366+0.008 Mev of the earlier work. This small 
branching ratio is to be compared with the theoretical 
value! of about } percent. 
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Fic. 12. Angular 
distributions of 1.35- 
and 1.24-Mev gamma 
rays, E,=3.0 Mev. 
The curves are of the 
form 1+<a cos*@ but 
are not least-squares 
fits. 
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Our upper limit of 7 percent on the relative strength 
of the transition between the 1.55- and 0.109-Mev 
states does not contradict the 6 percent branching 
ratio reported from the O” work. It should, however, be 
remarked that the existence of that transition in the 
O” work was based partly on the assumption that F” 
possessed only two states around 1.35 and 1.55 Mev 
and that those results would also be consistent with a 
corresponding beta branch to the new 1.45-Mev state 
and no gamma branching from the 1.55-Mev state. 
If such a beta branch existed to the new state, it would 
have a log ft value of about 5.6. Because of its decay 
scheme and the assignment 5/2+ for O”, we should 
then suppose the 1.45-Mev level to be 3/2+. As it is, 
we have nothing to guide us in choosing the parity. 
The decay scheme strongly suggests J=} or }, but, 
since we have not definitely observed an anisotropy for 
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Fic. 13. Energy level diagram of F” up to and including the 
1.551-Mev level; the energies and probable errors for the first 
two excited states have been taken from the literature. The 
relative branching from each of the upper levels is indicated by 
numbers in parentheses next to each transition. The energies of 
the upper three states are best values obtained by appropriate 
combinations of the present results and the values for the first 
two excited states. 


either of the gamma rays leading from it, we cannot 
choose between these alternatives. If we believe the 
transition to the 0.197-Mev level to be present as our 
results suggest but do not establish, we should prefer 
J=}. In fact, the anisotropy of the “1.35-Mev” 
gamma ray is so strong as to be rather difficult to 
understand unless the 1.35-Mev gamma rays originating 
from both the 1.55- and 1.45-Mev levels have anisot- 
ropies in the same sense. This would then favor J/=3 
for the 1.45-Mev level. A somewhat stronger situation 
exists with respect to the 1.34-Mev state. From the 
decay scheme we would prefer J=} or 3 and the clear 
anisotropy of the 1.24-Mev radiation excludes J=}. 
But the possibility of J=5/2 must not be overlooked. 
The intensity ratio between a dipole transition of 
1.14 Mev and a quadrupole of 1.23 Mev is expected to 
be more than 10° on the basis of the single-particle 
model. Our observed ratio of more than 12 in favor of 
what would be the quadrupole transition if J were 5/2 
argues against that possibility since the weakest dipole 
transitions at all common in light nuclei have 
| M|?~10~," while we cannot suppose the quadrupole 
to be very much faster than the single-particle speed. 
We therefore favor J= % for the 1.34-Mev state. We 
see then the curious possibility of three levels all of 
J=% within 200 kev or so. 

We can say little about the parities of these states. 
Had we nothing further to guide us we might prefer 
even parity for both the 1.34- and 1.45-Mev levels 
since their strongest transitions are to a state of odd 
parity. However, as we noted in the Introduction, the 


4 —. H. Wilkinson, Atomic Energy of Canada Limited Report 
AECL-PD-260 [Phil. Mag (to be published) ]. 


















theoretical treatment in terms of mixed 1d and 2s shells 
has provided all the even-parity states it can in this 
region, namely those at 0.197 and 1.55 Mev. We must 
therefore, ask if the experimental situation contains 
any features that can be reconciled with odd parity for 
these states. In fact, it does. The one established E1 
transition is that between the 4—state at 0.109 Mev and 
the ground state and is about 1000 times slower than the 
single-particle speed. As we remarked earlier, this 
odd-parity state is rather curious and although an 
account may be given of it in terms of one-particle 
core breakup, this very slow transition makes such a 
simple explanation unlikely. It seems then that the 
unexpected odd-parity states may tend to combine 
rather poorly with the even-parity ones. On the other 
hand, there is nothing in general to prevent strong 
transitions between the related even-parity states 
although of course, a weak transition may occasionally 
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happen as that from the 1.55-Mev level to the ground 
state. If the 1.34- and 1.45-Mev levels were of odd 
parity and therefore probably related to the }—level, 
it is quite possible that they might have their strongest 
transition to that level rather than to the ground state 
to which they are not closely related. This is not, of 
course, an argument in favor of odd parity for these 
states but it shows that odd parity is quite consistent 
with the experimental! situation. It seems unlikely that 
experiments of the present type will reveal the parities 
of these states. Possible further parity-sensitive lines 
of advance might include a careful search for beta 
transitions to these states and their excitation by 
stripping and pickup in the reactions O'8(d,n)F" and 
Ne” (n,d)F"’. These latter experiments would be difficult 
to perform with adequate resolution and it might be 
that the Ne”*(t,a)F" reaction would yield an analyzable 
pattern. 
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Search for Be” as a Product of Ternary Fission* 





K. F. Frynn, L. E. GLEnNDENIN, AND E. P. STEINBERG 
Chemistry Division, Argcnne National Laboratory, Lemont, Illinois 


(Received November 4, 1955) 


The possibility of the formation of Be” as a product of ternary fission of U** has been investigated radio- 


chemically. An upper limit of 4X 10% fission yield was determined. This low value is inconsistent with 


ENDT and Scott! have reported a new delayed- 
neutron period with a half-life of about 0.15 
second and a yield of 2.7% of the total delayed-neutron 
emission in the fission of U**. They postulate that the 
new group of delayed neutrons follows the decay of 
0.17-sec Li® (a known delayed-neutron emitter) formed 
as a light fragment in ternary fission. The observed 
yield corresponds to a fission yield of 0.05%, but this 
value would have to be considered as a lower limit for 
the fission yield of Li® since the branching ratio for 
neutron emission in the decay of Li® is unknown. 
According to their arguments an adjacent nuclide 
such as Be would occur in comparable yield as a 
ternary fission product. 

We have investigated this possibility by searching 
for 2.5X10*-yr Be" in an intense source of aged U™ 
fission products. The beryllium was isolated and 
exhaustively purified by a radiochemical procedure 
that included removal of uranium by ether extractions 
and precipitations of Be(OH). in the presence of 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
1 P, J. Bendt and F. R. Scott, Phys. Rev. 97, 744 (1955). 





the recently proposed assignment of the 0.15-sec delayed-neutron period to Li®. 





hydroxylamine; scavenging precipitations of Fe(OH); 
SrCO;, and Bi,S;; extraction of beryllium acetylace- 
tonate into benzene; precipitation of Be(OH), and 
ignition to BeO. The final beryllium sample contained a 
beta activity of 10 counts per minute which, if entirely 
ascribed to Be”, would correspond to a fission yield of 
only 4X10~%. This value is inconsistent with the 
assignment of the 0.15-sec delayed-neutron period to 
Li’. It appears more likely that the new delayed- 
neutron period should be ascribed to a normal product 
(or products) of binary fission. 

A radiochemical search for Be’ has also been made 
by Cook? who set an upper limit of 10-*% for the yield 
in U** fission. A review of physical data on ternary 
fission has been given by de Laboulaye ef al.’ who 
investigated the short-range particles (ternary 
products?) in a cloud chamber and interpreted them 
as knock-on atoms. The weight of evidence at the 
present time is that ternary fission giving rise to frag- 
ments of mass greater than that of the alpha particle is 
extremely rare if it occurs at all. 


2G. B. Cook, Nature 169, 622 (1952). 
§de Laboulaye, Tzara, and Olkowsky, J. phys radium 15, 470 
(1954). 
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Nuclear Reactions of Cobalt with Protons from 0- to 100-Mev Energy* 





MARCH 1, 1956 








RopMAN A. SHARP,{ RicHArD M. Dramonp,{ AND GEOFFREY WILKINSON$ 
Department of Chemistry, Harvard University, Cambridge, Massachusetts 


(Received August 9, 1955) 


Absolute excitation functions for 0- to 100-Mev protons on cobalt have been measured for 18 radioactive 


products from vanadium through nickel. Linear-accelerator bombardments in the 0- to 30-Mev region plus a 
scattered-beam cyclotron technique gave good energy resolution. The results are in qualitative agreement 
with the Bohr compound nucleus picture at low energies and a mixture of the Bohr and Serber mechanisms 
at higher energies. Evidence for high yields of alpha-particle emission was found. The influence of shell 


structure on yields was pronounced, with magic-number nuclei having especially low yields. 





I, INTRODUCTION 


ADIOCHEMICAL yield studies are of interest 

particularly for the opportunities they provide 
for comparison with current theories of nuclear reactions 
and nuclear structure. Excitation function studies 
provide an energy variable in addition to the atomic 
number and weight parameters found in most spal- 
lation experiments. In view of the present condition 
of theories of nuclear behavior, it is desirable to pick a 
simple system to study. For this reason, cobalt, a 
monoisotopic target element of medium atomic weight 
was chosen for proton irradiation. The energy range of 
0-100 Mev for simple reactions bridges the region 
usually treated by compound nucleus theory and the 
higher energy ranges where nuclear transparency be- 
comes important. 

A number of papers have appeared recently on the 
proton spallation of cobalt. In an extensive survey, 
Belmont and Miller’ reported absolute yields of 35 
nuclides from carbon through nickel using 370-Mev 
protons. Wagner and Wiig? reported relative yields for 
14 products from 240-Mev proton bombardment, and 
in a later paper gave absolute yields at 60, 100, 170, 
and 240 Mev for nine of the species previously measured 
at 240 Mev.’ In connection with a spallation survey 
covering several targets, Rudstam* gave yields for 
eleven nuclides relative to Cr for 187-Mev protons on 
cobalt. 


Il. EXPERIMENTAL‘ 
A. Targets 


The targets used in these experiments were thin 
cobalt foils of 8-120 mg/cm? thickness. They were 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 
+ Present address: Chemistry Department, Brookhaven Na- 
tional Laboratory,Upton, Long Island, New York. : ; 
t Present address: Chemistry Department, Cornell University, 
Ithaca, New York. ‘ 
§ Present address: Chemistry Department, Imperial College of 
Science and Technology, London, England. 
1 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 
2G. D. Wagner and E. O. Wiig, J. Am. Chem. Soc. 74, 1101 
1952). 
3 o D. Wagner and E. O. Wiig, Phys. Rev. 96, 1100 (1954). 
4S. G. Rudstam, Phil. Mag. Ser. 7, 44, 1131 (1953). 
5 Additional details may be found in the Ph.D. thesis of Rodman 
A. Sharp, Harvard University, 1955 (unpublished). 


1493 


produced electrolytically by a method similar to that of 
Sisman and Bopp.® A bath consisting of 0.7M CoSO, 
and 0.7M H;BO; was electrolyzed between a platinum 
anode and a stainless steel cathode at a current density 
of 40 ma/cm?. The cathode surface was abraded with 
No. 80 emergy paper before plating to insure adhesion. 
Flexible hole-free foils were produced at the rate of 
20 mg/cm? hr and after a few seconds dip in aqua regia 
to remove the highly active surface layer, they remained 
bright indefinitely. 

The best analytical-reagent grade cobalt salts avail- 
able (Mallinckrodt Chemical Company) were guaran- 
teed 99.6% pure with 0.15% nickel as the principal 
contaminant. The remaining impurities were almost 
entirely alkali and alkaline earth metals and their 
anions which were removed in the plating process. The 
nickel impurity in the target foils was of no consequence 
in studying excitation functions of nuclides below Z= 28 
as the regions around the reaction thresholds were 
obscured less by contamination from proton reactions 
on Ni** than by neutron background reactions on 
cobalt and by detection sensitivities. But the excitation 
function Co*(p,3)Ni>’ was observable to very low 
cross sections because of the absence of neutron back- 
ground effects and the lack of interference from other 
nickel activities. In this case the Ni®*(p,pm)Ni®’ reaction 
could interfere seriously. Late in the work a satisfactory 
method for preparing nickel-free cobalt salts was de- 
veloped and the nickel-free cobalt target foils obtained 
were used for studying the Ni®’ reaction. 


B. Cyclotron Irradiations 


The cobalt target foils were bombarded in the energy 
range up to 100 Mev in the internal scattered beam of 
the Harvard University 95-in. synchrocyclotron using 
the well-known stacked-foil technique.”'* From four to 
twenty cobalt foils 7% in. in diameter and about 50 
mg/cm? thick were placed in slightly recessed copper 
foil holders and interspaced with copper absorbers of 
known thickness to provide simultaneous bombardment 
of several targets over a considerable energy interval. 

*Q. Sisman and C. D. Bopp, Oak Ridge National Laboratory 
Report ORNL 299, 1949 (unpublished). 


7E. O. Lawrence, Phys. Rev. 47, 17 (1935). 
8N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 
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SHARP, 


In this method each of the foils received the same 
proton flux (with small corrections to be discussed 
later), and a relative excitation function could be 
obtained by plotting the yield of a particular activity 
in each target foil against the proton energy as calcu- 
lated from the total absorber thickness and the Bethe- 
Bloch stopping power formula.’ 

The energy resolution of this method was determined 
chiefly by the diameter of the target foils, and could be 
approximated at any energy by AE~ AE)(E)/E), where 
Eo was the initial energy. Two initial energies were 
available, 73.5 and 100.3 Mev, and for the %-in. 
diameter foils used, AZ) was about 0.9 Mev. The 
proton energy at the front of the stack was determined 
by running the relative excitation function for the 
C®(p,pn)C" reaction in five-minute bombardments on 
0.003-in. polyethylene foils and comparing the curves 
obtained with those of Aamodt, Peterson, and Phillips." 
The error in the location of the steeply rising portion 
of the curve in mg/cm? copper equivalent was sub- 
tracted from the assumed range of the protons at the 
front of the stack, as the energy error in mg/cm? was 
constant throughout the target. The average correction 
required was about 200 mg/cm? Cu corresponding to a 
3-Mev error at 20 Mev. Energy checks were made 
before every low-energy run. Corrected energies at the 
front of the target stack were accurate to +50 mg/cm? 
Cu. 

The proton flux was monitored by the Al?’"(p,3pn)Na* 
reaction whose excitation function is flat from 70 to 
80 Mev.® In each run two to four 20-mg/cm? aluminum 
foils were placed in the recessed foil holders along with 
the cobalt targets, and the 15-hour Na™ activity was 
measured one day after bombardment. The peak cross 
section for the aluminum monitor reaction is based on 

° the peak cross section for the C"(p,pm)C" reaction. 
This carbon excitation function has recently been 
remeasured at Berkeley" and a new value of 87.5 mb 
obtained for the peak cross section. All absolute yields 
reported in this paper are thus based on a corrected 
Al?’(p,3pn)Na™ peak cross section of 14.0 mb. 


































































































































































































C. Linear Accelerator Irradiations 











As the energy spread of the cyclotron beam became 
quite large at low energies, two bombardments were 
made with the 32-Mev proton linear accelerator at 
Berkeley to get good resolution in the low-energy 
portions of the Ni*’ and Co* excitation functions. The 
target stack consisted entirely of very thin (8-10 
mg/cm’) cobalt foils covered with a thin cobalt window 
and imbedded in a brass block. The linear accelerator 
beam was collimated so that all the incident protons 





















































*H. A. Bethe and J. Ashkin in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, Part II. 

1 Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 

1 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 
329 (1956). 
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stopped within the area of the target foils. The energy 
of the incident protons was known to +0.2 Mev. 


D. Chemistry 


After bombardment the cobalt targets were dissolved 
in hot nitric acid containing 10-mg amounts of carriers 
for the elements vanadium through nickel. Group 
separations were used to isolate each of the six elements 
essentially free from the rest, followed by specific 
procedures for each element to guarantee purity in the 
final counting samples. Solvent extraction techniques 
were used extensively as they were rapid and gave good 
decontamination factors by avoiding the coprecipitation 
difficulties inherent in conventional separation schemes. 
The complete separation scheme is outlined below; in 
general, at least four elemental fractions were isolated 
in each bombardment and the exact combination of 
procedures used varied in each case with the activities 
to be isolated. 


Group Separations 


After treatment with HCl and NaHSO; to reduce 
higher oxidation states of manganese, chromium, and 
vanadium, the target solution was diluted to 20 ml and 
1M HCl. Vanadium and iron were extracted with 
successive portions of 10 ml 1% aqueous cupferron and 
10 ml chloroform until the extracts were colorless. After 
washing the combined chloroform phases with 1M HCl, 
iron was back-extracted with 9M HCl and the back 
extracts were washed with chloroform. 

The aqueous phase from the cupferron extraction 
was washed with chloroform, 5 ml 6M KOAc added, 
and cobalt and nickel extracted with 20 ml 10% 
8-hydroxyquinoline (oxine) in chloroform. The chloro- 
form extract was washed with HOAc/KOAc buffer at 
pH 5. The aqueous phase containing chromium and 
manganese was extracted again with oxine solution, 
the organic layer discarded, and the aqueous phase 
washed with chloroform. The nickel-cobalt organic 
phase and the manganese-chromium aqueous phase 
were each evaporated over concentrated HNO; to the 
destruction of ammonium salts, and the residues 
dissolved in concentrated HNOs. 

The nickel-cobalt fraction was diluted to 1M HNOs, 
an equal volume of 10M NaSCN added and cobalt 
extracted into 20 ml methyl isobutyl ketone. The 
organic phase was washed with 5M NaSCN and the 
aqueous nickel phase washed with methyl isobutyl 
ketone. 

The aqueous phase from the oxine extraction was 
boiled with 20 ml concentrated HNO; and solid KCIO; 
added to oxidize manganese to MnOs, which was centri- 
fuged off, leaving hexavalent chromium in solution. 


Purifications 


The chloroform solution of vanadium cupferrate was 
evaporated over concentrated HNOs, neutralized with 
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KOAc, Pb(NOs)2 added to precipitate Pb(VO3)2, and 
the precipitate dissolved in 6M HNO;. Iron was 
extracted from the 9M HCl solution with isopropyl 
ether and back-extracted with water. Cobalt was back- 
extracted from the methyl isobutyl ketone phase with 
3M NaOH, the solution adjusted to pH 5 with HCl and 
KOAc, potassium cobaltinitrite precipitated, and the 
precipitate dissolved in HCl. Nickel was precipitated 
from the aqueous NaSCN solution with NaOH, the 
solution adjusted to pH 5 with HCl and KOAc, nickel 
precipitated with dimethylglyoxime, and the precipitate 
dissolved in HNO;. The MnO; precipitate was dissolved 
with HNO; and H,O:, evaporated with concentrated 
HNOs, MnO; precipitated on addition of KCIOs, and 
the precipitate dissolved with H,O2. The HNO; solution 
of chromium was neutralized with a slight excess of 
NaOH, the solution chilled, HxO2. and HNO; added and 
the chromium extracted into ethyl ether as blue 
perchromic acid. The chromium was recovered by 
evaporating the ether phase over 6M HCl. 

Two purification cycles were performed on each 
sample. Tracer studies of the complete separation 
scheme showed that decontamination factors for the 
six elemental fractions were at least 10° with respect 
to each of the other five carriers originally added. 


Preparation of Counting Samples 


With the exception of some of the cobalt and nickel 
samples, all of the counting was done with a well-type 
scintillation crystal. The purified counting samples were 
made up to about five ml, of which 4.00 ml were 
pipetted into a soft glass vial for insertion in the 
counting crystal. Chemical yields were determined on 
a 0.500-ml aliquot of the remaining material. 

The cobalt and nickel samples for the Geiger and 
flow counters were prepared by electroplating onto 
1/64 in. thick copper disks. The cobalt samples were 
plated from a 2M NH,OH solution at a current density 
of 150 ma/cm?. The nickel samples were plated from a 
pH 6 HOAc/NH,OAc buffer at a current density of 
50 ma/cm?. Chemical yields for these samples were 
obtained directly from the weight of the deposits. 


Analyses 


Yield determinations for the scintillator samples were 
made on aliquots containing 0.5-1.0 mg metal. All the 
analyses were done colorimetrically; nickel as the 
dimethylglyoximate in ammoniacal solution after oxida- 
tion with bromine, cobalt as the blue thiocyanate 
complex in an acetone-water mixture, iron as FeCl; in 
5M HCl, manganese as permanganate after oxidation 
with KIO, in an HNO;/H3PO, medium, chromium as 
chromate in NaOH solution, and vanadium as the 
red-brown peroxide complex in 3M HNOs. 


E. Counting 


Three counters were used in this work; an argon- 
filled, chlorine-quenched 3.5-mg/cm? mica end-window 
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Geiger counter (Amperex Corporation, Brooklyn, New 
York Type 100-CB); a small windowless flow counter 
operating in the proportional region and using a 95% 
argon-5% CO» mixture; and a well-type sodium iodide 
(Tl) crystal (Harshaw Chemical Company, Type 22) 
scintillation counter. 

The Geiger counter was used for standardization 
measurements on the other counters and for measuring 
activities which, because of the similarity of their half- 
lives, could only be resolved by aluminum absorption 
curves. All samples counted in the Geiger counter were 
evaporated or plated onto one-inch diameter copper 
disks 1/64 in. thick which rested on a 3/64-in. copper 
block in an aluminum sample card. The active areas 
of the samples were the same as those of the aluminum 
monitor foils. 

The scintillation and flow counters were standardized 
for absolute yield calculations by comparing equal 
aliquots of each activity studied between the scintil- 
lation or flow counter and the Geiger counter. Carrier- 
free preparations (<1, solids) were used for the com- 
parisons to minimize counting corrections. For electron 
capture activities possessing gamma but no particulate 
radiation, direct comparison between the scintillation 
and Geiger counters was impractical due to the strong 
and inaccurately known dependence of Geiger tube 
counting efficiency on gamma energy in the kilovolt 
region. The standardization was made by selecting a 
number of negatron-emitting nuclides with known 
decay schemes which emitted a single gamma ray and 
comparing their counting rates between the scintillation 
and Geiger counters. Values for the electron capture 
activities were interpolated from these values. 

The flow counter was standardized for the weakly 
penetrating radiations of the all-electron capture 270- 
day Co*’ by counting equal aliquots of carrier-free Ni*” 
with the Geiger counter, and, after decay, the Co*? 
daughter with the flow counter. 

The nuclides studied were identified by their chemical 
behavior in the separation scheme, their half-lives, their 
beta particle energies using aluminum absorption 
curves, and by the energies of their gamma rays from 
integral pulse height measurements with the scintil- 
lation counter. 


Ill. RESULTS 
A. Calculations 


The raw counting data were corrected for background 
and coincidence loss (Geiger counter only), and the 
decay curves resolved into components which were 
extrapolated back to the end of the bombardment. 
Further corrections were applied for sample absorption 
and scattering (Geiger and flow counters only, deter- 
mined experimentally for each activity), attenuation of 
the proton beam in the target stack, chemical yield, 
variations in target foil thickness and for saturation 
effects when the bombardment time was an appreciable 
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fraction of the half-lives involved. The data from 
several bombardments could then be combined to give 
complete relative excitation functions by plotting the 
ratio Az/Am(=S,) versus energy, where A, and A» 
were the corrected values for the product activities and 
aluminum monitor activities respectively. 

The absolute yields of the excitation functions o, 
corresponding to the maxima in the relative excitation 
function curves were calculated from S,™** as 


FoF.) FoF. 
nS. MRon, 
FF, z FF, m 


where x referred to the activity studied and m to the 
Al’"(p,3pn)Na™ monitor reaction. The factor F, cor- 
rected for absorption of the radiation by the counter 
window, by the air between the sample and window, 
and by any aluminum absorber used; F; corrected for 
backscattering from the sample mount. Thick copper 
mounts were used, and since the saturation back- 
scattering values are insensitive to the counting 
arrangement within wide limits,” published corrections 
were used.!* Recent work by Seliger showed that for 
small-geometry Geiger counting arrangements, F, for 
electrons was 8% greater than for positrons, the effect 
being independent of atomic number of the backing 
and energy. This difference was not included in Hintz 
and Ramsey’s® work, resulting in an error of +8% in 
their value of 16.0 mb for o,, as they standardized the 
negatron-emitting Na™ against the C" positron activity. 
This error cancelled out in calculating absolute cross 
sections of positron activities from the Na™ monitor; 
in the case of negatron-emitting nuclides, calculated 
yields were multiplied by 0.92 to correct for this effect. 

F, corrected for the counting efficiency of the nuclide 
in the Geiger counter as F,=}/(1—g) where g was the 
fraction of the activity at zero total absorber due to 
the hard gamma component of the activity and } was 
the fraction of total decays occurring by beta emission. 
Values for b were obtained from literature values when 
available and calculated from beta-decay systematics 
for those cases where no data existed. 

The factor F,, corrected for neutron background. In 
general the relative excitation functions did not exhibit 
a drop to zero observed yield below the extrapolated 
reaction threshold, but showed a small yield approxi- 
mately independent of energy down to beyond the 
proton range in the target stack. This background 
yield (<5% of maximum) was attributed to neutron 
background in the cyclotron and particularly to second- 
ary neutrons produced in the target stack. Evidence 
supporting this explanation was found in the nickel 








2B. P. Burtt, Nucleonics 5, 28 (1949). 

31. Yaffe and K. M. Justus, J. Chem. Soc., Suppl. 72, S 341 
(1949). 

4H. H. Seliger, Phys. Rev. 78, 491 (1950); 88, 408 (1952). 

1% E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 402 
(1950). 
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excitation functions; the nuclides observed could not 
be produced by neutrons on cobalt, and no background 
yields below threshold were observed. 

The factor M was the mole ratio of aluminum in the 
standard monitor foil to cobalt in the standard target 
foil. The factor R was used when absolute yields were 
calculated from A, values for samples measured in the 
scintillation and proportional counters and was meas- 
ured for each activity as described in the foregoing. 
The factor o», was the assumed maximum absolute cross 
section for the Al?’($,3pn)Na™ monitor reaction. The 
geometry of the Geiger counting arrangement was as- 
sumed independent of radiation characteristics for the 
nuclides studied. Scattering effects caused by the counter 
housing, sample shelves, and by air between the counter 
and sample were also assumed invariant for the nuclides 
studied.'® 


B. Errors 


Estimated total errors were calculated as the square 
root of the sum of the squares of the individual errors. 
The errors in the various factors were largely inde- 
pendent of the nuclides studied except for e:, the esti- 
mated error in the graphical solution for the activity 
present at the end of bombardment, and e, the error 
in the counting efficiency F,. While e; could be esti- 
mated quite well, e: had to be derived from critical] 
estimates of literature claims for positron to electron 
capture ratios. At present the values for the branching 
ratios constitute the weakest link in the calculations of 
the absolute cross sections with values of ¢: as high as 
+30%. The other large uncertainty arose from the 
uncertainty in op, taken as +15%. 

The error in the absolute cross sections at maximum 
was ¢,=+(e?+e:?+239)I%. At low values on the 
relative excitation functions, errors increased due to the 
weaker activities present and the increased difficulties 
in resolving the decay curves. The error over a complete 
relative excitation function is then probably best 
represented as ¢,=-+(e,?+6)! units on the relative 
cross-section scale. 


C. Data 


After computing the values of the ratio S, and 
plotting the curves obtained, the results were normal- 
ized to 100 on the relative cross-section scale. Because 
of interference by other isotopic activities or by neutron 
background effects, the sensitivity of the experiments 
did not in general exceed one relative cross-section unit; 
for this reason logarithmic plots of the excitation func- 
tions did not seem justified. But the data for the 
Co™(p,3n)Ni*’ was plotted semilogarithmically as this 
was the only case where the above interferences were 
absent and where observed activities were intense 
enough to allow measurement of yields less than 1% 
of maximum. 


LL. T. Zumwalt, Oak Ridge National Laboratory Report 
AECU-567, March, 1950 (unpublished). 
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With the exception of the nickel nuclides and the 
shielded nuclides Co®® and Mn, the general problem 
arose of deducing independent yields from observed 
yields. The nuclides Co**, Co”, Mn®, and V* had 
unstable parents whose yields were measured allowing 
corrections for the contribution of parent decay to the 
daughter yield. The remaining products had parents 
which were very short lived or unknown. In these 
cases, reported yields were those of the isobaric chains 
starting with the product and extending away from the 
line of maximum stability to a limit of Z=28 or N=32. 
As this study and others'-!” have shown, yields in any 
isobaric chain decrease by factors 10-100 per unit 
change in Z for products two or more removed from 
the line of maximum stability, and thus nearly all the 
observed yield for products with very short-lived 
parents was independent yield. 

The relative excitation functions for the 18 nuclear 
reactions studied are given in Figs. 1-8. Table I gives 
the absolute cross sections at maximum (c,) together 
with the errors ¢1, é2, and e;. The branching ratios used 
(b) are also included. 

Nickel-56.—Due to the very low yield of this reaction 
coupled with its unfavorable counting characteristics, 
no 6.4-day activity was observed in samples counted 
with the Geiger counter. When the scintillation counter 
became available, Ni®® was observed although the Ni*” 
product, formed in much higher yield, obscured the 
Ni®* until about 14 days after bombardment. By this 
time only about } of the Ni** remained and this was 


TABLE I. Maximum cross sections for 0- to 100-Mev 
protons on cobalt. 








Reaction 


Co™(p,4n) Nieé 
Co™(p,3n) Ni*” 

Co (p,p4n)Co® 
Co™(p,p3n) Co* 
Co™(p,p2n)Co*? 
Co™(p,pn) Coo 
Co™(p, pn) Cossts8m 
Co™®(p,2p6n) Fe 
Co™(p,2p5n) Fe 
Co™®(p,3p6n) Mn* 
Co®(p,3p6n) Mn 
Co™(p,3p5n) Mn® 
Co®(p,3p3n)Mn™ 
Co*(p,3pn) Mn** 
Co™(p,4p8n) Cr*8 
Co” (p,4p5n) Cro 
Co®(p,5p7n) V8 
Co®(p,5p2n) V5 
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* Based on value of maximum cross section for Al?7(p,3pn)Na* of 14.0 
mb which, in turn, is based on value of peak cross section for C!2(p,pn)C™ 
of 87.5 mb (see reference 11). 

> Co* daughter. 

¢ Ni5’ parent. 

4 Co's daughter. 

¢ 100% decay through 0.84 Mev gamma assumed. 

f V48 daughter. 

* 8% decay through 0.33-Mev gamma assumed. 

b Estimated error in abundance of 0.84-Mev gamma. 

i Estimated error in abundance of 0.33-Mev gamma. 

i Error in R estimated as 20%. 

* Cross section at 100 Mev. 


17 Rudstam, Stevenson, and Folger, Phys. Rev. 87, 358 (1952). 
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Fic. 1. (a) Co™®(p,pm)Co%5™ linear ‘accelerator data; 
@ Co®, o Co", (b) Co®(p,pm)Co®* 58" cyclotron data; o Co®, 
@oCo™. 


soon obscured by the Co daughter which counted 
much more efficiently. In order to see an unambiguous 
6.4-day decay, it was necessary to milk the nickel 
fraction free of cobalt about two weeks after bombard- 
ment before counting the Ni**. Even with an eight-hour 
bombardment the hottest samples showed activities 
only about twice background. 
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Nickel-57.—Most of the data for this reaction were 
obtained with a Geiger counter. When the scintillator 
became available, the data were extended to low-yield 
values near threshold. Later in the work a low-energy 
linear-accelerator bombardment was made primarily 
to obtain data on the Co®*/Co®®™ isomeric pair. Nickel 
samples were also isolated from this run and the data 
were combined with that from the cyclotron runs. As 
expected, the linac data fell off more sharply near 
threshold, reflecting the narrower energy distribution 
of the protons from that machine. The break in the 
linac data near 25 Mev was attributed to interference 
from the Ni®*(p,pm)Ni*” on the nickel impurity in the 
target foil. A cyclotron run with a specially purified 
target very low in nickel showed lowered yields near 
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sO. 0335 40 50 


60 70 80 


PROTON ENERGY Mev 


threshold, consistent with the foregoing explanation 
(Fig. 2). 

Cobalt-56.—Because of simultaneous production of 
Co** with the same 72-day half-life, it was necessary to 
take aluminum absorption curves on each sample to 
separate the two activities. The low cross section of 
Co® relative to Co** increased the difficulty of resolu- 
tion, but this was largely compensated for since the 
much harder Co* beta particles could be measured 
through thick absorbers with little interference from 
the softer Co®* radiation. 

Cobalt-57.—The long (270-day) half-life of this iso- 
tope made it inconvenient to separate it from the 72-day 
Co** and Co** activities by decay-curve analysis. The 
decay scheme of Co*’ (>99% electron capture) increased 
the difficulties of measurement. Co*’ was first observed 
through integral pulse height curves taken with the 
scintillation counter which showed a soft gamma 
component in the cobalt samples (the 119- and 131-kev 
Co*” gammas). Quantitative measurement of the Co*’ 
in the presence of the much larger Compton continuum 
from the other cobalt activities was not practical. 
Because of the elimination of air and window absorption 
of the iron x-rays emitted by Co*’, the windowless 
flow counter showed much greater sensitivity in this 
case and also had several-fold better geometry. Stand- 
ards of various weights containing known amounts of 
Co** and Co®* were compared between the Geiger and 
flow counters, so that the net activity expected in the 
flow counter from these activities alone could be calcu- 
lated from the results of the aluminum absorption 
measurements on the cobalt samples. The excess 
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activity observed in the flow counter was then at- 
tributed to Co*’. 

Iron-53, Manganese-51, Manganese-52m, and M anga- 
nese-56.—These short-lived activities (9 min, 44 min, 
21 min, and 2.6 hr, respectively) were measured by 
direct counting of the cobalt target foils after 10-minute 
bombardments. The samples were counted through 
268 mg/cm? of aluminum which suppressed considerably 
the longer lived activities formed while passing most of 
the radiations of these short-lived high-energy beta 
emitters. The activities were separated by decay-curve 
analysis. High levels of activity were available which 
gave good statistics with the necessarily short counting 
times used. About eight minutes elapsed between the 
end of the bombardment and the first points on the 
decay curves. While the 9-min Fe® and 2.6-hr Mn** 
activities stood out well against the background, some 
difficulty was experienced in resolving the 44-min Mn*! 
and 2i-min Mn” activities, resulting in lowered 
accuracy for these excitation functions. 
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Manganese-54.—This activity was measured in the 
scintillation counter by counting the 0.84-Mev gamma 
accompanying its electron capture decay. The double 
maximum shown by this excitation function (Fig. 4) 
was in contrast to the behavior of the other curves. 
Repurification of the manganese samples produced no 
change in the data and samples followed for over a 
year showed 300 days at both maxima. Integral pulse- 
height curves on the samples showed the complete 
curve to be composed of a single gamma activity of 
800- to 900-kev energy. As Mn* is still uncharacterized, 
the remote possibility exists that it also has an approxi- 
mately 300-day half-life with nearly the same radiations. 
But the wide separation of the peaks precludes the 
possibility that the curve is the result of two superim- 
posed excitation functions for products only one mass 
number apart. 

Chromium-48.—As the decay scheme for this isotope 
was not known, and as it was reported to decay entirely 
by electron capture,!” no attempt was made to measure 
its yield directly. Instead purified chromium fractions 
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Fic. 5. Co®(p,2p5n)Fe® 0 ; Co®(p,5p2n)V™ @. 


prepared shortly after bombardment were allowed to 
decay for about two weeks, after which vanadium 
carrier was added and the V** daughter activity 
recovered. 

Limitations.—The available proton flux in the cyclo- 
tron coupled with the counting efficiencies of the 
detectors prevented the measurement of certain long- 
lived activities in this region. Thus while 270-day Co*’ 
was observed because of its high yield and 310-day Mn™ 
because of its high counting efficiency, attempts to 
measure 635-day V® gave negative results. The maxi- 
mum yield of V“ certainly occurs below 100 Mev and 
is of the order of 40 mb, but in the absence of beta or 
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Fic. 6. Co™(p,2p6n)Fe® * ; Co®(p,3p5n)Mn® o ; 
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Fic. 7. Co®(p,3p6n)Mn® o ; Co®(p,4p5n)Cr® @. 


hard gamma radiation it is not surprising that it 
escaped detection. 

Attempts to measure an excitation function for 2.9- 
year Fe®® proved unsatisfactory. Old iron-fraction 
samples in the form of Fe,0; showed activities up to 
five times background in the flow counter. The very 
high chemical purity of these samples plus the absence 
of beta radiation was good assurance that the activity 
observed was due to Fe**. The large scatter in the data 
was doubtless due to difficulties in preparing evenly 
distributed samples, as small variations in sample 
thickness have a large effect on specific activity for 
radiations below 10 kev. The data indicated a threshold 
for the Co™(p,263)Fe®® reaction at about 15-20 Mev 
with a definite peak at 65--70 Mev and a possible second 
peak at 22-27 Mev. The yield at maximum was esti- 
mated at about 220 mb. 


IV. DISCUSSION 
A. Interaction Models 


Nuclear reactions of protons with cobalt in the energy 
range up to 100 Mev are of the type A+p=X+2+y7, 
where A is the cobalt target, » the proton projectile, 
X the heavy fragment produced (mass ~ 40-60), x the 
collection of light fragments produced (almost entirely 
of mass <4) and y the electromagnetic radiation 
accompanying the reaction. Fissioning of the cobalt 
target nucleus into two or more fragments of roughly 
equal mass is also possible at these energies but the 
cross sections for these processes are very low (<0.01 
mb for C}****8) 3 

Several types of experiments have been used to study 
nuclear reactions, including cloud-chamber studies, 
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scattering measurements, emulsion experiments, and 
radiochemical yield studies. Information available in- 
cludes the angular distribution and energy spectrum of 
the emitted fragments, the multiplicity of products 
formed, the total cross section of the interaction, the 
charge and mass distribution of the products, and the 
yields of individual nuclear species. The areas covered 
by the separate experiments overlap considerably. This 
study produced no information in the first two cate- 
gories and was most useful for the results obtained in 
the last two. 

The conceptual framework for the understanding of 
nuclear reactions in the low-energy region was laid by 
Bohr'*® in his formulation of the compound nucleus 
theory. Bohr pictured nuclear reactions as occurring in 
two stages. First the projectile enters the nucleus 
bringing in its kinetic plus binding energy. Since the 
life of the compound nucleus formed is long (~ 10-" sec) 
as compared to the transit time of a nucleon across the 
nucleus (~10-*! sec), there is a statistical sharing of 
the energy brought in among all the nucleons. In the 
second stage, statistical fluctuations cause enough 
energy to become locally concentrated to allow de- 
excitation of the compound nucleus by particle emission 
and by radiation. Because of the long life of the com- 
pound nucleus, an essential result of this theory is that 
the evaporation step should not depend on how the 
compound nucleus was formed. Ghoshal'® demonstrated 
the equivalence of the Zn™ compound nuclei formed in 
proton bombardment of Cu® and alpha bombardment 
of Ni® by obtaining equivalent excitation functions for 
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18 N. Bohr, Nature 137, 344 (1936). 
9S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
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the Zn®, Zn®, and Cu® products formed in the two 
bombardments when results were compared at equal 
excitation energies. The angular distribution of frag- 
ments emitted by the compound nucleus should be 
symmetric about 90° in the center-of-mass system, and 
might be isotropic; this has been demonstrated for 
reactions at low energies.™.?! 

As the bombarding energy of the projectile is in- 
creased, the Bohr theory predicts a sharp peak in the 
cross section for the reaction (p,a), where a single 
nucleon is emitted, followed by a rapid decline in yield 
as the excitation energy becomes sufficient to evaporate 
a second particle. Similar sharp peaks are expected for 
the families (p,abc), etc., with reactions of lower order 
having negligible yield well beyond the maxima of 
those of next higher order. Such peaks have been 
observed in many low-energy nuclear reactions,” but 
the yields at higher energy do not decrease to very low 
values as predicted. (See also the excitation functions 
for Co®’ and for Co'’, Figs. 1 and 2.) Examination of 
the series of reactions (p,pm), (p,p2n), (p,p3m) and 
(p,p4n) (Figs. 1-4) shows that agreement with the 
qualitative predictions of the Bohr model deteriorated 
as the multiplicity of the reaction and the bombarding 
energy increased. Also, at bombarding energies > 100 
Mev the Bohr model predicts a distribution of products 
with maximum yields concentrated many mass numbers 
below the target. A wide distribution of yields has been 
found in high-energy spallation investigations but the 
maximum yields are always found in the immediate 
vicinity of the target.!.23.%4 

In view of these difficulties, Serber”® proposed a new 
model for the initial high-energy interaction. The 
validity of the Bohr model decreases at higher energies 
since the de Broglie wavelength of the incident nucleon 
becomes of the same order as the nucleon-nucleon 
distance in the nucleus. The time of collision between 
the projectile and target nucleons becomes short com- 
pared to the time of transit of nucleons across the 
nucleus, and since the cross section for scattering 
decreases with energy while the mean free path in- 
creases, the phenomenon of partial nuclear transparency 
sets in. Thus a typical 100-Mev proton incident on a 
cobalt nucleus experiences only a few collisions with 
target nucleons and emerges with a large fraction of 
its initial energy. The struck nucleons, with their much 
lower kinetic energy and correspondingly shorter mean 
free path in nuclear matter, may escape from the 
nucleus as “knock-on” particles if generated near the 
surface and directed outwards; otherwise there is a 
large probability for collision with other target nucleons 
with gradual transfer of energy until thermal capture 
occurs. 

2” G. A. Price, Phys. Rev. 93, 1279 (1954). 

*1 Geller, Halpern, and Yergin, Phys. Rev. 95, 659 (1954). 

22 J. W. Meadows, Phys. Rev. 91, 885 (1953). 

*8 Batzel, Miller, and Seaborg, Phys. Rev. 84, +o (1951). 


“4H. H. Hopkins, Jr., Phys. Rev. 77, 717 
% R. Serber, Phys. Rev. 72, 1114 (1947). 
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The generation of the Serber internal nucleonic 
cascade requires of the order of 10-* second and 
culminates with the formation of excited nuclei pos- 
sessing a wide range of excitations. The excited nuclei 
then dissipate their energy by evaporating other parti- 
cles as in the Bohr compound nucleus picture. This 
model qualitatively explains the wide distribution of 
spallation products at high energies by allowing for a 
wide range of excitation energies; the high yields in 
the vicinity of the target are the result of nuclear 
transparency where the projectile has only one or two 
collisions inside the nucleus depositing little excitation 
energy. At lower energies, this model becomes indis- 
tinguishable from the Bohr model, and thus the range 
of behavior represented in the Co®*-*s excitation func- 
tions is understandable. 

Goldberger”* has formulated a detailed model of the 
knock-on process in high-energy reactions, which is in 
qualitative agreement with experiment.”’** Bernardini, 
Booth, and Lindenbaum,” and Meadows” have used a 
combination knock-on plus subsequent nucleon evapo- 
ration model for calculations of high-energy reactions. 
In spite of the simplifying assumptions made in order 
to obtain answers without an unreasonable expenditure 
of time and effort, good agreement with their experi- 
mental results was obtained, such agreement sub- 
stantiating the existence of both types of mechanisms. 


B. Emission of Heavy Charged Particles 


The possibility of the emission of charged particles 
such as deuterons, tritons, alpha particles, and heavier 
fragments was ignored in the Goldberger-type calcu- 
lations mentioned above. This could be a serious 
omission, as such particles are certainly ejected in the 
energy range up to 100 Mev. Examination of the 


TABLE II. Threshold calculations. 








—-04+Vs 
(Mev) 


Reaction 
mechanism 


(p,Li®) 
(p,ad) 
(p,apn) 
(p,H*He?) 
(p,H®2pn) 


Product 
nuclide 


Mn* 


=< 
(Mev) 





(p,a3 p5n) 








26M. K. Goldberger, Phys. Rev. 74, 1269 (1948). 


27 J. A. Hofmann and K. Strauch, Phys. Rev. 90, sq (1953). 

28 J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 

* Bernardini, Booth, and Lindenbaum, Phys. Rev. 85, 826 
(1952), and Phys. Rev. 88, 1017 (1952). 

* J. W. Meadows, Phys. Rev. 91, 885 (1953); Phys. Rev. 
98, 744 (1955). 
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TABLE ITI. Cobalt and copper reaction yields. 
























Odd-even Energy at (ez)Co (7100 Mev)Co 
‘ character curve max oz* 7100 Mev® -_ —_—_—_—_— 
Reaction Z-N Mev mb mb (oz)Cu (@100 Mev)Cu 
Cu®(p,pn)Cu® 0-0 27 500 96 1.35 1.28 
Cu(p,pn)Cu™ 0-0 25 404 140 1.45 0.96 
Co™(p,pn)Co* 0-0 26 675 135 
Cuet antcan 3 38 297 61 0.53 0.51 
0 (p,p2n)Co - 39 157 31.5 
res a bel ae - " 61 0.49 0.49 
So (p,p3n)Co 8 29.8 
Cu (p,p4n)Cu® O-E 62 70 30.6 0.17 0.25 
Co®(p,p4n)Co® O-E, N magic 74 11.8 7.8 
Cu®(p,3n)Zn® E-O 37 145 9.6 0.11 0.22 
Co (p,32) Ni*” E-O, Z magic 40 16.1 2.28 
Cu®(p,4n)Zn® E-E 50 17.5 3.5 0.027 0.057 
Co (p,4n) Ni** E-E, N magic 56 0.47 0.201 
Z ; 








87.5 mb (see reference 11). 


excitation functions in this study shows that many of 
the thresholds observed cannot possibly be those due to 
simple-particle emission only. Table II lists —Q values 
and —Q+V, values (classical threshold assuming no 
barrier penetration) for a number of possible mecha- 
nisms to form the nuclides Mn®™, Cr®!, and V*8. 

In the case of Mn™ all possible mechanisms involving 
the particles m, p, d, H®, He*, He*, and Li® are listed. 
It is seen that only the first four mechanisms can 
explain the yield below 38 Mev. Undoubtedly a mixture 
of mechanisms contributes to the yield over most of 
the excitation curve, but from the observations of Had- 
ley and York,?* Waniek and Ohtsuka*' and Deutsch® 
it can be said that protons, deuterons and alphas are 
the only charged particles ejected in large yield (>5%) 
at energies up to 100 Mev. Thus the first maximum in 
the Mn* excitation function represents a large contri- 
bution from alpha particle mechanisms, while the 
second maximum represents yields largely to proton and 
deuteron emission. Examination of the thresholds and 
—Q values for Cr® and V** gives further evidence for 
alpha emission. Similar arguments can be made with 
the remaining neutron-deficient products of iron, 
manganese, chromium, and vanadium. Other excitation 
function studies have also shown evidence for alpha- 
particle emission.* * Evidently such groupings become 
highly probable when the economies afforded by the 
high binding energy of the alpha particle becomes 
important. 


C. Effects of Nuclear Shell Structure 


If the excitation functions in this study are compared 
with those obtained by Meadows® for protons on 
copper, some striking differences are apparent in the 
magnitudes of the observed yields. Table III gives the 


| R, W. Waniek and T. Ohtsuka, Phys. Rev. 89, 1307 (1953). 

#R. W. Deutsch, Phys. Rev. 90, 499 (1953); Phys. Rev. 
97, 1110 (1955). 

®F. O. Bartell and S. Softky, Phys. Rev. 84, 463 (1951). 

* J. W. Meadows and R. B. Holt, Phys. Rev. 83, 47 and 1257 
(1951). 


* Based on value of maximum cross section for Al*?(p,p3n)Na™ of 14.0 mb, which in turn is based on value of peak cross section for C12(p,pn)C" of 





absolute yields at the cross-section maximum and at 
100 Mev for similar reactions studied for both targets 
and includes a notation describing the odd-even char- 
acter of the product nuclides. In the last two columns 
the cobalt and copper cross sections are compared. 
Since cobalt differs only slightly from copper in atomic 
weight and since the proton-neutron ratios are almost 
identical (2.19 and 2.21 respectively), similar cross 
sections might be expected for the same reactions. 
While the (f,pm) cross sections agree within experi- 
mental errors, the other reactions show significant 
deviations with the yields of the magic number products 
Co*® (N= 28), Ni®’ (Z= 28) and especially the doubly 
magic Ni** (Z and V = 28) being particularly low. 

A large amount of evidence exists which shows that 
certain numbers of neutrons and protons form nuclei 
with especially stable configurations. Several authors*>-** 
have been able to derive the level structure yielding 
shell closures at the magic numbers of NV or Z=2, 8, 
14, 20, 28, 50, 82, and 126. The influence of the shell 
structure on reaction cross sections is best understood 
by assuming that magic-number nuclei have abnormally 
low-level densities. It then follows from the statistical 
theory of Weisskopf*“ that the probability of an 
evaporation step decaying to a magic number product 
is depressed. Because of the excitation produced in the 
knock-on process, evaporation dominates in the last 
steps of de-excitation, and thus the yield of all magic- 
number products should be low. A similar effect was 
seen by Meadows® where the yields of odd-odd and 
even-even nuclei in (p,pm) and (p,2m) reactions were 
measured. He found that cross sections for the odd-odd 


35 Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

35M. G. Mayer, Phys. Rev. 75, 1969 (1949); 78, 16 and 22 
(1950). 

37 E. Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 
(1949). 

38 L. W. Nordheim, Phys. Rev. 75, 1894 (1949). 

*® V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 

 V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

“ J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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products were favored and that his results were ccn- 
sistent with statistical theory only if he assumed that 
the level densities of odd-odd nuclei were four to ten 
times as great as for even-even nuclei. 

The cobalt and nickel yields reported here are 
presumably also depressed by the odd-even effect, but 
since copper and zinc products with the same odd-even 
properties were chosen for comparison, the discrepancies 
observed should be largely due to shell closure effects. 
The low-level densities observed for magic-number 
nuclei in thermal-neutron capture reactions appear to 
approach normal values at higher excitation energies.” 
The level densities of even-even and odd-odd nuclei may 
also well behave similarly. Such would be the case if 
the energy-level density had the dependence suggested 
by Hurwitz and Bethe,* that is, that the excitation 
energy, E, used in the formula w(Z)=C exp[2(aE)*], 
be measured, not from the ground state but from a 
characteristic level that varies smoothly from nucleus 
to nucleus. The actual ground states of magic number 
and of even-even nuclei would be depressed below this 
characteristic level compared to those of odd mass and 
especially of odd-odd nuclei, and so, at low excitation 
(above the ground state) the former nuclei would have 
very small level densities compared to the latter. As 
the excitation energy is raised the relatively small 
energy differences between ground and characteristic 
levels would become negligible, and at high excitation 
similar level densities would be approached. If such is 
the case, it would be expected that magic number and 
odd-even effects would be felt principally in the last 
evaporation step, and to a decreasing extent in the 
preceding evaporation steps where the excitation energy 
is higher. Thus, if it were possible to observe the 
Co™(p,6n)Ni* reaction, we might expect to find its 
cross section not as strongly reduced compared to the 
corresponding copper reaction as that of the doubly 
magic Ni®®, although the former reaction must pass 
through an excited state of Ni®®, Such behavior has 
been observed in a series of odd-odd and even-even 
nuclei reactions. 


D. Total Absorption Cross Section 


Rudstam‘ has shown that the spallation yields for 
187-Mev protons on vanadium, manganese, and cobalt 
can be represented by parabolic plots of yield vs Z for 
each mass number. A similar plot has been made for 
the 100-Mev spallation yields obtained in this study, 
where the yield as a function of A,— Ap is plotted for 
all the observed products below nickel [Fig. 9(a) ]. 
A,—Abo represents the distance of the product A, from 
the nuclide of maximum yield Ao, where Ao was chosen 
as suggested by Le Couteur* to be one half-unit on the 


“ Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 
48H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 
“K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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Fic. 9. (a) Cross section vs displacement from mass surface valley : 
@ Co isotopes; © others. (b) Absorption cross section vs energy. 


neutron deficient side of stability. The yields fall pretty 
well on the parabola logs=1.7—0.175(A ,— Ao)’; this 
sharp decrease in yield with distance from the stable 
valley is further strong evidence for the important role 
of the evaporation mechanism which strongly favors 
de-excitation modes leading towards the stable valley. 

By using the excitation functions in this study, a 
series of curves similar to Fig. 9(a) were constructed at 
five-Mev intervals from which were obtained the yields 
of all nuclides from the elements vanadium through 
cobalt. Yields at each energy interval were then 
summed and a plot made of the total absorption cross- 
section o vs energy [Fig. 9(b)]. Yields of the magic 
number nuclides Ni>* and Ni® were assumed to be 
depressed fivefold compared to the same reactions in 
copper and the yield of the proton inelastic scattering 
reaction (p,p’) was ignored. These approximations 
may both lead to underestimation of o below 20 Mev. 
Neglecting contributions to the total absorption cross 
sections from products below vanadium, as estimated 
from Rudstam’s yields‘ and Wagner and Wiig’s exci- 
tation functions,?* causes errors of about 5% at 100 
Mev. 

While a plot of this kind does not yield precise 
information and also smooths out irregularities due to 
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heavy-particle emission, the trend of the result is clear. 
At energies of 20-30 Mev where the compound nucleus 
picture is most valid the nucleus appears blackest and 
shows an absorption about equal to the geometrical 
cross section of 1.00 barn. Extrapolating the flat 
portion of the curves to 370 Mev shows agreement with 
the total absorption cross section at that energy esti- 
mated by Belmont and Miller,’ while the 685-mb value 
at 90 Mev compares favorably with the 730-mb inelastic 
cross section for 90-Mev neutrons on copper measured 
by Hadley and York.** 
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In view of discrepancies in the literature regarding signs in formulas for the angular distribution of gamma 
rays emitted in Coulomb excitation, this distribution is worked out for the special case of 0-2 transitions. 
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The calculation is quantum mechanical and neglects higher than first-order effects in the Coulomb energy. 


ONSIDERABLE interest has recently been at- 
tached to the angular distribution of gamma rays 
from nuclear states excited by the Coulomb field of 
impinging particles. The angular correlation in question 
is between the direction of the incident particle and that 
of the gamma emitted in de-excitation. The original 
work of Alder and Winther’ pointed out the possibilities 
of the subject and gave correctly the relative signs of the 
contributions to the coefficients of the Legendre func- 
tions in their formula. In their numerical application 
however, some of these signs appear to have been 
incorrectly used. This applies to the sign of the term 
multiplying P, as a whole in their formula as well. In the 
work of Biedenharn and Class’ some relative signs in the 
term multiplying P2 are incorrect, agreeing with Alder 
and Winther’s arithmetic rather than their formula. 
Since the general formalism used by Biedenharn and 
Class requires minute attention regarding conventions 
of notation it appears desirable to outline a short 
calculation of these coefficients, which while not cover- 
ing the most general case suffices for ascertaining all 
factors in the general formula with the exception of 
providing the general interpretation of the nuclear 
quadrupole matrix element. It thus determines the 
signs of the terms giving the coefficients a,(#) in the 
quantum generalization of the Alder-Winther formula. 





* This research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

1K. Alder and A. Winther, Phys. Rev. 91, 1578 (1953). 

* L. C. Biedenharn and C. M. Class, Phys. Rev. 98, 691 (1955). 


The signs and forms obtained are confirmed by a semiclassical calculation. 





In this the interaction between the field of the incident 
particle and the multipole moment of the nucleus, and 
that between the nucleus and the radiation field are 
treated as perturbations; the Coulomb term of the 
interaction between nucleus and incident particle is 
treated exactly, however. The particular calculation has 
assumed excitation of a nucleus originally in a J=0 
state to a J=2 state, and the subsequent y decay of the 
nucleus back to a J=0 state. The two steps involved in 
the process are thus, first, the Coulomb excitation to one 
of these J=2 nuclear sublevels, and, secondly, the 
radiative transition from the sublevel to the ground 
state. Each sublevel gives rise to a characteristic dis- 
tribution of radiation; the anisotropy of the y distribu- 
tion is due to the various sublevels being excited with 
different amplitudes. 

The intensity of the y emission is proportional to the 
square of the absolute value of the matrix element of the 
interaction energy for this process. This matrix element 
in turn is proportional to the sum over sublevels of the 
product of the amplitude for excitation of a given 
sublevel and the amplitude of the radiation emitted in a 
given direction in the de-excitation of this level. Here 
it is assumed that the sublevels are part of a degenerate 
level. Since the polarization of the gamma ray is not 
observed, the intensities arising from the two possible 
polarizations of the radiation are added. The angular 
correlation being the only quantity of interest here, only 
the dependence of the excitation amplitude on the 
magnetic quantum number yp, and the dependence of the 
radiation amplitude upon » and the direction of emission 
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enter the present considerations. Therefore constant 
factors, and factors depending upon the radial nuclear 
integrals are dropped so as not to complicate the 
presentation. 

Considerable simplification obtains if the axis of 
quantization is chosen to be the direction of the incident 
particle. In this case the various terms of the scattered 
wave contain as factors Y,*, » being the magnetic 
quantum number associated with a given sublevel, and 
L referring to a particular partial scattered wave. 
Therefore, if the intensity is summed over all angles of 
scattering of the incident particle, no interference terms 
from different sublevels or from different angular mo- 
menta in the scattered wave can occur. It then suffices 
to determine the probability of scattering into a state of 
given L exciting the sublevel u, multiplying this by the 
intensity of radiation of given polarization, and sum- 
ming this over L, u, and the two transverse directions of 
polarization. 

This excitation probability is determined by solving 
the time-independent Schrédinger equation for the sys- 
tem of the incident particle and the nucleus. It is 
expressed in terms of the familiar radial integrals 
I(L,L’) for quadrupole excitation. The angular distribu- 
tion of the gamma radiation emitted in the transition 
from a particular J=2 sublevel to ground is computed 
next. These probabilities are then combined, and the 
resulting angular distribution expressed in terms of the 
usual a2 and a, coefficients. No account is taken of the 
change in angular distribution due to higher order 
processes. 


LIST OF NOTATIONS 


r, p= coordinates of bombarding particle and nuclear 
proton relative to the center of mass of the 
target nucleus. 

m= reduced mass of system of bombarding particle 
and nucleus. 
k=mv/h is 2x times the wave number associated 
with the relative motion. 
Ze=charge of target nucleus. 
n=Ze*/hv. 

F (kr) =regular solution of the differential equation for 
r times the radial wave function in a Coulomb 
field. 

b,”.“=coefficients describing the combination of two 
spherical harmonics, defined in Eq. (11). 

o,= Coulomb phase shift=argI'(Z+1+-in). 


The total Hamiltonian for the system of bombarding 
particle plus nucleus may be written as 
H=H°+H*+H2H', (1) 
in which 


H°= — (h?/2m)A+Ze/r (2) 


is the Hamiltonian for the relative motion of the 
scattered particle and the nucleus. For simplicity, the 
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bombarding particle is chosen to be singly charged. If 
this is net the case, the only effect is to change the 
definition of the constant A in Eq. (10), and also the 
quantity . The nuclear Hamiltonian H™ satisfies 


(H*— Eo)v=0, 
(H*—E,)w,=0, 


in which the wave function v refers to the ground state 
of the nucleus, assumed to have J=0, and w, is the 
wave function for the uth sublevel of the J=2 excited 
state. These wave functions are taken to be of the form 


Wy(tp)=Ryz(rp)V¥2"(Op,¢0); 
v0(p)=Ri(rp) Vo p,¢5), 

the Y ;“ being spherical harmonics normalized so that 
Sl¥e|do=1. (5) 


A single nuclear proton is considered here in the interests 
of simplicity. The generalization to many nuclear protons 
can be made by employing sums of single-proton 
contributions and theorems regarding forms of matrix 
elements for tensor quantities developed in Wigner’s 
book on applications of group theory.* The well-known 
expression for the transition quadrupole moment would 
thus be reproduced and the discussion of this matter is 
omitted here since the primary interest is in the form of 
the factor multiplying the quadrupole moment. The 
phases of the spherical harmonics, which enter through 
the coefficients 6,4 in Eq. (11), are chosen as in the 
book by van der Waerden.‘ The interaction energy H’ is 
given by 


(3) 


(4) 


H'=Zé/|r—r,| —Ze/r. (6) 
The part of Eq. (6) contributing to quadrupole excita- 
tion 1s 
(4n/5)Ze?V 2"* (0,0) V2" (0p, ¢2)- (7) 
An approximate wave function for the system is 
V(r,rp)=%(rp V(r) + Lin wa(tp y(t). (8) 


Here y° is the plane wave incident along the Z-axis and 
is expanded as 


¥°= (44)! Do, t4(2L+1)'Y 7° exp(ior)F r(kr)/(kr). (9) 


The coefficients y* in the expansion Eq. (8) represent 
the scattered wave. These are found to’ satisfy the 
approximate equation 


(H°-+ E,— EW AVY o**/2*, 


where the coefficient A contains the nuclear quadrupole 
moment. It is convenient to define coefficients b,”- for 
the spherical harmonics by 


YY /°= oe bY *V 14." 


(10) 


(s=+2,0) (11) 


3E. P. Wigner, Gruppentheorie (Friedrich Vieweg and Son, 
Braunschweig, 1931). 

4B. L. van der Waerden, Gruppentheoretische Methode in der 
Quantenmechanik (Verlag Julius Springer, Berlin, 1932). 
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Using the Green’s function for the operator Hp+E,;—E 
describing scattering to solve Eq. (10), one finds that 
the coefficients ¥*(r) are asymptotically 


y*~const >>, ¢”(1/r) expi(k’r—La/2—n! In2k'r+c') 
Xd, exp(ior.)I(L—s, L)B,--*-*Y-*, (13) 


the quantities k’ and 7’ referring to values appropriate 
to the outgoing wave: 


h?k'*/(2m)= E—E;. 
The integrals J(L,A) are defined as 


(14) 


I(L,A)= f (1/r°)F ,(kr)Fa(k'r)dr. 


(15) 


The quantities 6,“~* are related to the coefficients 
b,4-** by 


B,*-** = —49(2L—2s+1)'b,-*, (16) 


The presence of the factor Y,* in Eq. (13) insures the 
absence of interference between the contributions from 
different sublevels and different Z values, assuming that 
only the relative probability of exciting different 
sublevels enters. These probabilities are proportional to 


|>, exp(ior_,)I(L—s, L)B,-—-**|?, (17) 
in view of the symmetry property 


hb, *#= bh, *—#, (18) 

The interaction between the nucleus and the radiation 
field with vector potential A gives rise to a term in the 
Hamiltonian 


(ieh/mc)(A-¥). (19) 


Thus the intensity of the radiation emitted in the 
transition from the uth sublevel to the ground state will 
be proportional to the square of the matrix element 


H'= frstae™*voer, (20) 


x, being a unit vector in the direction of the electric 
field for polarization s. In this the radiation field has 
been expanded in plane waves, k denoting the wave 
vector of the emitted radiation. Considering the fact 
that AJ =2 in this transition, it is seen that no magnetic 
dipole radiation can occur, and thus the angular part of 
Eq. (20) gives rise to a term proportional to 


sft) 


Letting © and & be the colatitude and azimuth of the 
emitted y ray, the direction cosines of the two transverse 
polarization vectors may be taken as 


ta: (cosO cos, cos@ sind, —sin9), 


x»: (—sin®, cos®, 0). 
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Substituting these vectors in Eq. (21) and performing 
the integrations leads to the following expression for the 
relative amplitudes A, , of radiation from the various 
sublevels. 

For polarization a one finds 


Ag, =D. (1/x/6)CSe**, 
A1,a=D-(—1/v/6)(C?—S)e-®, 
Aoa=—D-CS, 
A_1,a=D-(1//6)(C?—S*)e®, 
A_», a= D-(1/s/6)CSe*'*. 
For polarization b there obtains 
As »p=D-(—i/\/6)Se?*, 
A,.=D.: (i/x/6)Ce-*, 
Ao, »=9, 
A_1, »=D.-(i/v/6)Ce'*, 
A_», »=D.- (i/v/6)Se*, 
Here the abbreviations C=cosQ, S=sin@ have been 
used. The value of the constant of proportionality D is 
immaterial for the present discussion. Squaring these 


amplitudes and summing over the two polarization 
directions gives for the relative intensities 


y#= (2/15) — (2/21) P2(cos@) — (4/105) P4(cos@), 
yt!= (2/15)+ (1/21) P2(cos®) 

+ (16/105) P,(cos®), 
v= (2/15)+ (2/21) P2(cos@) — (8/35) P4(cos®). 
For convenience the angular dependence has been 

written in terms of Legendre polynomials P2 and P,. 
The combination of the probabilities for excitation as 
in Eq. (17) and the relative intensities as in Eq. (24) 
yields for the angular distribution of the y rays 
W(®)=const->-r, wy"! do. Bs? “I (L—s, L) 
Xexp (iors) | 2, 


(24) 


(25) 


Employing Eq. (24) for y* in the above, and using the 
known forms for 8,~*, it is found that W(@) may be 
written as 


W (@)=const[bp+b2P2(cosO)+)4P4(cos@)] (26) 


with the following meaning of the symbols. The coeffi- 
cient bo is given by 


2 3L(L—-1) 
b= — Sy |(L-2, 2) §——— 
15 2(2L—1) 

L(2L+1)(L+1 

$ INLD)? (2L+1)(L+1) 

(2L—1)(2L+3) 


3(L+2)(L+1) 
+|I(L+2, L)| ——| (27) 
2(2L+3) 
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The coefficient of the P2 term, ba, is 
3L(L—1)(L—2) 
(2L—1)? 
(2L—3)(2L+5)L(L+1)(2L+1) 
— |I(L,L)|* 
(2L—1)*(2L+3)? 
3(L+1)(L+2)(L+3) 
(QL+3)2 
—I(L—2, L)I(L,L) cos(er-2—¢1) 
6L(L+1)(L—1) 
(2L—1)? 





1 
b.=— Ef ine-2, L)|? 
21 
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(2L+3)? 
The P, term appears with the coefficient 
3L(L—1)(L—2)(L—3) 
(2L+1)(2L—1)? 
12L(L+1)(2L+1)(L—1)(L+2) 
(2L+3)?(2L—1)? 
3(L+1)(Z+2)(Z+3)(L+4) 
+|I(L+2, L)|* -- 
(2L+3)?(2L+1) 
—I(L—2, L)I(L,L) cos(¢1-2—¢1) 
20L(L+1)(L—1)(L—2) 
——I(L+2, L)I(L,L) 
(2ZL—1)?(2L+3) 
20L(L+1)(L+2)(L+3) 
Xcos(or—o142) 
(2L+3)?(2L—1) 
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It is customary to compare this angular distribution 
with the angular correlation for the y—y cascade passing 
through the same sequence of J values. The Coulomb 


excitation distribution is written as 
W(0)=1+42B2P2(cosO)+a,B,P,(cosQ), 


in which the coefficients B, and By, are defined by the 
Y—y correlation 


W’(®)=1+B2P2(cos@)+B,Ps(cos®). 


(30) 


(31) 


The coefficients B, and By may be formed from the 
expression® tor y*(@), since 


W'(®) «Dp y*(@=0)7#(0). 


There results 


(32) 


B,=5/14, 


(33) 
By= 8/7, 


and hence, comparing Eqs. (30) and (31), 
a= (14/5) (b2/bo), 
as= (7/8) (b4/bo), 


giving the correlation coefficients in terms of Eqs. (27), 
(28), and (29). 

The signs of the various terms in the coefficients a» 
and a4 may be compared with those of the corresponding 
terms in the SCT discussion of Alder and Winther. This 
may be done by considering the asymptotic forms of the 
coefficients of the radial matrix elements in Eqs. (27), 
(28), and (29) as L becomes very large; correspondingly, 
the asymptotic forms of the integrands in the SCT 
formulas are taken for e large. If use is made of the 
correspondence established previously’ between the 
radial matrix elements in the quantum and semiclassical 
pictures, it is found that the Alder-Winther formulas are 
reproduced exactly, in this limit, save for the sign in 
front of a4. 

In view of this disagreement as to the sign of a4, the 
results of an independent semiclassical calculation seem 
to be of interest. This yields coefficients coinciding with 
those of Alder and Winther except as to the sign of a, 
thus checking the quantum-mechanical result obtained 
above, which is in fair agreement® with experiment. 

The authors are indebted to Mr. G. Tice for checking 
some of the calculations. 

5 G. Breit and P. B. Daitch, Phys. Rev. 96, 1447 (1954) ; Daitch, 
Lazarus, Hull, Benedict, and Breit, Phys. Rev. 96, 1449 (1954); 
G. Breit and P. B. Daitch, Proc. Natl. Acad. Sci. U. S. 41, 653 
(1955) ; Benedict, Daitch, and Breit, Phys. Rev. 101, 171 (1956). 

® Breit, Ebel, and Benedict, Phys. Rev. 100, 429 (1955); F. D. 
Benedict, Phys. Rev. 101, 178 (1956); Goldstein, McHale, 


Thaler, and Biedenharn, Phys. Rev. 100, 436 (1955); F. D. 
Benedict and G. Tice, Phys. Rev. 100, 1545 (1955). 


(34) 
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The angular distribution for the elastic scattering of 40-Mev alpha particles from C, Al, Ti, Cu, Nb, Mo, 
and Ag has been measured. The angular distributions are characterized by strong diffraction patterns in 
contrast to the monotonically decreasing angular distributions of alpha particles scattered from Ta, Au, 
Pb, and Th. An analysis of the relative positions of the diffraction maxima yields a value for the interaction 
radius of [(1.27+0.07)A!+ (1.60+0.23) ]X10-" cm. A comparison is made of the angular distributions 


measured at the energies of 19, 22, 40, and 48 Mev. 





INTRODUCTION 


HE angular dependence of the cross section for 

elastic scattering of alpha particles has been 
investigated recently for various elements at several 
bombarding energies. At 22 Mev for Ag, Pb, and Au, 
the ratio of the observed to Coulomb differential cross 
section, (do/dQ)/(de/dQ)¢, decreases exponentially with 
increasing angle beyond a critical angle.! At 40 Mev 
for Ta, Au, Pb, and Th,? (do/dQ)/(do/dQ)¢ increases 
slightly above one and then decreases exponentially 
with increasing angle. At 48 Mev for Ag, Au, and Pb,? 
a weak diffraction pattern superimposed on an ex- 
ponential decrease is observed. Strong diffraction 
patterns maintaining an average value for this ratio 
of 0.7 and 0.5 are observed for Al at 19 Mev‘ and 40 
Mev,® respectively. At 19 Mev, Cu exhibits a weak 
diffraction pattern superimposed on an exponential 
decrease similar to that observed for the heavy 
elements.‘ 

The exponential decrease found in heavy-element 
cross sections has been interpreted'**”? by using 
semiclassical models for the interaction of the alpha 
particle with the nucleus. The angular distributions of 
alpha particles scattered from the light elements have 
been interpreted as due to diffraction from a strongly 
absorbing nucleus, and the radii deduced from the 
diffraction patterns are compatible with the currently 
accepted values of nuclear radii.‘:5.8 

The purpose of the present work is to examine the 
angular dependence of (do/dQ)/(do/dQ)¢ at 40 Mev 
over a range of elements: C, Al, Ti, Cu, Nb, Mo, and 
Ag. A composite plot of the data shows the details of 
the gradual change from the diffraction to the ex- 
ponential behavior. The interaction radius between the 
alpha particle and the nucleus, determined from the 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at the University of Minnesota, Minneapolis, Minnesota. 

1 Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

2 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 

*L. Schechter and R. Ellis, Phys. Rev. 99, 1044 (1955); R. 
Ellis and L. Schechter, 101, 636 (1956). 

*E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 

5 Eisberg, Igo, and Wegner. Phys. Rev. 99, 1606 (1955). 

‘J. S. Blair, Phys Rev. 95, 1218 (1954). 

*C. E. Porter, Rev. 99, 1400 (1955). 

8 A. Bratenhl eal Phys. Rev. 77, 597 (1950). 


measurements, is R=[((1.27+-0.07)A?+ (1.60+0.23) ] 
X 10-8 cm. 


APPARATUS AND PROCEDURE 


The scattering apparatus used in these experiments 
has been described in an earlier paper.’ The following 
improvements and changes may be mentioned: 


(a) The scattering chamber has been adapted to 
decrease the smallest angle for which measurements are 
possible from 21° to 8° for the experiment with C. 

(b) The Nal scintillator used in the earlier measure- 
ments as a detector has been replaced in some of this 
work by an arrangement of counters which can separate 
the alpha particles from other reaction particles present 
in the form of a continuum. 

(c) An absorber placed between the scatterer and 
detector effectively increased the over-all resolution of 
the detecting system so that inelastic contributions 
could be separated from the elastic data. 


The detecting system described in item (b) consists 
of a counter telescope consisting of two thin propor- — 
tional counters’ followed by a Nal scintillator."° In 
this application of the method (described in detail in 
reference 10), the product of the smallest of two pulses 
from the proportional counters, which measure the 
specific ionization, and the pulse from the Nal scintil- 
lator, which measures the energy, was obtained from 
a multiplying circuit." The output of the multiplying 
circuit is approximately proportional to MZ?, where M 
and Z are respectively the mass and charge of the 
detected particle. The relative values of this quantity 
for a proton, deuteron, and alpha particle are 1:2: 16, 
respectively. The voltage window of a single-channel 
pulse-height analyzer was set to accept only the output 
pulses corresponding to alpha particles. The output of 
the single-channel analyzer was used to gate on a 
20-channel pulse-height analyzer into which the pulses 
from the Nal scintillator are also fed. By this method, 
the energy distribution of the alpha particles is obtained. 


®R. M. Eisberg and H. E. Wegner, Rev. Sci. Instr. 25, 1129 
(1954). 
1” G. Igo and R. M. Eisberg, Rev. Sci. Instr. 25, 450 (1954). 
"Massachusetts Institute of Technology Annual Progress 
Report, August 31, 1953 (unpublished). 
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Fic. 1. Pulse-height spectrum of charged particles emitted by 
Al foil at 24° in the laboratory system. The dashed curve is 
measured with the NaI detector; the solid curve, with the counter 
telescope. 


Figure 1 shows typical spectra taken with the NaI 
detector and also with the counter telescope which 
requires the coincidence gate. The two curves indicate 
that the continuum in the spectrum taken with the NaI 
detector is due primarily to protons and deuterons 
from nuclear reactions in the target. By utilizing the 
coincidence gate requirement, angular distributions 
could be measured at angles where the reaction 
continuum is larger in magnitude than the elastic 
scattering cross section, as is usually the case at larger 
scattering angles. In addition, a triple-coincidence 
requirement between pulses from the three counters 
eliminates counts from the crystal caused by induced 
radioactivity in the NaI and by gamma rays from the 
target. The Cu angular distribution was measured with 
both detectors and the two measurements were in good 
agreement. 

In reference to item (c), inelastic scattering from the 
low-lying levels could contribute to the elastic peak. 
For example, Al has low-lying levels at 0.84 Mev and 
1.01 Mev. In order to minimize the inelastic contri- 
butions, a 50-mg absorber (Al equivalent) was placed 
between the detector and target. At 23°, 39.2, 38.4, 
and 38.1-Mev alpha particles are emitted from the 
ground, first, and second excited states of Al with a 
separation of 0,8 Mev and 1.1 Mev between groups 
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Fic. 2. Pulse-height spectrum of charged particles emitted by 
Al at 23° after passing through a 50-mg absorber. The arrows 
indicate the position of the inelastic groups from the first and 
second excited states of Al. 


(2 percent and 3 percent, respectively). After passing 
through the 50-mg absorber, the energies calculated 
from the range-energy tables” are 29.9, 28.9, and 28.5 
Mev, respectively. Because of the nonlinear response 
of NaI to alpha particles, the resultant pulse heights 
now correspond respectively to 25.4, 24.4, and 24.0. 
The calculated separation between groups is now 4 and 
6 percent, respectively. Hence the introduction of an 
absorber has increased the over-all resolution. 

Figure 2 shows a spectrum from a 1.5-mg/cm? Al 
target taken at 23° in the laboratory system where the 
elastic differential cross section is at a minimum. The 
secondary levels are relatively large only in the vicinity 
of the diffraction minima. The peak at channel 110 
is the elastic peak and the arrows indicate the positions 
calculated for the inealstic groups from the first and 
second excited states. The peak observed at channel 105 
probably contains contributions from both inelastic 
groups. It is concluded that the Al elastic data do not 
contain large contributions from inelastic scattering. 
By comparing spectra from 1.5 mg/cm? and 13 mg/cm? 
Al targets, the peaks located at channels 94 and 98 
have been shown to be caused by scattering from oxide 
impurities on the surface of the targets. 

With the exception of Mo and Ag, the first excited 
state of the other elements investigated lies approxi- 
mately 1 Mev or more above the ground states and can 
be resolved. It is, therefore, concluded that the elastic 
peaks do not contain large contributions from inelastic 
events except possibly for Mo and Ag. Because of pos- 
sible inelastic contributions, the position and shape of 
the maxima of the diffraction patterns are more reliable 
than those of the minima. The data, for all the elements 
except C, were taken with the 50-mg absorber in place. 
The first excited state in C is at 4.4 Mev; thus the 
additional resolution was not required. 


#2 Aron, Hoffman, and Williams, U. S. Atomic Energy Com- 
mission Report AECU-663, May 28, 1951 (unpublished). 
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Fic. 3. Angular distribution of 40-Mev alpha particles 
elastically scattered from Ag. 


, EXPERIMENTAL RESULTS 

The data for Ag are shown in Fig. 3. The ratio of the 
observed to the Coulomb cross section, (do/dQ)/ 
(do/dQ)¢, is plotted as a function of the scattering angle 
in the center-of-mass system. The errors due to statis- 
tical fluctuations in the counting rate are equal to or 
less than the size of the dots. In addition, there is a 
+10 percent uncertainty in the position of the absolute 
cross section scale because of an instability in the beam 
current integrator. However, this does not affect the 
relative values for the cross section in a given element 
since the data were taken with respect to a monitor 
detector held at a constant angle. The statistical 
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Fic. 4. Angular distribution of 40-Mev alpha particles elastically 
scattered from Mo, ee: 
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Fic. 5. Angular distribution of 40-Mev alpha particles elastically 
scattered from Nb. 


variation of the monitor was less than one percent. 
The data for Ag consist of a diffraction pattern of 
constant amplitude superimposed upon a rapidly 
decreasing cross section. 

In Mo (Fig. 4), the amplitude of the diffraction 
pattern increases with angle. The average value 
decreases in a manner similar to that of the Ag angular 
distribution. The Nb angular distribution (Fig. 5) is 
similar to the Mo angular distribution; however, the 
amplitude of the diffraction oscillation is larger. The 
average value decreases similarly to that of the Ag and 
Mo angular distributions. It is interesting to note 
that the average slope of the Ag, Mo, and Nb angular 
distributions is approximately equal to the slope of 
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Fic. 6. Angular distribution of 40-Mev alpha particles elastically 
scattered from Cu, 
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the angular distribution of Ta which shows no diffrac- 
tion pattern (Fig. 10). 

In Cu (Fig. 6), the amplitude of the diffraction 
oscillation is large in the forward direction and decreases 
with angle. The average value does not decrease as 
rapidly as in the heavier elements. In Ti (Fig. 7), the 
diffraction oscillation is more pronounced in the forward 
direction and the average slope of the pattern is less 
than that of Cu. In Al (Fig. 8), the diffraction oscillation 
is large in the forward direction. In C (Fig. 9), the ratio 
is generally larger than one, and the average value 
increases slightly with angle. The distortion in the 
diffraction pattern noticeable in Al is reproduced in C. 

A composite plot of the data is shown in Fig. 10. 
The gradual change in the pattern from the light 
elements to the heavier elements, the shift of the 
magnitude of the amplitude from the forward to the 
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Fic. 7. Angular distribution of 40-Mev alpha particles elastically 
scattered from Ti. 


back angles, and the change of the average slope from 
positive to negative with increasing atomic weight are 
easily discernible. 


DISCUSSION 


The sharp diffraction patterns as well as the short 
mean free path of alpha particles in nuclear matter’? 
suggests that the position of the maxima could deter- 
mine the approximate nuclear radius through the 
diffraction formula for a strongly absorbing disk, 
kRA(sin}@)=2/2. The quantity, A(sin}0), is the 
difference in sin@/2 between the angular positions of 
adjacent maxima, k is the free space wave number of 
the alpha particle, and R is the interaction radius of the 
alpha particle with the nucleus. With the exception of 
Mo, the quantity, +/2kA(sin}6), was a constant for 
each element, and the variation from the mean was 
never larger than 2 percent. From the data of all the 
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Fic. 8. Angular distribution of 40-Mev alpha particles elastically 
scattered from Al. 


elements, (excluding the Mo data), it was possible to 
measure A(sin}@) accurately a total of 15 times and 
therefore 15 measurements of the various interaction 
radii were available for statistical analysis. The 
quantity, A(sin}@), in the Mo diffraction pattern, 
showed larger variations. This is attributed to the 
existence of approximately equal abundances of isotopes 
between 92 to 100 in natural Mo. The other elements 
consist of single isotopes (Nb, Al, C), or two isotopes 
differing by two neutrons (Cu and Ag), or pre- 
dominantly one isotope (Ti). 

Figure 11 is a plot of r/2kA(sin}@) versus A? for all 
but the Mo data. The method of least squares was 
used to obtain the parameters of a best straight line, 
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Fic. 9. Angular distribution of 40-Mev alpha particles elastically 
scattered from C, 
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R=aA'!+4, through the weighted points. The values 
of the parameters were determined to be a= 1.27+0.07 
and b=1.60+0.23, where the uncertainties of +0.07 
and +0.23, respectively, represent the changes in each 
parameter, keeping the other parameter fixed, which 
makes the sum of the squares of the residuals twice as 
large as the minimum value. 

If the slope of the line in Fig. 11 is assumed to be 
ro, where R=1r,A?! (the intercept is assumed to be related 
to the alpha-particle radius), it is in agreement with 
the values determined by excitation function measure- 
ments," by 90-Mev neutron total cross-section measure- 
ments," and by elastic scattering of protons.’ It is in 


3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 482. 
4 Fernbach, Serber, and Taylor, Phys. Rev. B. 1352 (1949). 

46 Brookhaven National Laboratory Report BNL-331 (C-21), 
1955 (unpublished), p. 37. 
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disagreement with the 14- and 25-Mev neutron total 
cross-section data which yield larger nuclear radii.” 

Comparisons of (do/dQ)/(do/dQ)¢ for Al and Cu at 
19 and 40 Mev are shown in Figs. 12 and 13. The 
patterns are qualitatively similar; however, the diffrac- 
tion maxima are more widely separated at the lower 
energy as expected. At 19 Mev, R is approximately 
5.5X10-" cm, in good agreement with the value, 
(5.410.23) X 10-* cm, obtained at 40 Mev. As pointed 
out by Bleuler,* the maxima of the Cu angular distri- 
bution at 19 Mev are far from equidistant in sin}@. 
Therefore, no attempt was made to compare these data 
with the 40-Mev data. More precise measurements are 
now in progress at 19 Mev‘ and it will be interesting to 
compare these with the 40-Mev data. 

A comparison of (do/dQ)/(do/dQ)¢ for Ag at the 
bombarding energies of 22, 40, and 48 Mev is shown 
in Fig. 14. The 22-Mev data show no diffraction 
pattern and are similar to the Ta angular distribution 
at 40 Mev. A slight diffraction pattern is observed in 
the Ag angular distribution at 40 Mev and it exhibits 
a larger amplitude at 48 Mev. The value of R(~7.2 
X10-" cm) obtained from a measurement of the 
position of the maxima of the 48-Mev angular distri- 
bution agrees with the value (7.65+0.23)x10-" cm 
obtained at 40 Mev for Ag. Pb and Au show a monotonic 
behavior for both 19 and 40 Mev, while at 48 Mev a 
slight diffraction pattern is observed in both angular 
distributions. 

As pointed out by Blair,® a semiclassical description 
of the scattering of 40-Mev alpha particles is probably 
adequate. Consequently the apsidal distance plots of 
Fig. 15 qualitatively indicate why the angular distribu- 
tions of the light elements do not show an exponential 
decrease as is observed, for instance, in Ag. The expo- 
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Fic. 11. A plot of +/[2kA(sin}@)] vs At. The straight line is 
R=[(1.27+0.07)A?+ (1.6040.23) ]X 10-8 cm. 
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Fic. 12. Comparison of elastic scattering of alpha particles 
from Al at 19 Mev and at 40 Mev. 
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Fic. 13. Comparison of elastic scattering of alpha particles from 
Cu at 19 Mev and at 40 Mev. 


nential decrease in (do/dQ)/da/(dQ)¢ for heavy elements 
results from the attenuation of the alpha-particle beam 
in grazing the nuclear surface.'® In the plot for Ag, 
the heaviest element under investigation, the apsidal 
distance is 5.7 in units of 10-" cm and corresponds to 
the largest scattering angle observed. As the classical 
diagram shows, the alpha particle penetrates only into 
the rim of the nucleus at this extreme scattering angle 
and remains outside the charge distribution.!” 
Consequently the exponential drop in the Ag data is 
probably due to this attenuation effect. oN 
In the apsidal distance plot for C, the charge has been 
assumed to be concentrated at the center for simplicity. 
The diagram is drawn for the smallest deflection angle 
observed experimentally. Even at this small scattering 
angle, the alpha particle would penetrate almost to the 
center of the nucleus and would be strongly absorbed. 


16 The model proposed by Porter has been used in this quali- 
tative discussion of the data. It should be pointed out that the 
Blair model as well as the Ford-Wheeler model could be substi- 
tuted for the Porter model to explain the attenuation effect. 

17 Hahn, Ravenhall, and Hofstadter, High-Energy Physics 
Laboratory, Stanford University Report HEPL-28 (unpublished). 
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Consequently the attenuation effect which accounts 
for the exponential decrease observed in heavy elements 
would not be observed since it is a surface effect. 
Experimentally, an exponential decrease is not ob- 
served. The differential cross section changes gradually 
with atomic number; being predominantly due to 
attenuation in the diffuse rim in Ag, and predominantly 
due to diffraction in the lightest element investigated, C. 

It is not surprising that diffraction effects are ob- 
served in light and not in heavy elements. The incident 
Coulomb wave describing the alpha particle becomes 
less like a plane wave as the charge on the nucleus 
increases. Consequently the diffraction scattering, which 
is pictured as resulting from the absorption of a plane 
wave incident on an opaque disk, disappears. At lower 
energies, the incident Coulomb wave deviates more 
strongly from a plane wave. Hence, for Cu (Fig. 13) 
at 19 Mev, the diffraction pattern is smoothed out in 
a manner similar to that observed for Mo and Ag at 
40 Mev. 
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Fic. 14. Comparison of elastic scattering of alpha particles 
from Ag at 22, 40, and 48 Mec. The Indiana energy is incorrectly 
written as 18 Mev. 
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Fic. 15. Apsidal distance plots for alpha particles elastically 
scattered from Ag and C. In Ag, the apsidal distance corresponding 
to the largest angle of observation exceeds the mean radius of the 
charge distribution. In C, the apsidal distance corresponding to 
the angle of the first maximum in the diffraction pattern is small 
compared to the nuclear radius. The dimensions are in units of 
10-8 cm. 
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CONCLUSIONS 


The diffraction patterns which are found in the 
angular distributions of alpha particles scattered 
elastically from light and intermediate elements 
determine approximately the alpha-particle interaction 
radius. A complete understanding of the details of the 
diffraction patterns awaits a detailed calculation based 
on a model for the nucleus which incorporates the 
properties which are indicated by a superficial treat- 
ment cf the data, namely, opacity of the central part 
of the nucleus and diffuseness of the edge.” 

The trend with increasing energy indicates that at 
sufficiently high energies, the angular distributions of 
elastically scattered alpha particles will probably ex- 
hibit strong diffraction patterns over the entire range of 
the periodic table and, therefore, should provide a good 
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measure of nuclear parameters. Heavier ions, such as C 
or N, which presumably interact even more strongly 
with nucleons, should also give diffraction patterns at 
sufficiently high bombarding energies and could possibly 
give a better measure of nuclear radii. Finally, angular 
distributions of 20-Mev deuterons elastically scattered 
from Al and Au also show similar phenomena.’ It 
would be of interest to compare the interaction radius 
of the deuteron and the alpha particle. 
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Energy of the Delayed Neutrons from the Fission of U?** 


T. W. Bonner,* S. J. Bame, Jr., AND J. E. Evanst 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received November 2, 1955) 


The energy distribution of neutrons from the short-lived neutron emitters produced in the thermal fission 
of U** has been determined with a cloud chamber. A continuous energy distribution was obtained with a 
maximum number of neutrons at the lowest energies and a few neutrons with energies of at least 2.4 Mev. 
A linear plot of (number of neutrons)'/5 versus the neutron energy is obtained indicating an extrapolated 


neutron energy of 3.5 Mev. 


ELAYED neutrons which follow the fission of 
U™* have been extensively studied! and the latest 
experiments’ find six neutron emitters with half-lives 
of 54, 20, 5.5, 2.1, 0.44, and 0.11 sec. The three emitters 
with the longest periods* have been shown to be Br*®’, 
T'87, and Br® or Br®; the three emitters of shorter 
period have not been definitely identified. Experiments 
of Hughes, Dabbs, Cahn, and Hall' on the diffusion of 
delayed neutrons through paraffin showed that the 
average energy of these delayed neutrons varied from 
0.25 to 0.62 Mev. The purpose of the present experi- 
ments was to obtain more detailed information about 
the energy distribution of the delayed neutrons. Since 
it is not possible to separate completely the effects of 


*Summer consultant 1949, now at Rice Institute, Houston, 
Texas. 

+ Now at Phillips Petroleum Company, Atomic Energy Di- 
vision, Idaho Falls, Idaho. 

1 Brostrom, Koch, and Lauritsen, Nature 144, 830 (1939); 
Roberts, Meyer, and Wang, Phys. Rev. 55, 664 (1939); Snell, 
Nedzel, Ibser, Levinger, Wilkinson, and Sampson, Phys. Rev. 72, 
541 (1947); Hughes, Dabbs, Cahn, and Hall, Phys. Rev. 73, 111 
(1948) ; de Hoffmann, Feld, and Stein, Phys. Rev. 74, 1330 (1948). 

2G. R. Keepin and T. F. Wimmett, Proceedings of Geneva 
Conference on the Peaceful Uses of Atomic Energy, August, 
1955 (to be published). 

3N. Sugarman, J. Chem. Phys. 17, 11 (1949). 


the different neutron emitters, the method employed 
was to operate so as to maximize the effects of the 2.1- 
sec emitter which gives the largest yield of neutrons? 
and also has the highest average neutron energy.' 
Experiments were carried out by sending a “rabbit” 
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Fic. 1. The energy distribution of the delayed neutrons. 
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containing 0.8 g of 95% U™* into the thermal column 
of the Los Alamos Fast Reactor; the “rabbit” was left 
for 1 sec in the thermal neutron flux and then was 
allowed to decay for 1 sec before being brought to a 
cloud chamber, where recoil protons were observed. 
The cloud chamber was 25 ft beyond the shield of the 
reactor and the pneumatic tube which carried the 
sample was bent so that adequate shielding could be 
placed between the cloud chamber and the port hole 
of the thermal column. Background fast neutrons from 
the reactor were less than one percent of that from the 
sample of U*®, In order to reduce the large y-ray in- 
tensity of the sample to a level such that good recoil- 
proton tracks could be photographed, the source was 
surrounded with a 2-in. thickness of lead. This lead 
shield which covered the source did not appreciably 
change the energy distribution of the neutrons since 
very little energy is lost in elastic scattering and the 
cross section for inelastic scattering of 1-Mev neutrons 



























































Fic. 2. Decay scheme showing the 8 emitter zB4 which decays 
to the various excited states of z,,C4. Those nuclei in states above 
the neutron separation energy N decay by neutron emission 
to z1D4—, 


is only 0.4 barn. The cloud chamber was operated 
on a 55-sec cycle and so the short-lived activities 
disappeared between expansions and the 20- and 54-sec 
activities built up to only a few percent of their satu- 
rated activities. At the time of expansion of the cloud 
chamber, the calculated relative numbers of neutrons 
from the 5.5-, 2.1-, and 0.44-sec emitters are 17, 65, 
and 18. 

Experiments were carried out with an expansion 
cloud chamber filled with 4 or ? atmospheres of CH. 
Recoil-proton tracks were measured which were within 
0° to 15° of the forward direction and so had substanti- 
ally the energy of the primary neutrons. Three hundred 
and fifty recoil-proton tracks were measured; after 
applying corrections for the. varying neutron-proton 
scattering cross section, the energy distribution of the 
primary neutrons is shown in Fig. 1. The neutron dis- 
tribution below 0.3 Mev is not plotted because the 
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Fic. 3. A plot of (number of neutrons)'/5 ys neutron energy. 











recoil protons were too short to give reliable results. 
Figure 1 shows that the number of neutrons decreases 
rapidly with increasing energy ; there are a few neutrons 
with energies up to at least 2.4 Mev. The average 
neutron energy cannot be obtained from Fig. 1 without 
extrapolating the curve to zero energy. Average neutron 
energies from 0.40 to 0.55 Mev are obtained depending 
on the type of extrapolation; this result is to be com- 
pared to 0.62 Mev which was obtained by Hughes et al. 
from diffusion experiments. 

Figure 2 shows a decay scheme of the 2.1-sec 8 
emitter zB4 which decays to the nucleus z,:C4 leaving 
it either in the ground state or in one of the many 
excited states. Excited states of this nucleus above the 
neutron separation energy N can decay by neutron 
emission to nucleus z,:;)4~'. Levels above N will 
necessarily be wide because of the short time for 
neutron breakup; since NV will be at ~4 Mev of excita- 
tion, the levels above N will probably overlap and form 
a continuum of levels. Under these conditions the 6 
decay of the original nucleus zB4 will be expected to 
be proportional to £5; this will explain qualitatively 
the rapid decrease in the number of neutrons of higher 
energies. A quantitative treatment is obtained by 
plotting the (number of neutrons)'/* as a function of 
neutron energy as shown in Fig. 3. Within the statistical 
errors this plot is linear and indicates an extrapolated 
neutron end point of 3.5 Mev. If the separation energy 
of the neutron is 4 Mev, 8 rays with a maximum energy 
of 7.5 Mev would be expected from zB4. Accurate data 
on the 8 energies of short-lived fission products are not 
available for comparison. If the energy of this 8 transi- 
tion to the ground state of z,:C4 were known, the 
separation energy of the neutron in this nucleus could 
be computed. 
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Excitation of Some Low-Lying Levels by Inelastic Neutron Scattering* 
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The de-excitation gamma radiation following inelastic scattering of neutrons has been studied for eight 
elements (of normal isotopic abundance) with excited states between 100 and 350 kev. A thin NaI(T) 
crystal spectrometer is used as a gamma-ray detector. Yield curves for the gamma rays from low-lying levels 
in manganese, iodine, hafnium, tantalum, wolfram, rhenium, platinum, and gold have been obtained as a 
function of neutron energy for neutrons from 100 to 1800 kev. In some cases these yield curves represent a 
composite of gamma radiation from the directly excited states under observation, and cascade radiation 
from higher excited states. A comparison of the yield with total inelastic scattering cross sections requires 
a complete knowledge of the decay schemes. This is discussed for the individual elements. In the cases of 
Mn, I, and Re cross-section values obtained represent that part of the total inelastic cross section which 


arises from the excitation of a single known level. 


Agreement of the excitation curves with Hauser-Feshbach theory is good in most cases. No large un- 
anticipated effects seems to arise in the inelastic scattering of neutrons from levels known to be rotational. 





1. INTRODUCTION 


REVIOUS experiments on the determination of 

inelastic scattering cross sections by detection of 
the de-excitation gamma radiation has concerned itself 
mainly with nuclei whose excited states have energies 
greater than 500 kev.' Recently there has been much 
interest in the low-lying levels of heavy nuclei which 
are known to have large deformation. Bohr and Mottel- 
son? have proposed a collective model of nuclear 
transitions which is applicable to these “rotational” 
levels. We thought it would be interesting to determine 
whether, in the case of these particular levels, there 
was any large-scale departure from the neutron scatter- 
ing theory of Hauser and Feshbach.’ Accordingly an 
experiment was designed to detect the de-excitation 
gamma radiation from nuclei with first excited states 
below 350 kev. Eight elements were investigated, some 
of which are known to have rotational level schemes. 
The detector used in the experiment was a thin NaI(T]) 
crystal, in conjunction with a Du Mont 6292 photo- 
multiplier, and L.A.S. ten-channel analyzer. 

The detection of gamma rays in the energy region 
below 350 kev presents some problems not encountered 
at higher energies, especially in the presence of a large 
flux of neutrons. One of the most efficient gamma-ray 
detectors in use today is the large single-crystal NaI(T]) 
spectrometer. Iodine, however, has levels at 60, 214, 
420, and 630 kev, all of which decay directly to the 
ground state. Thus the gamma-ray background from 
neutrons inelastically scattered from the iodine of the 
crystal makes the detection of radiation below 700 kev 
extremely difficult, if not impossible. Even though the 
geometry may be such as to shield the crystal from the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

¢ Also at Wellesley College. 

1R. M. Kiehn and C. Goodman, Phys. Rev. 95, 987 (1954); 
R. B. Day, Phys. Rev. 89, 908(A) (1953). 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

3 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 


direct neutron beam, interference from scattered neu- 
trons may be prohibitive. At lower energies a consider- 
able background of gamma radiation from neutron 
capture by the iodine obscures other gamma radiation. 
This occurs strongly at gamma-ray energies in the 
region of 150 and 250 kev.‘ 

Another difficulty inherent in the detection of low- 
energy radiation lies in the self-absorption of the gamma 
ray within the scatterer. In the case of heavy elements 
only a millimeter or so of scatterer will be effective in 
producing detectable gamma radiation. The cross sec- 
tion for the inelastic process is of the order of barns at 
best, so that the yield of gammas will be fairly low for 
neutron fluxes of about 10° neutrons/cm?-sec. Conse- 
quently the number of inelastic events recorded by the 
crystal will hardly be above the background counting 
rate. 

For low-energy gamma radiation the efficiency of a 
crystal as a scintillation detector is determined largely 
by the surface area of the crystal, and the solid angle 
presented to the gamma-ray source. In experiments in- 
volving neutrons and an iodide detector, the back- 
ground arising from neutron capture and inelastic 
scattering within the detector increases directly with 
the volume of the crystal. Thus the most effective 
signal-to-noise ratio can be obtained by the use of very 
thin crystals (i.e., of the order of a mean free path for 
the gamma radiation under observation) with a large 
ratio of surface to volume. The resolution of crystals of 
Nal and CsI is not impaired by a reduction in thickness 
to about 1 mm. For gamma rays of the order of a 
hundred kev the detection efficiency of a 1-mm thick 
crystal is reduced by a factor of only 3 or 4 over that 
of a 3-cm crystal. See Fig. 1. The neutron background, 
on the other hand, will be reduced by a factor of 30 or 
more. Thus by using a thin crystal the scattering 
sample and detector may be placed directly in the 
neutron beam, and closer to the source, to obtain a 


‘J. Guernsey and C. Goodman, Phys. Rev. 95, 636(A) (1954). 
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higher neutron flux than that obtained in other ge- 
ometries, and thus a larger yield of gamma radiation. 


2. EXPERIMENTAL METHOD 


Neutrons were produced by the H*(p,n)He? reaction, 
using protons from the Rockefeller generator.’ The 
proton beam was monitored by a calibrated beam cur- 
rent integrator; its energy was determined by the 
proton-resonance controlled analyzing magnet of the 
generator. The neutron flux was monitored by an en- 
riched BF; long counter® placed at 90° to the proton 
beam and two meters from the tritium target. Counting 
data were normalized to the proton beam current. 

The geometry of the experiment is shown in Fig. 2. 
The distance from the crystal to the neutron source 
was chosen to give reasonable neutron energy resolution 
and still retain sufficient flux to give usable counting 
rates. A single crystal (area=2.5 cm?) freshly cleaved 
from a larger one was cemented to the end of a Du Mont 
6292 photomultiplier tube, which was then wrapped 
with 2-mil aluminum foil. An aluminum foil cap placed 
over the end of the assembly was filled with Nujol to 
protect the crystal from moisture. The whole unit was 
shielded from room background and stray magnetic 
effects by } inch of lead and a mu-metal shield, sur- 
rounded by 3 inch of steel. The scattering samples were 
chosen thick enough to be effectively infinite with re- 
spect to attenuation of the gamma rays under in- 
vestigation. The elements being studied were in the 
form of layers of metal sheet, and were taped to disks of 
}-inch lead. This assembly fitted over the end of the 
shielding around the photomultiplier unit. The $-inch 
lead disks shielded the crystal from low-energy gamma 
rays coming both from the tritium target and from the 
room. 

The method of obtaining data was as follows. The 
scattering disk was placed in contact with the aluminum 
foil covering the crystal, with the scatterer side next 
to the crystal, and exposed to the direct neutron beam. 
The scintillations resulting from gamma rays absorbed 
in the crystal were detected by the photomultiplier 
unit. The output pulses from the photomultiplier were 
then fed to a 10-channel analyzer, from which a pulse- 
height spectrum was obtained. The entire }-inch lead 
and scattering disk assembly was then turned around 
so that the lead side was in contact with the foil- 
covered crystal, and a similar pulse-height spectrum 
obtained for the same number of bombarding neutrons. 
A graphical subtraction then gave the gamma-ray 
yield from the scatterer alone. It was determined ex- 
perimentally in every case that the lead disk was 
thick enough to absorb all the gamma rays (in the 
energy region under investigation) coming from the 
scattering sample. Figure 3 illustrates the method of 
subtraction. 

5 J. J. G. McCue and W. M. Preston, Phys. Rev. 94, 144 (1954); 


W. M. Preston and C. Goodman, Phys. Rev. 82, 316 (1951). 
6 A. O. Hansen and J. L. McKibben, Phys. Rev. 72, 673 (1947). 











THIN CsI 
CRYSTAL 

















1 
00 


BIAS SETTING 


Fic. 1. Response of three different detectors to 124-kev radia- 
tion. The large NaI(T1) crystal is seen to be over three times as 
efficient as the thin NaI(T1) crystal. Both have about the same 
resolution at this gamma-ray energy. The thin CsI(T1) crystal 
(whose thickness was nearly the same as that of the thin Nal(T1) 
crystal) is seen to have a smaller efficiency and less good resolu- 
tion. The small peak on the low-energy side of the pulse-height 
spectrum arises from Compton electrons for which the degraded 
gamma ray has escaped from the crystal. 


Calibration of the energy of the observed gamma 
rays was made by comparison with the pulse-height 
spectra of gamma rays of known energy. Accurate 
energy calibration was not attempted since, in every 
case, gamma radiation from previously known levels 
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Fic. 2. Experimental geometry. The thin NaI(T]) crystal and 
photomultiplier are enclosed in a thin aluminum light-tight case, 
filled with Nujol for the protection of the crystal from moisture. 
The scattering sample is placed outside the light-tight seal, and 
can be reversed to give background measurements. The whole 
unit is protected from stray gamma radiation and magnetic 
effects by a casing of lead, iron, and mu-metal. 


was being observed. The 124-kev Co” gamma ray and 
the 60-kev gamma ray from inelastic scattering of 
neutrons from the iodine in the crystal were used to 
determine the energy of gamma rays below 250 kev to 
within 20%, and thus to associate them with known 


levels in the scatterer. For levels above 250 kev, two’ 


gamma rays (at 312 and 418 kev) produced by proton 
bombardment of silver were used for identification. 


3. RESULTS 


The elements investigated by this technique are 
listed in Table I together with their isotopic abundance 
and known low-lying levels. Since in every case a 
naturally occurring mixture of isotopes was used in the 
experimental work the gamma rays observed represent 
a composite of the de-excitation radiation from all 
these isotopes, whether transitions to the ground state 
or cascade transitions between higher levels. The 
calculated cross sections then represent cross sections 
for the excitation of all levels which can give rise to a 
gamma ray near the observed energy (i.e., within the 
resolution of the spectrometer). Since the energy levels 
and decay schemes of some of the elements investigated 
are not well known at present, the interpretation of the 
experimental results is somewhat uncertain in such 
cases. Our lack of knowledge of the internal conversion 
coefficients affects only the calculation of the absolute 
values of cross section. 

Excitation functions expressed as inelastic cross sec- 
tions are given in Figs. 4 to 11. The decay schemes, 
where they are known, are also shown. It should be 
noted that the excitation of levels higher than the 
level whose gamma radiation is being observed can 
have two opposite effects on the gamma-ray yield. 
Higher levels will be excited in competition with the 
level being studied. If there is no cascade transition to 
the observed level, the excitation of the level under 
observation will be decreased by reason of this competi- 
tion. If, on the other hand, the probability of cascade 
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is close to 100%, the yield observed represents the 
excitation of both levels simultaneously, and there will 
be no decrease due to competition. If, however, the 
cascade gamma ray has an energy nearly the same as 
the gamma ray under observation, these cascade 
gamma rays will also be counted, and the yield curve 
will show an increase when the competing level is ex- 
cited. These three possibilities are discussed for the 
individual elements. 

For the purpose of comparison, cross section curves 
calculated from the theory of Hauser and Feshbach* 
are plotted for three elements (Ta, Au, and Mn) which 
occur as single isotopes, and for Re and Pt, in which 
only two isotopes contribute to the observed radiation. 
These curves are calculated on the basis of a black 
nuclear model.’ 

Table II gives pertinent information used in the 
calculation of absolute values of cross section. E, 
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Fic. 3. Pulse-height spectrum of tantalum: Z,=1.1 Mev. 
This radiation results from the de-excitation of the first excited 
state in the single isotope Ta!*, following inelastic scattering of 
neutrons. The method of background subtraction is indicated. 
The 124-kev radiation from the Co*’ source is shown for compari- 
son. Note that the shape of the spectrum is similar in both cases. 





7U. S. Atomic Energy Commission Report NYO-636 (un- 
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represents an average energy for gamma rays from 
different isotopes, in those cases where more than one 
contributes to the observed counting rate. Nu is the 
linear absorption coefficient of the scatterer for the 
gamma ray observed, interpolated from the tables of 
Davisson and Evans.* These values were checked ex- 
perimentally with gamma-ray sources of known in- 
tensity. C/@ represents observed counts in the inte- 
grated pulse-height spectrum per unit neutron flux 
striking the scatterer. It is the only quantity in the 
expression below which varies with neutron energy. 


Taste I. Information about elements investigated. (An asterisk 
indicates levels investigated in this work.) 








Known levels 
Isotope (kev) Spin 
Hf!76 5.2 0 87* 

Q2* 
Hf178 = 


Hf!® 
Hf!77 


Abun- 


Ground-state 
dance i 


spin E References 





a, b,c 


27.1 0 
35.3 0 
18.4 pio or p32 


Pie OF P32 


+f 
3/2 or 5/2 
5/2 or 7/2 
3/2 or 5/2 
5/2 or 7/2 


Hf!79 
Tals! gre 


w'8 0 
wi : 0 
wes : 0 
ws 


Re! : dsy2 
Re!87 


Pt 
Pt 
Pts 
Pt 


Au? —- 100 
3/2 or 1/2 
5/2 
Mn®* 100 5/2 
Pr 100 








® M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 (1952). 

> McClelland, Mark, and Goodman, Laboratory for Nuclear Science, 
Massachusetts Institute of Technology Technical Report 66, October, 1954 
(unpublished). 

¢ Nuclear Data, National Bureau of Standards Circular No. 499 (U. S. 
oat Printing Office, Washington, D. C., 1950), Supplements 1, 2, 
and 3. 

4 See reference 16. 

¢ See reference 17. 

See reference 22. 

© See reference 4. 


The absolute cross section for the production of gamma 
rays from neutrons inelastically scattered from an 
infinitely thick scatterer is given as 


where A is the area of the crystal detector, e the effi- 
ciency of the detector, and NV’ the number of atoms/cm’, 
giving rise to the gamma radiation observed. 


8C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 
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Fic. 4. Neutron inelastic cross section for hafnium. This cross 
section has been evaluated on the assumption that all five stable 
isotopes contribute to the observed gamma radiation. A large 
portion of the radiation comes from the de-excitation of the second 
levels in these isotopes. There may also be contributions from 
cascade transitions between higher levels. 


If the neutron inelastic cross section is to be ex- 
pressed in barns per incident neutron, internal conver- 
sion of the gamma ray in the scatterer must be taken 
into consideration. Thus, in Table I, we have given the 
cross sections (¢in)y in column 7, and multiplied by 
(1+ar) to convert to barns, where a7 is the appropriate 
internal conversion coefficient. These coefficients were 
extrapolated from the latest calculated values of Rose,’ 
assuming £2 radiation in every case 

In the calculations described above, three quantities 
introduce considerable uncertainty, namely: the value 
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Fic. 5. Neutron inelastic cross section for wolfram. This curve 
represents the cross section for the excitation of the first levels in 
all four stable isotopes of wolfram. The decrease in cross section 
at higher neutron energies may be caused by competition in the 
excitation of higher levels. 


9M. E. Rose in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955). 
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Fic. 6. Neutron inelastic cross section for tantalum. At low 
neutron energies this curve represents the cross section for the 
excitation of the first level in this element. At higher neutron 
energies it represents the cross section for the excitation of all 
levels which decay by cascade to the 137-kev level. The dotted 
curve is calculated from Hauser-Feshbach theory for the excita- 
tion of the first level. 


of the internal conversion coefficients, the efficiency of 
the crystal detector, and the absolute value of the 
neutron flux. For heavy elements the internal conversion 
coefficients are extremely energy sensitive, especially 
for low gamma-ray energies ; thus the values of absolute 
cross section for levels below 150 kev may be in error 
by as much as a factor of 2. On the other hand, errors 
in calculated crystal efficiency will be large for gamma- 
ray energies greater than 150 kev, since efficiency of the 
thin crystal decreases rapidly with increasing gamma- 
ray energy. Uncertainty in the value of the efficiency 
is estimated at 10% for gamma rays of 100 kev and may 
increase to as much as 100% at 350 kev. Absolute 
neutron flux was calibrated by a comparison method, 
using the known yield of the Li’(p,) Be’ reaction.” The 
uncertainty introduced here should not be greater than 
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Fic. 7. Neutron inelastic cross section for rhenium. This curve 
represents the cross section for the excitation of the first levels in 
the two stable isotopes of Re. A calculated Hauser-Feshbach 
curve is shown for comparison. The flattening of the experimental 
curve at higher neutron energies may be due to competition in 
the excitation of higher levels. 


%” Hansen, Taschek, and Williams, Revs. Modern Phys. 21, 
635 (1949). 
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15%. It should be stressed that the above three uncer- 
tainties will affect only the absolute values of the 
inelastic cross sections. The shape of the excitation 
curves is unaffected. The only uncertainty in the relative 
values of a yield curve (as a function of neutron energy) 
arises from statistical fluctuations in the counting rates. 
Statistical errors are larger near the threshold of the 
(n,n’y) reaction than at higher neutron energies, be- 
cause of the subtraction method of obtaining gamma-ray 
yields. The gamma-ray background stays reasonably 
constant, while the yield of gamma rays from the 
inelastic process is very small near threshold. For 
neutron energies of 500 kev or more above the inelastic 
threshold, statistical errors are about 10%. This figure 
includes statistical errors in the proton monitor, as 
well as in the 10-channel analyzer. 

The neutron energy resolution is limited by two 
factors: the thickness of the tritium target, and the 
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Fic. 8. Neutron inelastic cross section for platinum. The first 
excited states of only two of the four stable isotopes of Pt con- 
tribute to the gamma radiation observed here. The cross section is 
seen to be in good shape-agreement with the calculated Hauser- 
Feshbach curve. The Decteanect in magnitude of the cross sec- 
tion may be due in part to the uncertainty in crystal efficiency 
for gamma rays of this energy. 


solid angle subtended by the scattering sample. The 
target thickness was about 20 kev at 1-Mev proton 
energy, the solid angle at the scatterer 0.2 steradian. 
This would make the spread in neutron energy at 1 
Mev about 25 kev. 

A discussion of the curves for the individual elements 
investigated is given below. 





HAFNIUM: Z=72 


The hafnium yield curve is undoubtedly the most 
difficult to interpret, since both even and odd isotopes 
have levels which overlap. It would seem likely that the 
gamma radiation observed comes in part from direct 
transitions to the ground state from the second excited 
states in the odd-A isotopes, and in part from cascade 
transitions between higher levels, probably in all iso- 
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topes. The decay schemes are still in considerable 
doubt, as well as the spin assignments for ground and 
excited states. 

The cross-section values, expressed in barns, given 
in Fig. 4, are calculated on the assumption that levels 
are being excited in all isotopes. The observed gamma 
rays lie in the energy region of 230 kev. These cross 
sections have been corrected for internal conversion. 
The rather slow rise of the yield curve near threshold 
indicates that higher levels which decay by cascade 
have not yet been excited. The large value of the abso- 
lute cross section indicates that many levels are being 
excited, and that there is a good deal of cascade 
radiation. This conclusion is supported by the large 
experimental width of the gamma-ray peak observed 
in the actual pulse-height spectrum, which can be 
explained as arising from the detection of a number of 
unresolved gamma rays in the same energy region. It is 
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Fic. 9. Neutron inelastic cross section for gold. The dotted 
curve was calculated from Hauser-Feshbach theory assuming 
excitation of the 279-kev level only. It is seen to agree well in 
shape with the experimental curve. The discrepancy in magnitude 
suggests that other levels are being excited in competition with 
the level under observation. 


also possible that Compton collisions of even higher 
energy gamma rays could have contributed to the 
spectrum, and thus could have increased still farther 
the observed values. The situation could be clarified by 
performing the experiment with separated isotopes; 
work along these lines is planned. 


TANTALUM: Z=73 


The interpretation of the tantalum cross section is 
somewhat easier, since this element is 100% abundant, 
and its first two excited states are known." It is further 
known that the ratio of cascade to cross-over gamma- 
ray transitions from the second excited state at 300 
kev is 1.7.% The 137-kev transition from the first 

1 McClelland, Mark, and Goodman, Laboratory for Nuclear 
Science, Massachusetts Institute of Technology Technical Report 


66, October 1954 (unpublished). 
12H. Mark, private communication. 
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Fic. 10. Neutron inelastic cross section for manganese. This 
curve represents the cross section for the excitation of the first 
level only in Mn. Two curves calculated from the theory of 
Hauser and Feshbach are shown for comparison. It is seen that 
there is excellent agreement if the 130-kev level is assumed to have 
a spin of 9/2. No evidence of resonance structure was observed. 


excited level to the ground state was the one studied; 
hence the yield represents the sum of the excitation of 
this state and of higher states which decay by cascade 
to this level. Unfortunately the situation is complicated 
by the finite resolution of the detecting equipment. The 
cascade transition from the second to the first level has 
an energy of 163 kev, and is not resolved from the 
137-kev gamma ray under observation. Thus that 
portion of the excitation of the 300-kev level which 
decays by cascade is counted twice. Knowledge of the 
branching ratio, however, allows appropriate correc- 
tions to be made, insofar as only the first two levels are 
excited. The continued rise of the yield curve above the 
values predicted by Hauser-Feshbach theory may well 
be the result of cascades from higher levels, giving rise 
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Fic. 11. Neutron inelastic cross section for iodine. This cross 
section is for the excitation of the first level only in iodine. Com- 
petition in the excitation of higher levels is shown in the decrease 
of the cross section for neutron energies above 600 kev. No 
evidence of cascade transitions to the 60-kev level has been found. 
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TABLE II. Calculation of absolute values of cross section. 








1. s. 3. 4. 5. c 6. 7. 4 9. 
—(1075 
r. x ) 


Element 





Ey (kev) 


Hf 90 

230 
W 115 
Re 135 
Pt 330 
Ta 137 
Au 260 


Nu(cm=) 


55.5 
7.81 
66.6 
71.4 
6.06 
33.3 
9.9 


N’(X107%) e 


0.0303 0.727 3. 
0.0448 0.091 12. 
0.0632 0.550 
0.0663 0.387 
0.0385 0.026 
0.0552 0.362 
0.0589 0.054 


gin(barns) 


1.50 
1.88 
0.91 
0.79 
0.48 
1.19 
0.37 


(oin)y 


0.17 
0.40 
0.15 
0.23 
0.44 
0.36 
0.28 











to gamma radiation in the region under observation. It 
should be noted that to some extent competition should 
tend to cancel the effects of cascade transitions on the 
shape of the yield curves. The absolute value of cross 
section for tantalum is probably within a factor of 2 of 
representing the total inelastic cross section for this ele- 
ment, since a large amount of cascade transition is 
known to exist. Perhaps fortuitously the absolute value 
of cross section is in good agreement with that obtained 
by the Los Alamos group of 1.4 barns at a neutron 
energy of 1.5 Mev.” The value given by Walt and 
Barschall of 2.2 barns at a neutron energy of 1 Mev 
is considerably higher. Their value is for the excitation 
of all levels above 250 kev, and below 1 Mev. 


WOLFRAM: Z=74 


Wolfram has four abundant isotopes: W!®, W?*, 
W'™, and W'®. The first excited states of these isotopes 
lie between 100 and 124 kev. Little is known about the 
higher levels of this element. The observed gamma 
radiation is thought to arise from the de-excitation of 
the first levels of all four isotopes. The yield curve 
appears to rise rather more slowly than might be ex- 
pected from theory, but complete lack of knowledge of 
the decay schemes makes interpretation difficult. The 
drop in value at higher neutron energies may come from 
competition from higher levels which do not decay by 
cascade. The absolute value of cross section is probably 
fortuitously in agreement with the value 0.9 barn 
obtained by the Los Alamos group” for 1.5-Mev neu- 
trons. The value is considerably lower than the value 
2.58 barns at 4 Mev given for the total inelastic cross 
section for all levels by Beyster ef al.!® from sphere 
transmission measurements. This may be interpreted 
as an indication of lack of cascade transitions. 


RHENIUM: Z=75 


The gamma radiation observed here is thought to 
originate from the de-excitation of the first excited 
states of both isotopes of this element. Agreement with 
Hauser-Feshbach theory is fairly good near threshold, 
but at higher neutron energies the experimental curve 
is somewhat flatter than the theoretical one calculated 

#8 Barschall, Battat, Bright, Graves, Jorgenson, and Manley, 
Phys. Rev. 72, 881 (1947). 


4M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
15 Beyster, Henkel, and Nobles, Phys. Rev. 97, 563 (1955). 


on the basis of an assumed 5/2+-—>7/2+ transition. 
This may well be due to competition from higher levels, 
without the modifying effect of cascade transitions. 
The pulse-height spectrum for neutron bombarding 
energies over 500 kev gives evidence of considerable 
radiation above 300 kev, which may well represent 
transitions from the second excited states of the two 
isotopes direct to the ground state. This would also 
indicate that the cascade to cross-over ratio is small. 
Therefore Fig. 7 represents that part of the inelastic 
cross section which arises from the excitation of the 
first state only. 


PLATINUM: Z=78 


The gamma radiation observed here is a mixture of 
de-excitation radiation from the first excited states in 
Pt™ (at 328 kev) and Pt! (at 358 kev). Known levels 
in the other two stable isotopes are sufficiently different 
in energy not to be seen by the spectrometer in this 
energy region. Accordingly the values of cross section 
for this element were calculated assuming excitation of 
only the isotopes A=194 and A=196. The shape of 
the yield curve closely approximates that predicted by 
theory, although the absolute value is much smaller. 
The possibility of large errors in crystal efficiency at 
this gamma-ray energy makes absolute values uncer- 
tain, thus the shape agreement is the important factor 
here. 


GOLD: Z=79 


The decay scheme of this element is still in some 
doubt; thus the calculation of the absolute value of 
the cross section is in doubt. The gamma radiation ob- 
served in this experiment is thought to arise from the 
direct transition from the 279-kev level to the ground 
state, as observed by Mihelich and deShalit!* and 
others.'” The theoretical curve plotted for comparison 
was calculated assuming excitation of this level only, 
an assumption which is surely too simple. The shape of 
the experimental curve is seen, however, to be in good 
agreement with that predicted by theory. There is 
some evidence that lower energy levels in this element 
are being excited, but the yield is too low to make any 


16 J. W. Mihelich and A. deShalit, Phys. Rev. 91, 78 (1953). 
17 Eisinger, Cook, and Class, Phys. Rev. 95, 628(A) (1954); 
Goldberg, Cox, and Williamson, Phys. Rev. 95, 628(A) (1954). 
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definite assignment of energies. Beyster et al. from 
sphere transmission experiments report a cross section 
of 1.63 barns for a neutron energy of 1 Mev. The dis- 
crepancy between this value and the values presented 
here may well be caused by the complicated energy- 
level and decay scheme of this element. Here again the 
uncertainty of the crystal efficiency makes absolute 
values of cross section doubtful. 


MANGANESE: Z=25 


Manganese is one of the few light elements having a 
low-lying first excited state. Since the next level is at 
930 kev, there is opportunity here to study in detail 
the rise of the inelastic cross section for the excitation 
of a single level. The pulse-height spectrum of this 
gamma ray revealed no evidence of the excitation of 
higher levels. It should be noted that the observation 
of this gamma ray was considerably easier than of those 
of the heavy elements, since self-absorption within the 
scattering sample was less by a factor of about 50. 

Two theoretical Hauser-Feshbach curves have been 
calculated, one for a transition 5/2+-—>7/2+ and one 
for 5/2+-+9/2+. The latter is seen to be in closer 
agreement with the experimental curve in both shape 
and magnitude. Since the scattering sample in this 
case was not infinite with respect to attenuation of the 
gamma rays produced, the calculation of an absolute 
value of cross section was modified to include this 
fact. The absolute value is smaller than that given by 
Von Loeuf and Lind'* by a factor of 2. However the 
shape agreement would indicate a strong possibility 
that the first excited state in this element might be 9/2 
rather than the 7/2 suggested by them. 


IODINE: Z=53 


Data for the yield curve for the 60-kev level in iodine 
were taken by exposing the crystal directly to the 
neutron beam, and counting the gamma rays produced 
in the crystal itself by inelastic scattering from the 
iodine in the crystal. Calculation of the absolute values 
of cross section was appropriately modified. 

The decay scheme of iodine is quite well understood. 
Very little evidence of cascade transitions between 
higher levels has been seen. Thus we should expect to 
see in the yield curve for this element strong evidence 
of competition in the excitation of individual levels. 
This is shown to a marked degree in the broad maxi- 
mum of the yield curve for the first excited state, at 
60 kev. Results here are in good agreement with those 
of VonLoeuf and Lind" both as to shape and as to 
absolute value of cross section. 


18 R. B. Day, Report to the Geneva Conference on the Peaceful 
Uses of Atomic Energy, August, 1955 (to be published). 


LOW-LYING 


LEVELS 


TABLE III. Summary of results. 








Shape fit to 
Hauser and gin(barns) 
E Feshbach (exper) (E, =1.1 
Element A (kev) theory (theory) Mev) 
Mn odd 130 0.70 0.48 
I odd 60 good 0.37 
Au odd 279 good 0.35 
Pt even 330 fair 0.62 
Re odd 135 fair 0.80 
W mostly even 115 poor . 0.95 
Ta odd 137 poor 1.25 1.50 
Hf odd-+even 230 poor vee 2.4 





good 


0.27 
0.36 
0.67 








CONCLUSIONS 


One of the reasons for studying the elements that 
were chosen for this investigation was to determine 
whether there was any large departure of the inelastic 
cross section from Hauser-Feshbach theory for levels 
predicted by the rotational level hypothesis of Bohr 
and Mottelson? for highly deformed nuclei. A summary 
of results is presented in Table III. Certain general 
trends are noticeable, as one goes farther away from 
the closed-shell nucleus Pb*® toward the region of high 
deformation. Agreement of the absolute values of cross 
section with those predicted by theory gets better, 
while shape agreement becomes less good. To some 
extent these trends may be explained by the increasing 
density of low-lying levels, and by the increasing proba- 
bility of cascade transitions. It is clear that a complete 
knowledge of the decay schemes of the elements under 
observation is essential for an exact evaluation of the 
yield curves. Some clarification could result from a 
similar experiment with separated isotopes, which 
might also give some insight into particular decay 
schemes. From data presented here it can be concluded 
that no large unanticipated departures of the inelastic 
cross sections from Hauser-Feshbach theory occur for 
the elements investigated. It should be noted also that 
no significant difference between odd-A and even-A 
elements is apparent. More work with separated iso- 
topes, and with other heavy elements, is planned. 
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Decay of Mg?’ 


W. S. Lyon anp N. H. Lazar 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received October 26, 1955) 


The gamma rays accompanying the decay of 9.45-min Mg’ have been studied by use of a NaI scintillation 
spectrometer and beta-gamma coincidence counting. Three gamma rays of energies 0.834, 1.015, and 0.175 
Mev were found with relative intensities of 1.00, 0.43, and 0.009. The isotopic thermal-neutron activation 


cross section for production of Mg*’ is found to be 25+2 millibarns. 





INTRODUCTION 


NCERTAINTY exists in the literature as to the 

gamma-ray branching in Mg*’. Benes, Hedgran, 
and Hole! proposed a decay scheme in which the 
1.01-Mev and 0.84-Mev gamma rays were in coin- 
cidence, with 20% of the decay through the 1.01-Mev 
gamma ray and 100% through the 0.84-Mev gamma 
ray. Daniel, Koester, and Mayer-Kuckuk? and Daniel 
and Bothe*® reported the gamma rays to be not in 
coincidence with intensities of 42% for the 1.015-Mev 
gamma ray and 58% for the 0.84-Mev gamma ray. 
These observations were confirmed in part by Koester.‘ 
Only one reported value for the thermal-neutron 
activation cross section has been given. This is the value 
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Fic. 1. Gamma-ray spectrum of Mg*’ with no 
antibackscatter collimator. 

1 Benes, Hedgran, and Hole, Arkiv. Mat., Astron. Fysik 35A 
No. 12 (1948). 

2 Daniel, Koester, and Mayer-Kuckuk, Z. Naturforsch. 8A, 
447 (1953). 

2H. Daniel and W. Bothe, Z. Naturforsch. 9A, 402 (1954). 

*L. Koester, Z. Naturforsch. 9A, 104 (1954). 


of Seren et al.® of 50 millibarns. It thus seemed of 
interest to attempt clarification of the decay scheme of 
Mg’ and to redetermine the activation cross section. 


EXPERIMENTAL 


Magnesium oxide (cp) was irradiated in the ORNL 
graphite reactor together with weighed amounts of 
manganese monitor metal for ten minutes. The MgO 
was dissolved in HNOs, the solution made to volume and 
known aliquots taken for examination by use of the 
3 in.X3 in. NalI(Tl) gamma-ray spectrometer. In 
addition, aliquots were evaporated to dryness and used 
as sources for beta-gamma coincidence measurements. 
Decay measurements indicated the presence of ~1% 
of the longer lived contaminants Mn** and Na”; 
however, the disintegration rate determinations de- 
scribed below were made before the Mg*’ had decayed 
to the extent that the contamination would create an 
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Fic. 2. Gamma-ray spectrum of Zn® thru 
antibackscatter collimator. 


5 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 


1524 





DECAY OF Mg?? 





mee ee 


TTTqTi{T 


| 


. 0.175 + 0.045 
ie 


ed nant 


: 
\ 
. 


\f 


1 





Fig. 3. Gamma- 
ray spectrum of Mg?’ 
thru antibackscatter 
collimator. 


T 1. a Oe 
j <ery 


COUNT RATE 


j Litiul 


Mg@’ on 3x 3 in. Nol 
THRU ANTI-BACK-SCATTER 
COLLIMATOR 
Source at 6.0 inches 


T leks 


ae 


T 
it 








! | ! | 
200 400 600 800 41000 


PHS UNITS 





error of more than a few percent. The evaporated 
aliquots for coincidence counting were placed between 
the beta detector (A-CH, 8 proportional counter) and 
the gamma detector (NaI gamma-ray spectrometer 
set on the 0.834-Mev gamma-ray photopeak). The 
disintegration rate as a function of aluminum absorber 
before the beta detector was obtained and found to be 
constant over the range 0-49 mg/cm’. 

The Mn* activity induced in the Mn monitor metal 
was measured by use of a calibrated high-pressure ion 
chamber, and the average neutron flux calculated. By 
use of this flux, the thermal-neutron cross section 
for production of Mn** (13.4 barns®) and the specific 
activity of the Mg?’ produced, the thermal-neutron 
cross section for production of Mg?’ was calculated. 
(The specific activity of the Mg?’ was found by dividing 
the disintegration rate of the Mg?’ solution, determined 
from a 8-y coincidence measurement, by the amount of 
magnesium present found by flame photometric 
analysis.) The isotopic cross section obtained was 252 
millibarns. 

Sources used for the gamma-ray spectrum study 
were put through a chemical separation to remove 
contaminants. This procedure consisted of three 
Fe(OH); precipitations from ammoniacal solution to 
remove Mn**, followed by precipitation of Mg(OH)» 
from NaOH solution. The Mg(OH),. was washed with 
dilute NaOH to remove Na™, the Mg(OH), dissolved 
in HNO;, and Mg(OH), reprecipitated by addition 


*D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 





Fic. 4. Decay 
scheme of Mg?’. 














of more NaOH. Three separate precipitations were 
made. The final precipitate was used as a source on a 
3 in.X3 in. NaI gamma-ray spectrometer used in 
conjunction with a twenty-channel analyzer. 


RESULTS AND DISCUSSION 


Figure 1 shows the pulse-height spectrum obtained 
from a source of Mg”? placed 9.3 cm from the cylindrical 
3 in.X3 in. NaI spectrometer. The relative intensities 
of the two gamma rays at 1.015 and 0.834 Mev were 
determined from their measured peak areas, P(y), and 
the expression 

I(y)=P(y)/€,0, 


where e, is the experimentally determined peak effi- 
ciency for the particular crystal and geometry, and Q 
is the fraction of the total solid angle subtended by 
the crystal at the source. The ratio, 


I(y)/[1(0.834) +7 (1.015) ], 


for the 0.834- and 1.015-Mev y rays, is 0.70+0.05 
and 0.30+0.02, respectively. The Compton edge from 
the 1.015-Mev y ray was subtracted from under the 
0.834-Mev peak, using the shape of the spectrum 
obtained from the 1.114-Mev y ray in Zn® under the 
same experimental conditions. 

As mentioned in the introduction, these two gamma 
rays have been found not to be in coincidence so the 
cascade gamma ray of ~180 kev expected to occur 
between the two states was looked for. Because of the 
large peak found in the spectrum in this region (Fig. 1) 
due to Compton scattering of y rays from the walls of 
the lead shield used to reduce general room background, 
whether or not such a y ray exists could not be directly 
determined. To remove this back-scatter peak, the 
source was placed at the apex of a conical hole cut into 
a table made of 2-in. lead bricks. The crystal was placed 
under the table in the lead shield so that it could see into 
the surroundings of the source only through the conical 
collimator. The pulse height spectrum obtained in this 
way for a source of Zn® is shown in Fig. 2. A run 
obtained with a Mg?’ sample is shown in Fig. 3. The 
intensity of the gamma ray at 0.175+0.015 Mev is 
2.2% of the 1.015-Mev y ray. 
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During the coincidence measurements for the cross- 
section determination, a measured aliquot of the 
Mg(OH). was used to yield the absolute intensity 
of the gamma rays. This was determined from a 
measurement of the 1.015-Mev peak area and the ratio 
of the y rays previously determined. The disintegration 
rate of the source was compared to the total gamma ray 
intensity and found to agree within 5%, thus corro- 
borating the lack of coincidences between the two 
gamma rays. From this measurement, one can state 
all 8-ray transitions occur to the excited states within 
this experimental uncertainty. 

The decay scheme shown in Fig. 4 may now be 
constructed. The spin assigned to Mg?’ is s; on the 
basis of single-particle considerations and the lack of 8 
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transitions to the measured 5/2spin ground state of Al?’.’” 
The assignments for the excited states of Al?’ are in 
agreement with the beta-ray observations, but are 
based primarily on single particle considerations and 
the relative intensities of the y rays. The shell model 
states predicted, in this region, for the 13th proton are 
ds, d;, and s; (not necessarily in this order), and the 
possible order of the spins of the excited states is still 
open to question. The probability for the 0.175-Mev 
transition relative to the cross-over y ray computed 
from the indicated spins and the Weisskoff formula is 
~1% in agreement with the observed intensity of 
2.2%. This transition would be expected to be consider- 
ably more intense if the spins were reversed. 


~ 17. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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Disintegration of Hyperfragments. II* 


W. F. Fry, J. ScuHNeps, AND M. S. Swami 
Department of Physics, University of Wisconsin, Madison, Wisconsin 
(Received November 28, 1955) 


The systematic study ot hyperfragments has been continued. 
A total of 32000 cosmic-ray stars, 10000 6-Bev proton stars, 
32 000 3-Bev w~-meson stars and 206 stars produced by stopped 
negative K mesons were examined. Twenty hyperfragments 
were found in the cosmic-ray plates, 7 in the proton plates, 30 
in the x~-meson plates and 11 in the negative K-meson plates. 
The average charge of the hyperfragments is between 4 and 5. 
The average range of the hyperfragments is about 10 microns. 
Including previous data from this laboratory, only 2 mesonic 
decays have been found out of 98 events with Z greater than 2. 
A total of 7 helium hyperfragments have been observed of which 
4 decayed mesonically. Of 4 hydrogen hyperfragments, all 
decayed with the emission of a x~ meson. In the following eight 
cases, it was possible to measure the total energy release in the 
hyperfragment disintegration, and hence to find the following 
values (in Mev) for the binding energy of the A° particle: ,4H*(B, 
=0.6+0.6); sH*(Ba=—0.53:0.6); ,H*(B,=0.4+0.7); ,H*(Ba 
=0.5+2.0 or 1.942.0) ; jHe*(B, =0.042.0) ; tHe*(B, =1.8+-0.6) ; 


INTRODUCTION 


OLLOWING the discovery by Danysz and 

Pniewski! of the decay of a hyperfragment, many 

cases have been observed where the binding energy of 
the A° hyperon could be evaluated. 

The program for the systematic study of the produc- 
tion and decay of hyperfragments, some of the results 
of which have been reported in a previous paper,’ has 
been continued. Additional hyperfragments produced 
by cosmic rays, high-energy protons, *~ mesons, and 
stopped K~-mesons are reported in this paper. 

* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

1M. Danysz and J. Pniewski, Phil. Mag. 44, 348 (1953). 

2 Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955). This 
paper will be referred to as I. 


aHe'(Ba=2.0+0.6); ,Be*(B,a=6.5+9.6). The binding energies 
tend to increase with increasing mass number. The fact that 
aH‘ and aHe' hyperfragments exist, plus the fact that the binding 
energy of the A° particle in ,Be® is greater than that of the last 
neutron in Be®, shows that the Pauli principle need not be con- 
sidered for a A® particle bound in a nucleus. If the binding of the 
A° particle can be described in terms of a potential well the depth 
of the well is greater than 6.5 Mev, as indicated by Ba for ,Be®. 
In light hyperfragments the low binding energies imply that the 
A° particle spends much of its time outside the nucleus. The 
momentum of the A° particle has been measured in several light 
hyperfragments where a x meson and proton were emitted, by 
assuming it to be equal to the momentum of the z~ meson and 
proton. In general the momentum values are quite low, which 
supports the hypothesis that the bound A° particle spends con- 
siderable time outside the nucleus. No further examples of 
energetic hyperfragments, as have been previously reported, were 
found in this work. 


PROCEDURE 


Stacks of 600 micron pellicles were exposed to 6-Bev 
protons, 3-Bev + mesons, and stopped K~-mesons* 
from the Berkeley Bevatron. Additional stacks were 
exposed to cosmic rays in a skyhook balloon flight. 
These pellicles were area scanned for stars with a low 
magnification. The identification and selection criteria 
for hyperfragments were essentially the same as in the 
previous work (I). 

OBSERVATIONS 


A. General Features 


The frequencies of hyperfragments from the various 
exposures are given in Table I. In many of the events 


3 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 1448 (1955); 
100, 950 (1955). 





DISINTEGRATION OF HYPERFRAGMENTS. II 


which are tabulated as hyperfragments, the connecting 
track is quite short. Therefore it is not clear that the 
secondary star was produced by the disintegration 
of a hyperfragment as opposed to the nuclear capture 
of a very slow negative x meson. In those events where 
the range of the connecting track is greater than 15 
microns, it is usually possible to distinguish a nuclear 
fragment track from a slow 7-meson track. The number 
of these events is also tabulated in Table I. Further, 
in a few cases it is possible to show from the energy 
release that the secondary disintegration was due to a 
A° hyperfragment. Also the absence of Auger electrons 
from the secondary stars suggests that the bulk of the 
events with short connecting tracks are not due to 
slow m~ mesons. Although it is well established that 
many of the delayed disintegrations of a nuclear 
fragment are due to the inclusion of a A°® hyperon in 
the fragment, it must be remembered that is is possible 
that some of the nonmesonic disintegrations may be due 


TABLE I. Frequencies of hyperfragments. 








Nature of exposure Cosmicrays 6-Bevp 3-Bev x K--stars 
Number of stars 


observed 32 000 10000 32000 206 
Total number of 


hyperfragments 20 30 11 


Number of hyper- 
fragments with range 
R > 15p 


Ratio of all hyper- 
fragments to total 


stars 6.2X10 7X10 9.5X10 5.3K10~- 


Ratio of hyperfrag- 
ments (R > 15y) to 
total stars 10~¢ 


3X10 2.5 10~4 








to some other mechanism. The possibility that some 
result from the absorption of a x~ meson in a mesonic 
orbit about the fragment, as previously suggested by 
Danysz and Pniewski,! cannot be excluded. 

An estimate of the charge of the hyperfragments has 
been made by assuming that the total visible charge 
from the fragment disintegration is equal to the charge 
of the fragment. The charge distribution of the hyper- 
fragments reported here and in I is shown in Fig. 1. 
The distribution for fragments with R215 microns is 
given in Fig. 2. The assumption that the charge of the 
fragment is equal to the charge of the disintegration 
products is undoubtedly justified for nearly all of the 
events. However, in one case (the mesonic decay of 
carbon described in detail later), the visible charge is 
definitely less than the charge of the fragment because 
the energy of a heavy carbon recoil was probably too 
low to have produced a visible track. There are other 
factors which affect the shape of the charge distribution. 
There is some observational bias which tends to reduce 
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Fic. 1. Charge distribution of hyperfragments. The average 
Z is between 4 and 5. 


the relative probability of finding hydrogen and 
possibly helium hyperfragments because of their long 
range in comparison to heavier fragments. The long 
range increases the probability that the fragment will 
leave the pellicle and therefore not be observed when 
the adjacent pellicle is scanned. This bias is reduced 
by the tendency for the A° particles to become bound 
in fragments of low velocity. Also, very heavy hyper- 
fragments may have such a short range (~1 micron) 
that they will not be observed. 

The mode of decay for hydrogen and helium hyper- 
fragments is predominantly mesonic while the non- 
mesonic mode of decay predominates for heavier 
hyperfragments. Nearly all of the m°-mesonic decays 
would not be identified as hyperfragments because 
such events can nearly always be interpreted as 
scatterings, since only one or possibly two very short 
recoil tracks would result from this mode of decay. 
The ratio of x° to ~-mesonic decays of the A° hyperon 
is not known, so that it is impossible to estimate the 
number of x°-mesonic hyperfragment decays that are 
not recognized. This number may be comparable to the 
number of charged mesonic decays. All connected 
stars were carefully studied in an attempt to see if any 
could be identified as a decay in flight of a hyper- 
fragment.‘ No conclusive decays in flight were found. 
It is not possible to always determine whether a very 
short hyperfragment decayed from rest. The stopping 
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Fic. 2. Charge distribution of those hyperfragments whose 
range was greater than 15 microns. The average value of Z is 
between 3 and 4. It would be expected that this average Z would 
be less than that for all hyperfragments because light fragments 
in general have a longer range than heavy ones. 


4A decay in flight in a cloud chamber of a hydrogen hyper- 
fragment was recently reported by Alexander, Ballerio, Bizzarri, 
Brunelli, De Marco, Micheline, Moneti, Zavattini, Zichishi, and 
Astbury, Nuovo cimento 2, 365 (1955). See also B. Waldeskog, 
Arkiv. Fysik. 8, 369 (1954). 
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Fic. 3. Range distribution for all hyperfragments reported 
here and in I. The cross-hatched area represents hyperfragments 
produced by K~-mesons. These would be expected to have a 
short range since the energy available for fragments from K- 
stars is comparatively small. 


time for all hyperfragments reported here and in I of 
range greater than 15 microns is 1.4X10-" sec. A 
comparison of this time with the free lifetime would 
indicate that the lifetime in nuclear matter is not 
shorter by several orders of magnitude. 

The range distribution of the hyperfragments 
reported here and in I is given in Fig. 3. 


B. Measurable Cases 


An attempt was made to analyze each disintegration. 
In most of the cases a complete analysis could not be 
made for one of two reasons: (1) The visible kinetic 
energy plus the energy which a single neutron would 
have, if it were given the residual momentum of the 
charged particles, was not sufficient to account for the 
energy release of a bound A° particle, which indicated 
that two or more neutrons were probably emitted. 
(2) One or more of the tracks from the disintegration 
may have been short so that its identity could not be 
established by any means. 


Fic. 4. A drawing of event 87. The three tracks from the hyper- 
fragment are coplanar. Track 1 is 1.71 cm long and due to a 
=~ meson. Momentun is balanced if tracks 2 and 3 are assigned to 
a deuteron and a proton, respectively. The binding of the A° 
particle in ,H* is found to be 0.60.6 Mev. 


The mode of disintegration was such that an analysis 
of the event could be made in eight cases. A detailed 
description of these and a few other events of interest 
follows. 

Event 87 


A projection drawing of event 87 is shown in Fig. 4. 
The ,4H® decay was found in a pellicle stack exposed to 
3 Bev w-mesons from the Berkeley Bevatron ac- 
celerator. The data relating to this event are given 
in Table II. The range-energy relationship of Fay et al.5 
was used for singly charged particles and the range- 
energy relationship of Wilkins® was used for heavier 
particles. The stopping powers of the emulsions were 
determined from the ranges of » mesons from r—y 
decays. 

The three tracks from the hyperfragment decay are 
coplanar within 3 degrees, which suggests that neutral 
particles were not involved in the decay and also that 
the hyperfragment decayed from rest. The scattering 
along the track of the hyperfragment also suggests that 
the fragment decayed from rest. The 6 rays along the 
track of the hyperfragment suggest that the charge was 
1. The identity of tracks 2 and 3 could not be deter- 
mined from the characteristics of the tracks but was 
inferred from the momentum balance of the three 
tracks. Track 1 was followed through 5 pellicles and 
showed the characteristic multiple scattering and change 
in grain density of a m-meson track. Low-energy 
electron tracks are associated with the ending. These 
facts show that this particle was a negative meson, 
presumably a a meson. If tracks 2 and 3 are assumed 
to have been produced by a deuteron and a proton, 
respectively, the momentum unbalance of the three 
particles is only 5+5 Mev/c. If tracks 2 and 3 are 
assumed to be protons the momentum unbalance is 
34+5 Mev/c; if both are deuterons it is 3145 Mev/c. 
Therefore the proton, deuteron assumption seems most 
reasonable. The disintegration scheme is then 


sH*p+d+2-+(Q1, (1) 
where Q is 36.3 Mev. Assuming that the decay energy 


TABLE IT. Details of event 87 (,H?*). 








Energy Angle in the 
(Mev) decay plane 


17.4 
31.8 


Track Range Identity 


Hyperfragment 635u aH? 
1 1.71 cm ™ 


2 53.6u d 3.1 
3 22.1 p 14 











( a” Gottstein, and Hain, Nuovo cimento, Suppl. 11, 234 
1954). 

6 J. J. Wilkins, Atomic Energy Research Establishment, Harwell 
Report G/R664 (unpublished). 
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of the free A° particles is 36.9-0.2 Mev,’ the binding 
of the A° particle is found to be 0.60.6 Mev.® 

It might be argued that track 2 could have been due 
to a proton and that the momentum unbalance of the 
three tracks was given to a neutron. However the 
binding energy of the A° particle is then —6.2 Mev 
which excludes this interpretation. Likewise, two or 
more neutrons can be excluded by the same argument. 


Event 89 


This hyperfragment was also produced by a 3-Bev 
m- meson. The track of the hyperfragment is 324 
microns long and exhibits the general features of a 
light nuclear fragment. The small-angle scattering 
along the fragment track is characteristic of a stopping 
particle. The disintegration consists of three coplanar 
tracks (within 2°) which stop in the emulsion stack. 
A drawing of the event is shown in Fig. 5 and a summary 
of the measurements is given in Table ITI. 

Track 3 is contained in 15 pellicles and exhibits the 
characteristics of a light meson. A “blob” accompanies 
the track ending. Hence the meson was negatively 
charged and presumably a x~ meson. The dip angle of 
this meson track is about 45°. Therefore a knowledge 
of the shrinkage factor is important in determining the 
true range of the meson. Unfortunately the thickness 
of the pellicles before processing was not measured, and 
hence the shrinkage factor could not be determined 
from a measurement of the thickness after processing. 
The shrinkage factor was determined by a modification 
of the regression method suggested by White® which 
consists of a comparison of flat and steeply dipping u 
meson tracks from m—y decays. The thickness of the 
pellicles was found to be 54516 microns which gives 
for the range of the m~ meson a value of 9906+240 
microns. Correcting for the stopping power of the 
particular batch of emulsion, the energy of the 2 
meson is found to be 230.5 Mev. 

Track 2 is 804 microns long and produced by a 
particle of charge one. The multiple scattering suggests 
that the particle was a proton. Since the three tracks 


TABLE III. Measurements on event 89 (,H?). 








Angles in 
decay plane 


hire 
pris: 


Range in Energy in 
microns Mev 


Track Identity 





Hyperfragment 324 H’ 11.5 
1 16.2 d 1.3 


2 804 p 12.7 
3 9906 - 3.40.5 








( 7 eee, Keefe, Menon, and Merlin, Phil. Mag. 45, 533 
1954). 

§ The errors in energy do not include any systematic error in 
the range-energy relationship. The largest contribution to the 
quoted errors arises from the straggling of the x meson. 

9 W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953). 
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Fic. 5. Event 89 was found in a pellicle exposed to 3-Bev 
m~ mesons. The hyperfragment, aH, traveled 324 microns and 
decayed into three coplanar particles; a *~ meson of 23.4 Mev 
(track 3), a deuteron (track 1), and a proton (track 2). 


are coplanar it is reasonable to assume that no neutral 
particles were involved. Then from momentum balance 
track 1 is found to be a deuteron and track 2 a proton. 
The disintegration scheme is then 


sH*p+d+2-+Qz, (2) 


where Qz is 37.4+0.5 Mev. The binding energy of the 
A° particle is found to be —0.5+-0.6 Mev. 

The possible emission of neutrons can be excluded 
from momentum and energy considerations as discussed 
in the description of the previous event. 


Event 35 


The primary, from which the hyperfragment emerged, 
was found in a pellicle exposed to cosmic rays. The 
hyperfragment disintegration consists of three non- 


TABLE IV. Summary of measurements on event 35 (4H!®). 








Energy in 
Identity Mev 


Hyperfragment 100 aH? 5.45 
1 1.325 cm ™ 27.04 
2 73 2.97 
3 5 0.52 


Residual momentum: - -84.5 Mev/c 
Energy of neutron--- 3.8 Mev 


Range in 


Track microns 
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Fic. 6. The hyperfragment was produced by cosmic rays in 
pellicles aligned for a K--exposure. Hence none of the tracks 
could be followed. The three tracks from the hyperfragment 
decay are not coplanar. The energy of the x~ meson (track 1) is 
25.5 Mev from the grain density. If tracks 2 and 3 were due to a 
proton and deuteron, respectively, the binding of the A particle 
in aH* is 1.94+2.0 Mev. 


coplanar tracks; one a negative * meson of range 
1.325 cm, a nucleonic track 73 microns long, and a short 
track 5 microns long. The three tracks depart from 
coplanarity by 11 degrees. The measurements on these 
tracks are given in Table IV. Since the three tracks 
are not coplanar, the identity of the short track cannot 
be inferred from the momentum balance. If this short 
track was due to a proton, the energy of a single 
neutron is 3.8 Mev, which gives a total energy release 
of 34.3 Mev for the decay 


aH pt p-+nt+a-+03. (3) 


The binding energy of the A° particle in ,H® is found to 
be 0.4+0.7 Mev from this event. 

If two neutrons are assumed to have been emitted, 
the binding energy of the A° particle is found to be 
negative by at least 4 Mev. Any other possible identifi- 
cations for track 3, aside from a proton, lead to negative 
binding energies. 

Event 70 


In the stack carefully exposed to the K~-meson 
beam, a hyperfragment was produced by cosmic rays. 
This pellicle stack was assembled and x-ray marked 
just before the exposure and taken apart shortly after 
the exposure. None of the tracks from the large primary 
star could be followed into adjacent pellicles while the 
tracks from machine produced events were followed 
with ease. We conclude therefore that this hyper- 
fragment was produced by cosmic rays. 


TABLE V. Measurements on event 70 (,H*). 








Range in 
microns Identity 


13.2 aH 1.2 
1 vee 25.5+2.0 


2 94 0.76 
0.90 


32 p 1.75 
2.19 


Energy 


Track in Mev 





Hyperfragment 


A tracing of event 70 is shown in Fig. 6. The three 
tracks from the disintegration depart from coplanarity 
by 10+3 degrees, indicating that a neutral particle 
was involved. A decay in flight would not account for 
the lack of coplanarity because the momentum of these 
charged particles is in the opposite direction to that of 
the hyperfragment. Track 1 (Fig. 6) has an ionization 
of 1.59+-0.25 times minimum and therefore we assume 
that it was produced by a w~ meson of 25.5+2.0 Mev 
(if a proton, E,=180 Mev). The ranges and energies 
of the decay tracks are given in Table V. Various 
assumptions for the identity of tracks 2 and 3 (Fig. 6) 
have been made and the binding energy calculated 
under the assumption that one neutron was involved. 
Two neutrons result in negative binding energies. 
Only five assignments are consistent with a bound A° 
particle. These are given in Table VI. 

Assumption 1 (Table VI) does not seem likely 
because the binding energy is inconsistent with other 
aH? events. Although track 2 is quite short it exhibits 
a larger amount of multiple scattering than is usually 
observed along tracks of He nuclei. Therefore, it is 
likely that the event was ,H*, which decayed by the 
reaction 


sH\>p+d-+n+r-. (4) 


Event 90 


The hyperfragment originated from a small 5-prong 
star in a pellicle stack exposed to K~-mesons from the 
Bevatron accelerator. The nature of the origin of the 
primary star has not been well established but it seems 
likely that it was caused by a neutral K-meson. Further 
work on the analysis of the primary star is being 
conducted and the results will be described elsewhere. 
Although the hyperfragment track is not long (171 
microns), it appears to have been produced by a 
particle of charge one or two. There is a small amount of 
scattering along this track near the secondary star which 
suggests that the fragment stopped. The secondary 
star consists of 3 tracks which stop in the pellicle 
stack. The three tracks are coplanar within the limi- 
tations of the measurements (within 10°). The direction 
of the short track cannot be determined with precision, 
but it appears to be such as to conserve momentum. 
The features of this disintegration are given in 
Table VII. 

The vector sum of the momenta of the x~ meson and 
the proton is 57-++1 Mev/c. If the recoil is assumed to 


TABLE VI. Interpretations of event 70. 








Hyper- 
fragment 


1 p p 
2 p d 


d 
Het 


Assump- 


tion Track 2 Track 3 
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be He’, its momentum lies between 53 and 64 Mev/c as 
determined from the range. If the track is He’, its 
momentum lies between 61 and 73 Mev/c. The mo- 
mentum balance would imply that the track was due 
to He*. The disintegration scheme can be expressed by 
the equation 


sHe‘—He'+ p+2-+(0s, (S) 


where Qs is found to be 35.1+0.6 Mev. The energy of 
the He’ nucleus was obtained from momentum balance. 
The binding of the A° particle in He‘ is found to be 
1.8+0.6 Mev. 

The characteristics of the fragment track do not 
exclude a charge of one for the hyperfragment. Hence 
the possibility that the recoil was a proton, deuteron, or 
triton must be considered. The expected ranges for these 
nuclei, as obtained from the momentum unbalance of 
the x~ meson and the proton, are 32, 8, and 5.4 microns, 
respectively. These long ranges are inconsistent with 
the observed range. 


Event 95 


The hyperfragment was produced by a stopped 
negative K-meson. The track of the hyperfragment is 
quite short (2.6 microns) and therefore little information 
can be obtained from the track alone. The three 
tracks from the hyperfragment decay are coplanar 
within 3 degrees. A drawing of this event is shown in 
Fig. 7. A summary of the data is given in Table VIII. 

Track 3 was followed 15 200 microns at which point 
it produced a one-prong star in flight. The energy of 
the m~ meson at the point of interaction was obtained 
from a calibrated grain density vs energy curve. 
Although track 1 is only 18 microns long some scattering 
is observed which suggests that it was caused by a 
light nuclear particle. Assuming that it was due to a 
proton, the component of momentum perpendicular 
to the m~-meson track is balanced if track 2 is assumed 
to have been due to He*. The momentum of the He® 
and proton along the direction of the m~ meson gives 
32.9 Mev for the energy of this meson, which is in 
good agreement with the measured energy. Other 
assignments for tracks 2 and 3 fail to balance mo- 
mentum. The disintegration equation is 


sHe*—He?+ p+2-+(,, (6) 


TABLE VII. aHe‘ disintegration (event 90). 


Fic. 7. A drawing of event 95. A ,He‘ hyperfragment, produced 
by the absorption of a stopped K~-meson, decayed into a x 
meson (xq), a proton (track 2), and a He nucleus (track 1). A 
m meson (xx) was also produced by the absorption of the K-- 
meson. 


where Qs is found to be 36.942 Mev and the binding 
of the A° particle is 0.02.0 Mev. The measured energy 
of the x meson was used to find Qs. 


Event 36 


This hyperfragment came from a star produced in a 
plate exposed to cosmic rays. The hyperfragment track 
is 31 microns long and appears to have been caused by a 
particle of greater than protonic mass. The disinte- 
gration star consists of three tracks which are coplanar 
to within three degrees. A drawing of this event is 
shown in Fig. 8. A summary of the measurements is 
given in Table IX. 

Track 3 was followed through successive pellicles 
until it ended. The grain density and scattering along 
the track indicate that it was caused by a light meson 
which came to rest. A characteristic o star at the end of 
the track shows that it was undoubtedly due to a 
m~ meson. 

Track 2, from its appearance, is consistent with a 
nuclear particle of Z=1. 


TABLE VIII. Measurements of tracks from hyperfragment 
decay aHe* (event 95). 








Range in 
microns 


Energy 


Track Identity Mev Angles 








Range in 
microns 


Energy in 
Identity Mev 


aHet 19.7 
1 610 p 10.7+0.1 


Track 





Hyperfragment 171 


2 2.0<R<2.6 He® 
3 10 600 ™ 


0.5<E£<0.7 
23.8+0.5 








AHet* 0.7 
He’ 1.2 


Hyperfragment 2.6 
1 4.0 


yee 
}aar 


®* The range quoted in this table is the range from the hyperfragment 
decay to the point of interaction of the r~ meson. The energy of the meson 
at the point of interaction was obtained from a grain count, 


2 18.0 >» 1.2 


3 15 200° ‘ 34.54:2.0 
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Fic. 8. The ,He® hyperfragment (event 36) was found in the 
cosmic-ray stack. The three tracks from the hyperfragment 
decay are coplanar. Momentum is balanced for the following 
assignments; track 3 a x~ meson, track 2 a proton, and track 1 an 
alpha particle. The binding of the A° particle in ,He' is found to 
be 2.0+0.6 Mev. 






If one assumes that no neutral particles were emitted 
in the disintegration, then one can infer the identities of 
particles 1 and 2 by the requirement of momentum 
balance. If track 1 is assumed to be He‘ and track 2 a 
proton the momentum unbalance is 8.5 Mev/c. If 
tracks 1 and 2 are assumed to be He’ and a proton, 
respectively, the momentum unbalance is 27 Mev/c. 
Any other assignments for tracks 1 and 2 lead to a 
very large momentum unbalance. The maximum error 
in momentum balance, due to errors in measurement of 
angle, is 10 Mev/c. Therefore, the above data strongly 
indicate that the hyperfragment disintegration was 


sHe'>He'+ p+2-+(0;, (7) 


where Q;=34.9+0.5 Mev. Hence, the binding energy 
of the A° particle in ,4He' is 2.0+-0.6 Mev. 

If one assumes that a neutron was emitted, then no 
matter what assignments are made for tracks 1 and 2, 
the binding energy of the A° particle is found to be 
negative. 

Event 61 


The hyperfragment track, from a star produced by a 
3-Bev x~ meson, is 79 microns long and does not show 
any detectable thindown from which we conclude that 
the charge is less than 4. The multiple scattering along 
the end of the hyperfragment track is indicative of a 


TABLE IX. Measurements on event 36 (,4He'). 











Range in Energy in 
Track microns Identity Mev Angles 
Hyperfragment 31 aHe5 7.4 
1 6.7 He‘ 2.0 
133° 
2 92 h 3.4 
84° 
3 15 470 ™ 29.5 
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by a stopped K--meson. Its track is only 13 microns 









stopping particle. Two tracks originate from the 
hyperfragment decay. Delta rays and grain density 
show that both tracks were produced by singly charged 
particles. One track stops in the stack after 2005 
microns. Multiple scattering measurements give a 
deuteron mass for this particle although a proton or 
triton mass cannot be excluded. The other track from 
the decay is gray and corresponds to an energy of 
about 100 Mev if it was caused by a proton. Due to the 
steepness of this track the energy cannot be evaluated 
accurately by a measurement of grain density. If the 
momentum unbalance is given to a single neutron, the 
total kinetic energy is close to that expected from the 
nonmesonic decay of a bound A° particle in ,He*, ,He', 
or aHe®. Although the binding energy cannot be 
evaluated for this event, it is significant to note that 
this jHe hyperfragment decayed nonmesonically. 


Event 74 


Another example of the nonmesonic decay of a 
helium fragment was also found in a stack exposed to 
3-Bev 2 mesons. This fragment had a range of 129 
microns. The small amount of scattering along its track 
indicates that the mass was greater than protonic. 
Since it disintegrated into two charged particles its 
charge must have been at least two, whereas from 
comparison with the tracks of lithium fragments in the 
same emulsion, the charge appears to be less than three. 
Thus we conclude that this was a helium hyper- 
fragment. One of the two particles into which the 
hyperfragment disintegrated had a range of 3051 
microns and is shown by multiple scattering to have 
been a proton. The second particle had a range of 62 
microns. Some scattering along its track indicates that 
it was singly charged, which is consistent with the 
conclusion that this hyperfragment was helium. If 
one assumes that one neutron was emitted in the decay 
the event cannot be made consistent with a A° particle 
bound in helium. Therefore it is probable that it was 
a nonmesonic decay of ,He‘ or ,He® with the emission 
of two or more neutrons. 


Event 38 


A third example of the nonmesonic decay of a 
probable ,He hyperfragment was found in the cosmic 
ray stack. Two tracks emerge from the 4 micron long 
hyperfragment track. Both outgoing particles had a 
charge of one. They could have been protons, deuterons, 
or tritons. If only one neutron were emitted, the total 
kinetic energy is considerably less than the available 
energy from a nonmesonic A° decay, so that two or more 
neutrons were probably emitted. 


Event 100 
This hyperfragment emerged from a star produced 
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long and therefore little information regarding the 
charge of the hyperfragment can be obtained from it. 
However, the track is thick and straight and appears 
to have been produced by a nuclear fragment of charge 
greater than 2. 

The secondary star produced by the disintegration 
of the hyperfragment consists of three tracks. A 
projection drawing of the event is shown in Fig. 9 and 
the detailed measurements on the secondary star are 
given in Table X. Track 3 was followed in the pellicle 
stack to its end, where it produced a characteristic two 
prong o star. In addition the grain density and scatter- 
ing shows that track 3 was produced by a 2 meson. 
The energy, as deduced from the range, was 26.6+-0.5 
Mev. Track 1 is 51.6 microns long. The scattering along 
it strongly suggests that it was caused by a singly 
charged particle. Track 2 has a range of 2.8+0.4 
microns. Upon close observation it is seen to consist of 
two individual tracks. This is highly suggestive that 
track 2 was the result of the decay in flight of a Be® 
nucleus into two alpha particles. 


TABLE X. Detailed measurements on event 100 (,Be’). 








Energy in Angle in the 
Identity Mev__ decay plane 


ABe® 13 
2.38 
1.56 

26.6 


Range in 
microns 


13.2 


Track 





Hyperfragment 
1 51.6 p 
2 2.8+0.4 He'+Het 
3 12840 7 








From the angular measurements the three tracks 
are 5° off coplanarity. In these measurements the dip 
of track 2 was taken to be zero, because of the fact that 
it is so small as to be immeasurable. In order to make 
the three tracks coplanar, the dip of track 2 need only 
be 0.1 micron in the processed emulsion. Therefore it is 
reasonable to assume that the three tracks are coplanar 
and that no neutral particles were involved in the 
disintegration of the hyperfragment. 

If it is assumed that track 1 was due to a proton, the 
residual momentum of the m~ meson and proton is 
144.5 Mev/c. Then each alpha particle should have a 
momentum of 72.3 Mev/c, and hence a range of 3.16 
microns. This compares very well with the measured 
range of 2.80.4 microns. In addition, the direction of 
the residual momentum is within 10 degrees of the 
direction of track 2, which is within the error in angular 
measurements. On the other hand, if one assumes that 
track 2 was caused by a deuteron, then the alpha 
particles should have a range of 4.76 microns. This is 
inconsistent with the observed range. 

The disintegration scheme of this hyperfragment 
can then be written 


aBe® > Be*+ p+2-+(3 (Be® — He‘+ He’), (8) 





Fic. 9. A ,Be® hyperfragment was produced by the nuclear 
absorption of a negative K-meson from rest (event 100). The 
star produced by the K~-meson absorption is indicated by arrow 
B. The hyperfragment (Ff) decayed (at the point indicated by 
arrow A) into a x meson of 26.6+0.6 Mev, a proton and Be’. 
The two alpha tracks begin to separate near their end. 


where (s= 30.5-+0.5 Mev. The binding of the A° particle 
in Be’ is then 6.50.6 Mev. 


Event 34 


This example of a mesonic decay of a heavy hyper- 
fragment was found in a cosmic-ray stack. The track 
of the hyperfragment is 87 microns long and has a 
measurable thindown. A drawing of the event is shown 
in Fig. 10. The thindown and the residual range from 
the beginning of 5 rays give a charge of 6 or 7. There 
are only two tracks from the disintegration of the 
fragment; a track due to a m meson of range 2100 
microns (9.5 Mev), and the track of a nuclear particle 
of range 326 microns. The multiple scattering suggests 
a deuteron mass, but a proton or a triton is consistent 
with the data. The residual momentum of the 2 








Fic. 10. The moderately heavy hyperfragment (probably C or 
N) came from a cosmic-ray star (event 34). The hyperfragment 
track F shows an appreciable thin-down. Delta rays can be 
observed near the primary star. A ~ meson of 9.5 Mev and a 
pb, d, or t originate from the disintegration of the fragment. It is 
probable that the remaining heavy nucleus received such a small 
energy from the decay that it did not produce a visible track. 
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meson and the deuteron is 125 Mev/c. A carbon or a 
nitrogen recoil of this momentum would not be visible. 
If a neutron was not involved, the binding energy for 
the A° particle is of the order of 10 to 17 Mev. But it is 
quite possible that a neutron was emitted, in which 
case it is impossible to obtain the binding energy from 
the disintegration. Furthermore, it must be remembered 
that the residual carbon or nitrogen nucleus may have 
been left in an excited state,” in which case the tofal 
energy release from the decay would be greater than the 
measured energy. 

The main interest in this event is that the A° particle 
bound in this heavy nucleus decayed mesonically. 


SUMMARY AND DISCUSSION 


Many of the delayed disintegrations of nuclear 
fragments can be shown to be due to the decay of a 
bound A° particle. Aside from the two energetic 
fragments reported in I, which are clearly not bound 
A® particles, there is no clear experimental evidence 
for some other process which could produce delayed 
disintegrations. For this reason, the delayed fragment 
disintegrations where the energy release cannot be 
determined are also interpreted as A° hyperfragments. 

The ratios of hyperfragments to stars produced by 
3-Bev protons, 6-Bev protons, 3-Bev a mesons, and 
cosmic rays are 10~*, 7X 10-, 9.5 10-4, and 6.2 10+, 
respectively." All stars were counted in the tabulation 
of the cosmic-ray events. If low-energy stars are not 
counted, the ratio of hyperfragments to stars is nearly 
doubled. It is interesting to note that the above ratios 
are not significantly different. They may be somewhat 
high because of inclusion of events due to the nuclear 
capture of very slow x~ mesons. A lower limit to the 
ratio of hyperfragments to stars can be obtained by 
considering only the hyperfragments with ranges greater 
than 15 microns (see Table I). It is possible to rule out 


TABLE XI, Summary of binding energies. 








Event Decay scheme 
d+p+x- 
d+p+n- 
p+ptnteae 
d+pt+ntae 


d+p+r 
t+p+7r° 
He'+p+a° 
He®+p+27 
Het+p+77 
Het+p+p-+n 
He®4-Het+n 
He*+Het+n 
Be®+p+2- 
Li’?+He'+)p 


Hyperfragment By (Mev) 
0.6+0.6 
—0.5+0.6 
0.4+0.7 
1.94-2.0 
or 0.52.0 
5.9+1.0 
3.941.0 
0.0+2.0 
1.8+0.6 
2.0+0.6 
5.98.0 
3.743.0 
—0.7+3.0 
6.5+0.6 
1346 





or aBe® 
AaBe® 
acu 








” This point was suggested by Professor V. Telegdi. 

4 Castagnoli, Cortini, and Franzinetti, Nuovo cimento 2, 550 
(1955). These authors find 2.5 10~ for the frequency of hyper- 
fragments in cosmic rays. 
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slow negative 7 mesons as the cause of these connected 
stars. 

The fraction of stars produced by stopped K~-mesons 
which have hyperfragments is about 1/20.’ Although 
this fraction is high, the rate of finding hyperfragments 
in the present pellicles is considerably lower than for 
the other exposures that were used in this study. (On 
the average, 2 K~-meson stars were found in each plate 
in an area of 5 cm?.) The rates of finding hyperfragments 
in the cosmic-ray plates, the proton plates, and the 
high-energy x~-meson plates are comparable. 

One of the striking features of the observations is the 
ratio of mesonic to nonmesonic decays for various 
nuclei. Including the data from I, 3 hyperhydrogen 
nuclei were observed, all of which decayed mesonically. 
Seven hyperhelium nuclei were found of which 4 
decayed mesonically and 3 decayed without -meson 
emission. Of the remaining 88 hyperfragments with 
charge greater than two, only two decayed with the 
emission of a m~ meson (events 34 and 100). These 
data show that the nonmesonic mode of decay is 
important in helium and predominates for heavier 
elements. 

No decay in flight of a hyperfragment has been 
identified. Although it is not always possible to detect 
a nonmesonic decay in flight, a mesonic decay should 
be quite distinctive. The absence of decays in flight 
suggests that the lifetime of the A° particle is not 
greatly reduced in nuclear matter. 

Definitely one example of the mesonic decay of a 
aHe® fragment has been found (event 36). In addition, 
one ,sH‘* has been observed (event 70). Since the 
exclusion principle is inoperative for the A° particle in a 
nucleus, it might be expected that a A° particle could 
become attached to a stable nucleus with the resulting 
hypernucleus being stable. It is not surprising, therefore, 
that ,H*‘ and ,He® fragments are observed.” 

A summary of the data reported in this paper and in 
I on the binding energy of the A° particle in various 
nuclei is given in Table XI. 

Dalitz and Jones and Knipp" have shown, assuming 
charge independence, that the binding energy of ,He’® 
should be less than that of ,4H*. The small value for the 
binding of the A° particle in ,H® strongly suggests that 
aHe’® may not exist, and that event 4 should be inter- 
preted as ,He‘. Also the value of the binding energy for 
aBe® from event 100 would imply that event 1 was 
aBe® rather than ,Be’. 

Three exafnples of the mesonic decay of ,H? yield an 
average binding energy for the A° particle of 0.20.4 


2 ,H* events have been reported by O. Haugerud and S. O. 
Sorensen, Phys. Rev. 99, 1046 (1955). Friedlander, Keefe, and 
Menon, Nuovo cimento 2, 663 (1955). Schein, Haskin, and 
Leenov, Phys. Rev. 100, 1455 (1955). A ,aHe® event has been 
reported by Hill, Salant, Widgoff, Osborne, Pevsner, Ritson, 
Crussard, and Walker, Phys. Rev. 94, 797 (1954). 4H* and ,aHe® 
events were reported at the Pisa conference by the Bristol, 
Genoa-Milan, Paris, Dublin, and Rome groups. 

8 R. H. Dalitz, Phys. Rev. 99, 1475 (1955). 

4 J. T. Jones and J. K. Knipp, Nuovo cimento 2, 857 (1955). 








DISINTEGRATION OF HYPERFRAGMENTS. II 


Mev. The average A° particle binding energy for the 
three ,He* events (4, 95, and 90) is 2.2+0.6 Mev, 
where the individual values were given a weight 
inversely proportional to their errors. These values are 
in agreement with those reported by other laboratories.!° 

Event 100 is quite singular in that it is the only event 
known to the authors where the binding energy can be 
accurately determined for a nucleus heavier than ,He’. 
The binding in ,Be® (6.50.6 Mev) is considerably 
higher than in aHe® (2.00.6 Mev). A comparison of 
the A° particle binding energies in ,H*, ,He‘, ,He', ,Be’, 
and ,C" shows that the binding energy tends to increase 
with increasing mass number, for A as high as 11. The 
variation of the binding energy with A is illustrated in 
Fig. 11. It is interesting to note that a A° particle is 
more tightly bound in ,Be® than the last neutron in 
Be® (1.7 Mev). This can be considered as further 
evidence, in addition to the ,4H* and ,He® events, that 
the Pauli principle need not be applied to a A° particle 
in a nucleus. The observed variation of the A° particle 
binding energy with mass number suggests that the 
study of hyperfragments heavier than Be may yield 
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further interesting results regarding the interaction of 
the A° particle with nuclear matter. However, the 
study of heavy hyperfragments is not easy because the 
decay mode for elements heavier than helium is pre- 
dominantly nonmesonic, which leads to a high nuclear 
excitation. The emission of more than one neutron 
from such a disintegration is quite probable and there- 
fore most of the events are not analyzable. Nevertheless, 
since a majority of the hyperfragments are heavier 
than helium, it should be possible occasionally to find a 
disintegration where a neutron is not involved. In such 
a case, the error in the measurement of the binding 
energy should not be much larger than for the light 
elements. Also, it is possible that further examples of 
mesonic decays in heavy elements will be found. 

15 4H? hyperfragments have been reported by Bonetti, Levi 
Setti, Panetti, Scarsi, and Tomasini, Nuovo cimento 11, 210 and 
330 (1954); Debenedetti, Garelli, Tallone, and Vigone, Nuovo 
cimento 1, 1180 (1955); H. Yagoda, Phys. Rev. 98, 153 (1955). 
AH? events were also described at the Pisa conference by the 
Dublin, Paris, and Bristol groups. Examples of ,He‘ fragments 
have been observed by Naugle, Ney, Freier, and Cheston, Phys. 
Rev. 94, 677 (1954); Balbo et al., loc. cit; Seeman, Shapiro, and 


Stiller, Phys. Rev. 100, 1480 (1955). A 4He‘ event was reported at 
the Pisa conference by the Bristol group. 
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TaBLE XII. Momenta of A° particles in hyperfragments. 
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A comparatively large number of hyperhydrogen 
nuclei have been found in this study (4 events). In 
view of the fact that more protons are emitted from 
stars than deuterons, if ,H® exists, one might expect 
it to be more abundant than ,H*. It therefore seems 
significant that no ,H® fragments were found. The 
decreasing A° binding energy with decreasing A, along 
with the low binding in the hypertriton (0.20.4 Mev), 
strongly suggests that a proton and a A? particle do 
not form a bound system. 

In seven examples of hyperhydrogen and hyper- 
helium disintegrations (events 87, 89, 35, 70, 95, 90, 
and 36), the proton and m~ meson were emitted in 
nearly opposite directions. This observation implies 
that perhaps the momentum of the A° particle in the 
nucleus was small, and that it can be found from the 
vector sum of the momenta of the proton and x~ meson. 
This assumes that neither the proton nor the ~ meson 
interacted with the residual nucleus after the decay. 
In view of the very low binding energy of the A° 
particle, this assumption would seem reasonable. The 
momentum and kinetic energy of the A° particle in the 
hyperfragment as obtained by this method are shown 
in Table XII. 

If the binding of the A° particle can be described in 
terms of a potential well, the depth of such a well is 
not very shallow (~20 Mev), as indicated by the 
binding energy in ,Be’. For the light hyperfragments, 
the low binding energy suggests that the A° particle 
spends an appreciable fraction of its time outside the 
nucleus. This suggestion may explain the low kinetic 
energy of the A° particle in the light hyperfragments. 

No additional energetic hyperfragments, such as 
events 27 and 28 in I, were found. 
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A model is presented for the multiple production of mesons. It is similar to that of Lewis, Oppenheimer, 
and Wouthuysen, but treats the spins and isotopic spins of the colliding nucleons as quantum mechanical 
operators. To illustrate the method, detailed calculations are carried out for a symmetrical scalar meson 


theory. 





I, INTRODUCTION 


HE recent availability of machine energies of 

several Bev has given new impetus to both the 
experimental' and theoretical studies of meson pro- 
duction. Thus, Fermi* has proposed a model which 
assumes that all mesons are emitted from a small 
volume in which all the energy is concentrated. Fermi’s 
theory does not make use of any specific meson theory; 
instead, it assumes that in this small volume, apart 
from some strict conservation laws, various states of 
mesons and nucleons are all in statistical equilibrium 
with each other. The whole problem is then completely 
determined by the total energy, the angular momentum, 
and the volume of the system. 

More specific models that depend on particular forms 
of meson theory have been discussed by Lewis, Oppen- 
heimer and Wouthuysen® and by others.‘ Lewis e¢ al., 
make use of a Bloch-Nordsieck® type of treatment, 
which pictures the physical nucleon as a composite 
system composed of a core (or bare nucleon) surrounded 
by a meson cloud. Furthermore, the collision of two 
nucleons is assumed to consist of a sudden exchange of 
spin, isotopic spin and momentum between the cores 
of these two nucleons; the latter, in turn, shake off 
part of the surrounding meson clouds as radiation. 
Except for the above-assumed mechanism of a sudden 
collision and the neglect of certain recoil effects of the 
emitted radiation, the Bloch-Nordsieck type of calcula- 
tion is completely rigorous and can be used for arbi- 
trarily large values of coupling constants. However, in 
the treatment of Lewis, Oppenheimer, and Wouthuysen, 
further approximations are made, which consist of 
treating both the spin and isotopic spin of the nucleons 
as classical vectors. Consequently, the emitted mesons 
are almost uninhibited in their choice of charge; this 


* This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

2E. Fermi, Progr. Theoret. Phys. 5, 570 (1950); Phys. Rev. 
99, 452 (1951). 

( — Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 
1948). 

4 See H. W. Lewis, Revs. Modern Phys. 24, 241 (1952), for a 

review of various other models. 


5 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1932). 


makes it impossible to compare these results with the 
observed charge spectrum of mesons produced by 
nucleon collisions at cosmotron energies. 

The purpose of this paper is to discuss a similar 
model, but one in which the spin and isotopic spin of 
the nucleons are treated as rigorous quantum me- 
chanical operators. The model to be discussed is 
closely related to the fixed extended source theory,® 
which has been used recently to explain the scattering 
experiments of mesons by nucleons up to about 200- 
Mev incident meson energy. In these relatively low- 
energy scattering phenomena the nucleon is regarded 
essentially as at rest; thus, it can be represented by a 
fixed core of finite size surrounded by a meson cloud. 
Both the meson distribution in a physical nucleon state 
and the scattering state of a physical nucleon together 
with an additional meson have been explicitly calcu- 
lated’ using an intermediate coupling method.** 

In the problem of multiple meson production, one 
deals with nucleons of very fast velocities. Nevertheless, 
it is shown that the meson distributions for these 
rapidly moving nucleons can be obtained directly 
through a Lorentz transformation from the correspond- 
ing distribution for a fixed nucleon. In a similar way, 
one may obtain the state functions for a physical 
nucleon with any number of free mesons. Identical 
results can be obtained by working directly with the 
Bloch-Nordsieck type of transformation as an alterna- 
tive procedure. 

The collision process between two physical nucleons is 
assumed to be instantaneous and only to result in a 
transfer of spin and isotopic spin between the two cores 
of the nucleons. The collision is then characterized by 
an $-matrix which acts only on the spin and isotopic 
spin of the cores. Thus, $ is a 4X4 matrix if it involves 
only spin exchange or only isotopic spin exchange; but 
it is (16X16)-dimensional if both of these quantities 
are involved during a collision. The matrix elements 
for the production of N mesons is then given by the 
$-matrix, evaluated between the initial state of two 


6 G. F. Chew, Phys. Rev. 95, 285 (1954); 95, 1669 (1954). 

7 Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955). 

8S. Tomonaga, Progr. Theoret. Phys. Japan 2, 6 (1947); F. 
Harlow and B. Jacobsohn, Phys. Rev. 93, 333 (1954). 

®T. D. Lee and R. Christian, Phys. Rev. 94, 1760 (1954). 
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physical nucleons and the final state of two physical 
nucleons and WN free mesons. 

In the present paper, we shall illustrate our method 
in detail for the symmetrical scalar theory. In this 
theory, the production ratios of various number and 
charge distribution of mesons are uniquely determined 
by the coupling constant and the source size. It is in- 
teresting to note that from this calculation we find 
that for large coupling constants (a) each nucleon tends 
to emit mesons in an isotopic spin J= $ state and (b) 
in two-meson production each nucleon prefers to emit 
only a single meson. The more complicated case of the 
symmetrical pseudoscalar meson theory and its com- 
parison with experiments will be presented in a later 
publication. The case of a neutral scalar theory can be 
treated rigorously and is discussed in Appendix III. 


Il. HAMILTONIAN 


We begin with a description of the system of a 
nucleon at rest. The nucleon is pictured as a bare core 
of finite extent surrounded by a cloud of mesons. The 
interaction of such a nucleons at rest with a symmetrical 
scalar meson field is given by a Hamiltonian (#=c= 1)” 


Ho= mot Hats { rd (er, (1) 


1 
H, ” = | cnet utoe (Voi)? ]d*v. 


Here my is the mechanical mass of the nucleon, U(r) is 
the normalized source function for the nucleon assumed 
to be at rest at the origin of the coordinate system, ¢; 
and m; (i=1, 2,3) are the canonical meson field vari- 
ables, 7; are the usual isotopic spin operators, u is the 
meson mass, and g is the coupling constant. The eigen- 
states of this Hamiltonian comprise both the nucleon 
bound states and the meson-nucleon scattering states 
for a fixed nucleon. 

The corresponding states for a nucleon in motion 
with velocity v may be obtained kinematically by means 
of a Lorentz transformation to the moving coordinate 
system. Under such a transformation, the 4-dimen- 
sional space-time coordinate x, becomes x,’ (u=1—4), 
the canonical variables of the scalar meson fields 
undergo an unitary transformation 


$i(%,) > £6,L7=¢9;(x,') (2) 
and 
(Xp) ——> Lr; L = 7; (x,'), 


where £ is a unitary operator. In the interaction repre- 
sentation, the space-time dependence of the field vari- 


10In Eq. (1), as well as in the following, we shall use the con- 
traction convention with respect to the indices i and p with i 
denoting the various charge states of mesons and p the isotopic 
— states of the nucleon. A sum over i and p is required whenever 
these indices appear twice (¢=1, 2, 3 and p=1, 2). 


ables are given by 


oi= J omy MLas(ke™a:1 ketene 
and 


m= —i f (169°/w)~!La,;(k)e%—a,t( ke Pk, (3) 


where a,'(k) and a;(k) are meson creation and annihila- 
tion operators, respectively, x, and k, are the four- 
dimensional space and momentum vectors, and w 
= (+ y?)!. The invariance of ¢; and m;, Eq. (2), 
demonstrates that under a Lorentz transformation 
a,;'(k) and a,(k) transform as 


a;(k) > La,;(k) L7=a,(k’) (w’/w)}, 
a;' (k) > £a,t (kK) £1=a;* (k’) (@’/o)!, 
with &,! = he, hy! = he, 
2 =7(kst ww), 
w’=¥(w+rk,), 


y= (1-7)-4. 


(4) 


and 


The z-axis is chosen to be along the direction of the 
velocity. In terms of £ any state function W of the 
Hamiltonian (1) is related to a corresponding state for 
a moving nucleon by 

V,= LY, (6) 


while the Hamiltonian itself becomes H, under a 
Lorentz transformation. Thus, we write 


LHL"'=7(A,—P-v), (7) 


where P is the momentum of the nucleon in the moving 
system. On using Eq. (5), the Hamiltonian H, in the 
moving system becomes 


H,=moy "+P. r+ f k - v)a;'(k)a,;(k)d*k 


+01 f (16r%s)-tuy(k) Las(k)-+a4"(h) (8) 
where u,(k) is related to the source function U(r) by 
u(k)= [Ue exp[iy(k.—vw)z+ik.x+ikyy |d*r. (9) 


In Eq. (8), the zero-point energy of the meson field has 
been omitted. 

It should be remarked that Eq. (8) is only approxi- 
mately correct, since we use Eq. (4) for the expression 
of £, and this is valid only if the meson field ¢; obeys 
the free-field equation, 0°¢;—yu’o;=0, as required by 
Eq. (3). Nevertheless, it is of interest to note that this 
approximation is identical with that obtained by the 
Bloch-Nordsieck® type treatment. The Block-Nordsieck 
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procedure is to start with a relativistic Hamiltonian 
B= [¥i(a-p+imodr+H+¢ [ visrdoatr (10) 


By substituting for the Dirac matrices their expectation 
value among positive energy states of the free-nucleon 
spinors, the relativistic Hamiltonian is replaced by 


He.x.=p-v-+-mey+ f wa;t(k)a;(k) a 


+977 f (16r%s)-Iu(b) 


X La;(k)e***t+0;1(k)e~*™*-* ]r,d%k. (11) 


It is easy to verify that by a canonical transformation 7, 


T= exp] f t(k)a( Wh : ro 


The Block-Nordsieck Hamiltonian Hg.n. is directly 
related to H,, given in Eq. (8). Thus, we have 


H,=TH3.x.T, (12) 
showing the identity of these two different approaches. 


Ill. STATE FUNCTION FOR PHYSICAL NUCLEON 
IN MOTION 

We shall use the Tomonaga intermediate-coupling 
method® to describe the ground states of the Hamil- 
tonian H,. In this method there is no limit to the total 
number of virtual mesons which surround the bare 
core, but all mesons are assumed to be in the same 
orbital state F,(k). The best functional form of F,(k), 
together with the probability amplitude for finding 
various numbers of mesons are determined by the 
variational method 


5(N ,(v) | H,—my| N,(v))=0, (13) 


with m as the rest mass of the physical nucleon and 
| NV ,,(v)) as the state vector of the physical nucleon with 
velocity v (p=1,2 denoting its two isotopic spin 
states). 

As in all calculations with the Tomonaga method, 
it is only necessary to consider" a reduced Hamiltonian 
5, which can be obtained by first commuting all the 
a,;(k) to the right of the a;'(k) in H, and then replacing 
them by a,F,(k) and a;'F,(k) respectively, with 


[redee=1, 


am f as(k)Fa (Kee, 


(14) 


and 


gales f a;'(k)F,(k)d*k. 


1 T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953). 
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Thus, the reduced Hamiltonian 3, becomes 


KH,=P-v+y" Ko, (15) 
where!® 
Ho= mot+a;ta;+Gr,(a:+a;'), (16) 
with 
a= fro—k-yRrdoa 
and 


isake f (16m) tue, (k)F,(k) a, 


The variational problem Eq. (13), then, reduces to one 
of finding the ground-state wave function |9U,) of 3o,” 


Ho| Np) =m| Np). (17) 


If we set the total momentum P= my1, the state vector 
|9t,) becomes an eigenvector of 3, with energy my. 
Minimizing the energy with respect to an arbitrary 
functional form F,(k), we have 


F (k) guy(k)(N,| 74a;| Np) 
(16xtw) Ly (o—k-v) 0X9, |a;ta;] 9) 





» (18) 


where A is the normalization factor and is independent 
of the velocity v. It may be readily verified that 2 and 
G are also independent of ». Thus, as a physical nucleon 
is set in motion, the distribution of various number of 
mesons, as given by |%,), is unchanged, while the 
orbital states of the mesons are transformed according 
to Eq. (18). 

If the angular variables are separated out, Eq. (17) 
can be reduced to two coupled differential equations 
with one radial variable. Although these equations can 
only be solved numerically, we shall give a simple 
analytic approximation in Sec. VII that gives rigorous 
solutions at both the weak-coupling and strong- 
coupling limits, and yields fairly accurate results for 
an intermediate range of coupling constants. 


IV. COLLISION PROCESSES 


In the Bloch-Nordsieck type treatment of the colli- 
sion of two nucleons, it is assumed that only the cores 
interact. The latter, in the symmetrical scalar case, 
are characterized by an isotopic spin and velocity. It 
is the change of these two quantities which leads to the 
emission of mesons. We note that the velocity change 
Av is related to the corresponding momentum change by 
Av= (1—v*)!Ap/m. Thus, especially at high energy, Av 
would be quite small even though Ap might not be 
neglected. In the following, we shall neglect the effect 
of Av on meson production. 

In order to make the whole collision process charge- 
independent, it is necessary to have the interaction 

Equation (17) may be obtained directly by applying the 
Tomonaga method to the original Hamiltonian Ho, Eq. (1), for 


a nucleon at rest. The state vector | V,(v)) can then be formed by 
a Lorentz transformation from |V,(v=0)). 
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between the two cores conserve the total isotopic spin, 
I, for the two nucleons. In this case, the collision be- 
tween the two cores can be expressed in terms of two 
real phase shifts, 6, for the triplet states and do for the 
singlet state, since the isotopic spin of each core is }. 
The scattering matrix § is then 


$= SotSe*: 2, (19) 


where a and b denote the two colliding nucleons and 
«*,2° their respective Pauli isotopic spin matrices. The 
complex constants Sp and S can be expressed in terms 
of the phase shifts 59 and 6; as 


4S y= 3e7!81-+4 ¢i80 (20) 
and 


45 = ¢2ibi— eit, 


The various rates of production of mesons are then 
determined by the corresponding matrix elements of 
the form 

(final states| $| initial states). 


Actually, in the expression for 8, only the matrix ele- 
ments of the second term, S**-*® are relevant for 
various production processes. The first term So, is 
independent of the isotopic spin. Consequently, as 
long as the effect due to a change of velocity is unim- 
portant, it cannot contribute to the emission of mesons. 


V. STATES OF A PHYSICAL NUCLEON AND 
SEVERAL ADDITIONAL MESONS 


In order to obtain the matrix elements of $ for the 
production of one or more mesons, we need not only 
the state of a physical nucleon, as given in Sec. ITI, 
but also the description of a physical nucleon and several 
mesons. These states are given by the scattering states 
of H,. As discussed by Lee and Christian,’ these states 
may be obtained by a variational method. We shall 
summarize their method in a form that will be most 
convenient for our calculation. 

We consider first the states of a physical nucleon with 
velocity » and one additional meson with momentum 
ko in a total isotopic spin state 7. The state function is 
assumed to be!” 


WOT; kos) Cir Ls.) fa (skaa(k)aPe| (0) 


+De(I,I,)|N,(v)), (21) 
where | V,(v)) is the state vector of a physical nucleon 
with velocity v in the isotopic spin state p (p=1, 2). 
The C,°(/,J,) are the appropriate Clebsch-Gordan co- 
efficients for constructing a state of total isotopic 
angular momentum 7 and z-component J, from a 
nucleon in the isotopic spin state p and a meson in the 
state i (i=1, 2, 3). 

The superscript (1) in W“) (/,J,; ko,v) indicates it is 
a state of a physical nucleon with one additional meson. 
The scattering function x7°(k,ko) and the constant 
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D(I,J,) are determined by the variational method 


5(Y (7,1; ko,v) | H,—my—wo| ¥™ (1,1; ko,v)) 


=0, (22) 


where m is the rest mass of the physical nucleon and 
wo the energy of the additional meson. In the expression 
of H,, Eq. (8), we set the total momentum of the 


system to be 
P= myv+ ko. (23) 


Thus, the variational principle gives 


D°(1,I,)= -(¥,0) Cv’ (L,I) 


X fx" ika)ast (hare Ve(t)), (24) 


which is the same as the requirement that the scattering 
states be orthogonal to the ground states. The scatter- 
ing function x7°(k,ko) is given by 


vl (w—k-v)— (wo— ko: v) }xr” (k, ko) 


= f Kirk W yr (koe (25) 
where 


K,"(k,k’) =F, (k)F.(k’) [Ury(@—k- v-+’—k’- v) 
+Vry(wo— ko-v)+Wr]. 


The Uz, Vr, and W, are constants depend only on the 
structure of the physical nucleon at rest. They are 
most conveniently given in terms of the matrix ele- 
ments K, L, M, N, O which in turn are defined as 


follows: 
(Np | a;'a; | Ny) - Kb pp +iLeijn(n, | Tk | Np’), (26) 
(N, | a;tr;| Np) = Mb iSpy +iNess(n, | Tk | Np"), 


and 
(| a;! | Nr) =O(n,| 7| Np’), 


where |m,) is the bare-nucleon isotopic spinor and 
|M,) is the corresponding physical nucleon in the 
reduced space given by Eq. (17). The 4;;, ej, are the 
two usual symmetric isotopic tensors. The Uz, Vr, Wr 
can then be expressed for various =} and § states as 


Uy=4(—(K+L)+KM—(M+N)], 
Vi=K+L, 
W,\=KM-(M+N)n, 


(27) 


and 
Uy=4(—(K-—2L)+KM—(M—2N)], 


Vis=K—2L—30*, 
W,=KM"(M—2N)h, 
where J is defined in Eq. (18). 
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We notice from Eq. (25) that while the state vector 
WY (1,],; ko,v) obeys the ordinary orthonormal con- 
dition 
(YW (71,5 Ko,v) |W (I’,1,' ; ko’,2)) 

=677-51,12'5(Ko— ko’), (28) 


the x1°(k,ko) satisfies a complicated orthogonal relation 


J xr (he) er ba) ah 
=F (ky— kx’), (29) 
where the matrix Uy is 


(k| U;| k’)=8(k—k’)+V7F,(kK)F,(k’), (30) 


with V; given by Eq. (27). Although x7°(k,ko) can be 
solved readily from Eq. (25), for pure computational 
reasons it is much more convenient to transform 


xr°(k,ko) to x7°(k,ko) by 


xe1*(k,ks) = f (Uk| 0,4] ke (kg) a’ 


such that 


(31) 


fx) oa =o ky’). 


From Eq. (30), it can be verified directly that" 
(k| U7} k’)=8(k—k’) 
+[—1+(1+V7)-*]F.(k)F, (k’). 
In terms of the transformed x;°(k,ko) the matrix 
elements of $ can be naturally separated into two parts: 
one that is dependent on momentum, and the other 
part that is independent of momentum and can be 
performed in the reduced space alone. To show this, 


we define a state vector y™ (J,J,) for a physical nucleon 
together with a meson in the reduced space” 


ly (,1,))=(1+V1)4 
X(C(1,1,)ait|N,)+ DIT.) |p), (34) 


where C,*(J,J,) are the same Clebsch-Gordon coeffi- 
cients used in Eq. (21), and 


D°(I,/,) — (N, | Cy?’ (1,1 ,)ait | Np’). 


(33) 


(35) 


The |9,) and a,t are the physical nucleon state vector 
and the creation operator of a meson in the reduced 
space. It is important to notice that y®(/,J,) is inde- 
pendent of both kp and v. Furthermore, it satisfies the 
orthonormal relations 


Ww (1,1) |N,)=0 
and (36) 


ye (1,1) WO I" 02’) =brrd1e12'. 
The matrix elements for production of mesons can now 
be put into a product form. By using Eqs. (21), (31), 


'8 From the definition of V;, it follows that (1+V,) is always 
a real and positive quantity. 
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(33) and (34) we have 


(WO (LI; Ko,v) | 7:|N,(2) ; 


=Gy" (ko) (1,1,) | ri Np), (37) 


where 


G7’ (ko) = frre hove ceyare’ 


Equation (37) expresses the main advantage of intro- 
ducing x7°(k,ko) and y™ (/,J,). The first term, G’(ko), 
gives the momentum distribution of the emitted meson, 
whereas the second term, (W(J,J.)|7;|9l,), is a 
matrix element which can be calculated completely in 
the reduced space. The explicit functional form of 
G°(ko) is given in Appendix I. We remark here that if 
the scattering amplitude, given by x7"(k,ko), has a 
resonance-like behavior at a certain energy, then the 
effect of Gr’ (ko) is to have mesons emitted pre- 
dominantly at energies close to the resonant energy. 
On the other hand, if the scattering amplitude of 
xr°(k,ko) is quite small, then we have" 


x1" (k, ko) =6*(k— ko), 


which causes the mesons to be emitted with a mo- 
mentum distribution identical to F,(k). The matrix 
element for production then becomes 


(© (7,1, ko,v) | 7:| N,(2)) 
~F, (ko) (y™ (1,1) | T:|N,). (38) 


The above variational procedure can easily be gen- 
eralized to determine the state vectors involving a 
physical nucleon together with several additional 
mesons. To simplify our calculations, we shall include 
the effect of rescattering only for state vectors con- 
taining a physical nucleon with one meson. Thus, for 
calculations of matrix elements involving one nucleon 
and two additional mesons, it is only necessary to 
construct an orthonormal set of functions y® (/,/,) in 
the reduced space. 


lw (,1.))= LE? (I,1,)aita;*| Np) 
a Ww (L,I,) | Ei;° (1,1 2)a: ta;t| Np) |W (I,J2)) 
— (Nor | E,;°(1,1,)a;ta;*| Np) | Nor) ] 


X normalization constant, (39) 
where |y“(J,J,) and |9U,) are given by Eqs. (34) and 
and (17). The constants £;;°(/,J,) are again the appro- 
priate Clebsch-Gordan coefficients'® for constructing a 


4 We wish to point out that the condition for smal] scattering 
amplitude x/°(k,ko)=6°(k—ko), is not equivalent to x7°(k,ko) 
™6°(k—ko), since the former equation maintains the ortho- 
normal relations of the state vectors ¥“)(/,J,; k,v), Eq. (28), 
while the latter one is not compatible with Eq. (28) except in the 
weak coupling limit. 

16 The coefficients E;;°(7,J.) and E;:°(7,7,) are equal. Actually 
there exists another way, antisymmetric in the meson indices 7 
and j to form a total isotopic spin /, 7, from one nucleon and two 
mesons. However, in the approximation where we neglect the 
rescattering of mesons in a two-meson state, these two mesons 
must be emitted with the same momentum distribution F,(k). 
Consequently, only the state symmetric with respect to 7 and j 
can contribute in the production process. 
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state of total isotopic angular momentum / and its 
z-component J, from a nucleon in the isotopic spin 
state p and two mesons in the states i and j, respectively. 
These state vectors satisfy the following orthonormal 
relations: 


67761212’, 


Ww? (1,1) |W? I'L) = 
Ww (112) |v (’,1))=0, 


W® (1,1,)| Mp) =0. 


The superscript (1) or (2) refers to states involving 
one or two additional mesons. Similar to Eq. (38), we 
have for the matrix elements 


(W® (7,7, ; ki, ke,v) | 7:|N,(v)) 
=F, (Is) Fo (Ko) Y® (I,)|7{%,), (41) 


where V®) (J,J,; k:,k2,v) denotes the state vector repre- 
senting a physical nucleon with velocity » together with 
two mesons of momentum kj, ke in a total isotopic 
spin state J and J,. The effects due to rescattering of 
mesons are, of course, neglected in Eq. (41). 

The following simple identities concerning the matrix 
elements (Wy) (J,J,)|7;|M,) (w=1,2) in the reduced 
space are very useful in our later calculations. We list 
them as 


W ($8) | r4| P)= — v3 (9,4) | 73] P), 
Ww (§,—4) |r| O) = (9,3) | 73] ©), 
W™ (3,—4) |r| ©) = W™ (3,3) | 73] ©), 

W (§,8) | 74] 0) = —av3y (9,3) | ral ®), 


(40) 


and 
(|r| P)=(P|r3| P), 


where we represent 


|W omi= |), |Mpue)= | 9) 
and 


7T4=4(rytbi72). 
VI. MATRIX ELEMENTS AND CROSS SECTIONS 


For purposes of illustration we first consider the 
collision of two protons, in the center-of-mass system, 
with the emission of a single + meson of momentum k. 
This reaction can be written as 


P+P— P+N+7*(k). (1) 


If +v and —» are the initial velocities of the two nu- 
cleons, then there are two different final states for this 
reaction, corresponding to whether the proton or 
neutron moves forward after the collision. In our 
approximation, these two final states do not interfere 
since the two nucleons have quite different momenta in 
the initial state, and for these two states to interfere 
would require an exchange of momentum equal to the 
difference of their initial momenta. As we assume that 
(Av/v)<1, we imply that such a large momentum 
exchange is unlikely. 
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Each of these two final states can be reached in 
several ways, depending on which nucleon emits the 
meson. The square of the matrix element, My, for 
reaction (I) can then be expressed as 


| M;|?= | (P-+x+(k), V|8| P,P) 
+(P, N+x+(k)|8|P, P)|2+|(N+2+(k), P|S| P,P) 
(43) 


+(N, P+x*(k) )|$|P, P)|*, 


where the state vectors always have the order of the 
nucleons arranged such that the one to the left is moving 
forward, while the one to the right is moving backwards 
in the center-of-mass system. Thus, for example, 
(P+n+(k), V|8|P,P) represents the matrix element 
for a final state of a proton that moves forward and emits 
a positive meson with momentum k while the neutron 
moves in the backward direction without emitting any 
meson. Similarly, the term (P, N++(k)|8|P, P) 
represents a final state with a neutron that moves 
backward and emits a meson, while the proton moves 
forward without any emission. From Eq. (19), these 
matrix elements can be written as 


(P-+m+(k), N|8| P,P) 
= 2S(P+7*(k) 
(P, N+2+(k)|8|P, P) 
=S$(P|r3|P)..(N+a*(k) 
(N+2+(k), P|$| P,P) 
= S(N+2+(k) 
(N, P-+x+(k)|$|P, P) 
=25(N | r_| P).(P+2+(k) | 74] P)_.. 


| r+] P)40(N | r-| P)-», 


|73|P)-», (44) 


|r3| P)40(P| 73] P)—v, 


In Eqs. (44), we find it more instructive to represent the 
state vectors as 


|P)» | N pm1(?)) ’ 
|N)o= |W pmo (v)), 
| P+a*(k)),= |W ($3; 


(45) 
k,v)), 


and 


| N-+-m+(k)),= (4)!|¥™ (3,3; k,0)) 


+()!|¥ 4.45 ks). 
The subscript +» in ( ),, means that the matrix ele- 
ments must be evaluated for states containing a nu- 
cleon of that velocity. 

It is convenient to express the momentum depend- 
ence of these matrix elements explicitly. With the use 
of Eq. (37), Eq. (42) and Eq. (43), the matrix element 
for reaction (I) can be written as 


| Mr|?= | S(®| 73] ®)|*{Y™ (3,3) | ra] P) 
X [—v3G;" (k) + (4)4G;-* (kK) J 
+ (3) (3,3) | 73] OG (k)}? 
+ identical terms but with the superscripts 
+v replaced by ¥2. 


(46) 
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Fic. 1. Feynman diagrams for reaction P+P — P+N+2*. 


The expression for the differential cross section de; 
for reaction (I) is given by 


doy = (2r)-*v, | My; | 26° (pit pot+k) 
X5(w,+ este E)& pid’ pod*k, 


where »v, is the relative velocity of the two initial 
protons; pi, po and «, €2 are the final momenta and 
energies of the two nucleons; £ is the total energy of 
the system. In evaluating the phase space integral, we 
make the following approximation suggested by Fermi.” 
We assume that the meson momentum k is much smaller 
than p; or pe since the nucleons, being heavier, tend to 
have large momenta favored by the phase-space 
integral. We therefore neglect the meson momentum 
in the delta function for momentum conservation. 
Thus, we can integrate de; with respect to the nucleon 
momenta p; and p, and the resulting differential cross 
section in terms of the meson momentum k can be 
written as 


do; = (r)-*@0,7+( fan) | M,|? 


X[(E-—«)*—4m? }'(E—w |Pk. (47) 
The term /dQp, which is the integral extended over 
the direction of final nucleon momentum, is merely a 
multiplicative factor, and thus will not influence the 
relative cross sections for various production processes. 

Some insight as to the meaning of these matrix ele- 
ments, Eq. (43), may be obtained by a comparison 
with the usual Feynman diagrams. We shall discuss 
this relationship for small values of the coupling con- 
stants. In the weak-coupling limit, the state vectors 
| N-+2+(k)), and | P+2+(k)),, introduced in Eq. (45), 
become 


|N+2+(k)), — ax+|N),—(Plaxt|N),| P), 
and 
| P+2+(k)), > ax*| P),, 
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where ax'=—(a;'(k)+ive'(k)]/v2_ represents the 
creation operator for a positive meson of momentum k. 
A direct substitution of these terms into Eqs. (44) yields 


(P+n+(k), N|8|P,P) > 


2S(P | ars | P),(N | tT. Pw (48) 


and 
(P, N+2+(k)|8| P,P) 
S(P|73|P)40(N |axrs| P). 
—S(P|13|P)4o(P|13|P)(N|ax|P)». (49) 


By using the weak-coupling-limit expression for | P),, 
and | NV), one can easily identify the term in Eq. (48) 
with the Feynman diagram (a) in Fig. 1 and the two 
terms in Eq. (49) with the Feynman diagrams (b) and 
(c), respectively. Similarly, by exchanging +v with 
¥v, contributions due to (NV, P+2+(k)|8|P, P) and 
(N+2+(k), P|S| P,P) can be identified with diagrams 
(d), (e) and (f) in Fig. 1. 

The expressions of matrix elements and cross sections 
for other production processes may be written in a 
similar way. In the following, we shall list these ex- 
pressions for all single and double meson production 
processes for proton-proton collision. They are, besides 
reaction (I), 


P+P— P+P+7(k), 

P+P— P+N-+2*(ki)+7°(k), 
P+P— P+P+2°(ki)+7°(k.), 
P+P— P+ P+2*(ki)+27 (ke), 


(II) 
(IIT) 
(IV) 

(V) 
and 

P+P— N+N+2* (ki) +2 (ky). (VI) 


The corresponding matrix elements for these re- 
actions may be written, respectively, as 


| Mi |?= | (P+2°(k), P|8|P,P) 
+(P, P+°(k)|8|P, P)|?, 


| Murr |?= | (P+-2+(ki), N+-2°(k2)|8|P, P) 
+(P+2(ke), N+a+(k;)|8|P, P) 
+(P+2+(k:)+72°(k2), N|S8| P,P) 
+(P, N+2*(k1)+2°(k2) | $|P, P)|? 
+identical terms, but with the order of 
P and N interchanged in the final states; (51) 


| Mry|*=}|(P+7°(ki), P+72°(ke) ||P, P) 
+(P+2°(ke), P+-°(k)|8|P, P) 
+Vv2(P+7(ki)+2(k2), P|8| P,P) 
+v2(P, P+-2°(ki)+-2°(ke)|8|P, P)|?; 


| My|?=|(P+2+(ki), P+2-(ke)|8|P, P) 
+(P+m- (kz), P+a*(k)|8|P, P) 
+(P+2+(ki)+2-(k), P|$| P,P) 
+(P, P+x+(k:)+2-(ke)|8|P, P)|?; 


(50) 


(52) 


(53) 
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and 


| Mvr|?=3| (N-+a* (ki), N-+2* (ke) ||P, P) 
+(N+2+(ke), N+2+(ki)|8|P, P) 
+v2(N-+2+(ki)+2+ (k:), N| $| P,P) 
+v2(N, N+a+(ki)-+2+(ke)|8|P, P)|2, (54) 


where the meaning of these matrix elements is similar 
to that of the matrix elements given in Eq. (43). The 
factors 4 and V2 in Eq. (52) and Eq. (54) are due to 
our convention of letting both k; and kz vary through 
the entire k-domain independently, even though they 
may represent momenta of two identical particles. Thus, 
the normalizations of the states | N+a+(ki)+7*(ke)) 
and | P+-7°(k:)+7°(ke)) are given as 


f (N-t-at(Key) tart (Its) | V+ (by!) ++ (ke’)) 


X@kid*k.=1, 
and 


J (P-+-°(Kk:)-+m (ks) | P+-n°(Ky’) +(e’) 
X dk id*ko=1, 


with k;, ke each varying through the entire k-space. 
The explicit k-dependence of these matrix elements 
can be obtained by using Eqs. (19), (37), and (41). 
They are all tabulated in Appendix II. The cross sec- 
tions for these reactions can be obtained in a similar 
way as for the reaction (I). After integration over the 
nucleon momenta, the expression of do for reaction (II) 
is identical with Eq. (47) except for the replacement of 
the subscript I by II. The corresponding expression for 
any two-meson emission process [reactions (III) 
(VI) ] is given by 


do= (r)-*(80)-*( fan ) | M |*[(E—wi—we)?— 4m? }} 


XL E—wi—we |\Phid ho. (55) 
The variables k,; and ke, again, vary over the entire 
k-space independently, even in cases where they 
represent two identical particles. 


VII. NUMERICAL RESULTS AND CONCLUSIONS 


In order to see the variation of these matrix elements 
and cross sections with the coupling constant g, it is 
necessary to perform a numerical calculation by first 
solving for the state of a physical nucleon |%,) in the 
reduced space. One can then use this state function to 
calculate the various matrix elements in the reduced 
space together with the momentum distribution func- 
tions G;"(k), G;"(k), and F,(k). As the purpose of the 
present calculations on the symmetrical scalar case is 
merely to illustrate our method, instead of doing la- 
borious but exact numerical calculations, we shall give 
here a simple analytic approximate form of |9,) which, 
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however, does give rigorous solutions at both strong 
and weak limits. 
According to Eq. (17), |9t,) is determined by 


Ho| Np) = (E+mo)|N,), 


with E=m—mp. From consideration of invariance, the 
state vector |9t,) must be of the form 


ce) 
Mp)= Lo Com(aitait)"+Comyr(a;ta;t)"7;a;t]|n,), (56) 


m=) 


where |,) is the state vector for a bare nucleon in the 
isotopic spin state p. The constants Com and Com41 obey 
the following difference equations: 

(2mQ— E)Comt+-GC om—1+G (2M+3)Com41=0, 
[ (2m+ 1)Q- E\ "Smet i+GC ‘om +G (2m+ 2 )\Com-2 ~_ 0, 
where G and 2 have been introduced in Eq. (16). 


These equations have simple solutions for very small 
and very large values of G. For G1, we obtain 


Co=1, Ci=—-G/Q, and E=—3G, 


(57) 


(58) 
and for G >1 we have 


C.=[(-G/Q}"/n! with E=-GQ. (59) 


For intermediate values of G, Eq. (57) can be solved 
numerically. However, in order to gain some insight, 
we shall use a variational procedure and choose as 
trial function 


C,=x"?/n! (n=0,1,---, ©), (60) 


which agrees with the forms of the rigorous solutions 
at strong and weak coupling limits. The parameter x 
is determined in a variational way. By substituting (60) 
into (56) and using the definition of E, we have for the 
expression of £ in terms of x, 


E=Q{ (x?+6x+3) coshx+ (2°-+54+6) sinha—3 
+2(G/2)x)[ (x+3) coshx+(x+2) sinhx]} 
X{ (1+) coshx+ (2+) sinhx}—. 


Upon minimizing E with respect to x, we have 


(a?-+- 2x—3) cosh?x— (32°+8x+4) sinh?x 
— (2%°+-6x+8) coshx sinha+ (G/Q)a~! 
X [(342+8x—3) cosha— (Sa +12x%+4) sinh?x 


— (2°+42+8) sinhx coshx|=0, (62) 


from which x can be readily obtained as a function of 
G and Q. This relation is tabulated in Table I. 

To obtain the explicit numerical values for the various 
matrix elements, we choose for the source function (for 
v=0) 

uo(k) = 1 for w <6.21y 
and (63) 


u(k)=0 for w>6.21p. 


The upper cutoff in momentum is the same as the one 
used in the symmetrical pseudoscalar case’ in order to 





E. M. HENLEY 


AND T. D. LEE 


TaBLE I. Various matrix elements in the reduced space.* 








G/Q g2/4x (P| rs| ) 


(4,4) | ra] P) 


(4,4) | 73] P) (4,4) | 73] P) W2(4,4) | 73] P) 





2.06x 1 

0.045 0.925 
0.126 0.826 
0.301 0.615 
0.811 0.515 
2.139 0.332 
3.137 0.255 
3.699 0.225 
4.136 0.215 
8.397 0.259 
2.06x 4 


—xi 
—0.148 
—0.247 
— 0.382 
— 0.627 
—1.019 
— 1,234 
— 1.340 
—1.417 
—2.019 
oa) —x} 


2(2x/3)) 
0.214 
0.304 
0.367 
0.402 
0.395 
0.379 
0.371 
0.368 
0.405 
v2/3 


—2(10«2/3)+ —4(2x2/3)4 
— 0,067 —0.061 
—0.145 —0,141 
—0.244 —0.240 
—0.341 —0.351 
—0.351 —0.391 
—0.317 —0.331 
—0.242 —0.218 
—0.203 — 0.136 
—0.134 +0.015 
—Vv2/(3x) 


4(x/3)4 
0.301 
0.426 
0.453 
0.475 
0.311 
0.166 
0.072 
0.018 

—0.029 

—1/(3x!) 








* Other matrix elements may be obtained by using the following identities: 
(W989 | A (r1 bre) | P) = —(V3/2)qH(4,4) | 73 P), 
WO(9, —4) 4 (71 ire) | P) = 4 (4,4) | 231 P), 
W2(4,—4) | A (r1 72) | P) = (4,4) | 131 P), 
W2)(8,9) | Ar +ire) | P) = —(V3/2)W (4,4) | ra] P) 


(OL | 4 (71 — rz) | P) = (P| 72] P). 


fit the experimental scattering data of mw mesons. 
Furthermore, as a matter of expediency, we shall 
neglect the term \ in Eq. (18) for F,(k). The function 
F,(k), then, becomes 


F,(k) « m(k)/Loty(w—k- v) ], 


with the proportionality constant so chosen as to make 
F,(k) still normalized according to Eq. (14). By using 
(63) and (64) and the definition of G and Q, we find 


g°/4m= (2.06) (G/Q)?. (65) 


The detailed values of various matrix elements for 
various values of x, hence also of g*/4z, are listed in 
Table I. From Table I, we see that the relative magni- 
tudes of these matrix elements differ violently for large 
values of coupling constant as compared to their values 
from the weak-coupling formulas. In particular, we 
notice that for very large values of coupling constants, 
only matrix elements of the type (2,|7;|9,-) and 
(vy ($,1,)|7«|9U,) approach finite constants, while the 
rest all become extremely small and approach zero in 
the limit. This means, physically, that for large values 
of the coupling constant the influence of these matrix 
elements is to have each nucleon prefer the emission 
of zero or one meson, with the meson emitted in the 
I= $ states.'* Another interesting feature is that for 
weak coupling the probability amplitude for two- 
meson production is proportional to g* while the proba- 
bility amplitude for one-meson production is propor- 
portional to g. However, for large coupling constant 
both these probabilities approach constant values as 
limits. 

Next, we consider the effects due to the momentum 
distribution functions of the emitted mesons. Using the 
explicit expression of x;*(k,k’), derived in Appendix I, 
we notice that at 


(64) 


g°/4r=4.7, (66) 


16 We limit ourselves in the present discussion only to single 
and double meson production processes. 


the scattering state of r mesons for J=$ has a 90° phase 
shift at zero incident kinetic energy, w=y. This means 
the nucleon-meson system has a bound isobaric state 
of J=$ for g°/4r>4.7."" We calculate the functional 
form G;°(k) and G,°(k) in a system where v=0. These 
functions for g?/4r=4.1 are plotted in Fig. 2 together 
with Fo(k). The corresponding functions for »#0 can 
be obtained through a Lorentz transformation by 


Gi°(k’) (w’)'=G)(k)ot ~(=§,9), 


F,(k’) (w’)*= Fo(k) (@)*. 


In the weak-coupling limit, both G,°(k) and G,°(k) 
become identical with F,(k). However for large coupling 
constants as shown by Fig. (2), G;"(k) tends to make the 
energy of the mesons emitted in the J= state lie close 
to the low resonance energy, while no such effect is 
shown by G,°(k) for the J=} state. Furthermore, for 
w<4, G,°(k) is always smaller than G;°(k). Because of 
the over-all energy conservation, mesons with very 


(67) 
and 
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Fic. 2. The functions 4rkw|Gj°(w)|*, 4rkw|Gy°(w) |? and 
4irkw|Fo(w)|? vs w for g?/4r=4.1. 


17 For g?/4r >4.7, the state functions discussed in Sec. V have 
to be generalized to contain the isobar state. 





MODEL 


high values of kinetic energy are not allowed. Conse- 
quently, for large values of the coupling constant this 
effect of G;"(k), together with the phase space integral 
is to enhance even more the probability for emitting 
mesons into a state with /= $ as compared to J=}. 

In conclusion, we remark that although a test of the 
validity of our model can only be given by applying it 
to the symmetrical pseudoscalar theory, the results 
found above for a symmetrical ‘scalar case seem to 
indicate that for large values of coupling constant the 
behavior of this model for multiple meson production 
does resemble, in a general way, those observed 
experimentally.? 
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APPENDIX I 


We discuss in this appendix the detailed solution of 
the scattering integral equation. It is most convenient 
to discuss these functions in the system where »=0; 
then the corresponding functions for v0 are given by 


21° (ky Ko”) (wr'wo")! = x7" (Ki, Ke) (wwe), 
F,(k’) (@’)!= Fo(k)o, 

x1" (Ky’, Ka’) (w1'w2’)* = x7" (kik) rw2)}, 

where k,w are related to k’,w’ by a Lorentz trans- 

formation. All functions with superscript or subscript 0 


are referred to the system with v=0. 
The integral equation for x7°(k,ko) may be written as 


(A.1) 


(w, 2) (kk) = f Ki (K, WW ho) PH, (A.2) 
where 
K }°(k,k’) = 34 1Fo(k)Fo(k’) (o+w’)+ BypFo(k)Fo(k’). 


The constants A;, B;, are related to U;, Vz, Wr given 
in Eq. (27), by 
A;=2U,, 


, ; (A.3) 
B= ) wo+W I. 


Upon using Eqs. (25), (31) 
integral equation for x7°(k,ko) 


, and (33) we have the 


—wo)x7° (kK, ko) = fk’) hone (A.4) 


with 
Ki (k,k’) = 3 @:Fo(k)Fo(k’) (wt+-’) + @,F o(k)Fo(k’). 
The constants @; and @, are given as 
@r=2(1— (1—U7) (1+ V1)-4], 
@r= —Q+20(1—U7)(1+V7)- (A. 
+(2U,2-28+W7)(1+V))7. 
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The integral equation (A.4) can now be solved 
directly. Its solution is 


x1°(k,ko) = 8 (k— ko)+ (w—wotie) 


Xx Lé, (ko) Fo(k)wo+n1 (Ko) Fo(k) J, (A.6) 


with 


(ko) = 
ni( (ko) = 


$[D1°(ko) J" @rF (ko) (1—4 @7) 
[D7°(ko) }°L4 @1wo+ B+ ($.@1)?Q |Fo(Ko). 
The function D;°(ko) is 
D7°(ko) = 1— @1— (@;w0+ 8) (Fe?) 
+ ($@7)?L1+ (wo—2) (Fo?) +742? kowol 0? (Ko) 
XC @ra0+ @r+ (3 @71)?(Q—wo) ], 


‘(hy 
ram (ean 
W— Wo 


We choose x7°(k,ko) to be the solution with an incoming 
wave, as it will be used in final state wave functions. 


Let G,(k) be defined as 


where 


(A.7) 


G.(k) = fo (WKF (Wee. = (AB) 
According to Eq. (37), G,(k) represents the orbital 
momentum distribution of the emitted meson. From Eq. 
(A.6), we have for v=0, 


Go(k) = Fo(k)[1—3.@r][D/°(k) 
The corresponding expression for »~0 is 
G,(k’)=F,(k)[1—4@7,][Dr(k’)}', (A.10) 
where D;*(k’)=D,°(k), with k’ related to k by a 
Lorentz transformation. 
We remark that D;°(k) is actually the denominator 
for the scattering amplitude. Thus, if the solution has 


a resonance behavior at a certain meson energy ky then 
for k near ko 


(A.9) 


| Dr°(k) | xrnK1. 
Consequently, the effect of Go(k) is to have the meson 
emitted with energy near the resonance energy. D;°(k) 
may be expressed in terms of the A; and B; used in 
the original integral equation (A.2), for x7°(k,ko). Sub- 
stitution of (A.3) and (A.5) into (A.6) gives 
D/(ko) = (1+V 1)" [1— A1r— (A 1w0t+ Br) (F e*) 
+(3A;)*(1 +w—Q) (Fo) |+149* kowol 0? (Ko) 
X [A 1wo+ B+ ($47)?(Q—w) J. 
By using the solution of 
VII, we find that if 


(A.11) 


|Q,) as discussed in Sec. 


g?/4r = 4.7, 


then the real part of D;°(k)=0 for k=0. 

This implies that for g*/4r>4.7 the system has a 
stable isobar state for J= 

The functions G;°(k) for g’/4r=4.1 are plotted in 
Fig. 2. We remark that for g*/4r<4.7 there is no bound 


(A.12) 
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state for J=%. Thus the scattering function xj°(k,ko) 
forms a complete set and we have 


f |Gy?(k) |*d4= 1. 


On the other hand for J=4, because of the existence of 
the ground state of the nucleon, the scattering function 
x3°(k,ko) does not form a complete set. Consequently, 


iced) reer, 
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We list in this section the explicit k-dependence of 
various matrix elements used in Eqs. (46), (50)-(54). 
Those not listed can be obtained by interchanging +» 
and —» or (and) by interchanging &, and ky. 
(P-+x*(k), N|8| P,P) 

= 2S(K| r_| Pw (9,3) | 7+ | P)Gy"(k), 
(P, N+x*(k)|8|P, P)=S(P|73| ®) 
XL(G)W™ (G4) | 73] ©)Gy-°(k) 
+ (iy (3,3)| T3| P)Gy*(k) ], 
(P+2°(k), P| S| ee vs ®) 
XL )| r3| ®)Gy"(k) 
(3)* ye 3,2)| 73] ©)G,"(k)], 
(P+2+ (ki), N+2°(ke)|8|P, P) 

= 2S (3,3)| r+! P)Gy" (ki) 

XL)w™ §,-3 iy ov *(ks) 

+ (3) (G,—4)| r-| PGi" (ke) J, 
(P+72°(k:), N+a+(ki)|8|P, P) 

= SL(S)HY™ (8,3) | 73] P)Gy" (ke) 

— (4 (3,5) | 73] O)Gy" (Kee) ] 

x(a) 3) oda “) 

+(¥)*™ (3,3) | rs| ®)G;-*(ki) J, 
(P+2*(ki)+72°(k.), V|8| P,P) 
=2S5(N| r_| ®)F,(ki)F, (ke) 
xX (g) MY (3,3) | 74| ), 
(P, N+-2*(ki)+2°(ke)|8|P, P) 
Seago os k,)F_, (ks) 
WOEs )| 73| ®), 
(P+7°(k,), eciiasia P, P) 

= SL (%)ty™ (3,3) | T3| Gy" (ki) — 

— (§)8Y™ (3,5) | 75] ©)Gy" (ka) J 

XLS) (3,4) | rs! ®)G;-* (ke) 

— (§)'Y™ (3,3) | 73] O)Gy-*(ke) J, 
(P+7°(k,)+7°(ke), P|8| P,P) 
=S(P|13| O)F(ki)F. (ke) — (4) XW (3,4) | 73] ©) 
+2(1/15)*y ($,3)|73|@)], (A.21) 


(A.13) 


(A.14) 


(A.15) 


(A.20) 


M. HENLEY AND T.'D. 
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(N+a+(ki), V-+a+(ke)|$|.P, P) 
= SL (a) (§,3) | 73] Gy" (kx) 
— (G4 (3,3) | 73] PYG," (ka) J 
XL(4) WY (5,3 | 73] P)Gy- *(Ks) 
— (@)W™ (3,5) | 73] )Gy-* (ee) J, 
(N-+a+(k:)+2+(ke), N|8| P,P) 
= —2S(K| r-| P)Fo (ki) Fy (ke) 
x (§) Wy G,8)| 74| ®). 
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(A.22) 


(A.23) 


We discuss in this appendix the complete solution of 
multiple meson production for the case of neutral 
scalar theory. The Hamiltonian Ho for a nucleon at 
rest is 


Hoy=mot+ foot ha 


+ f (16n4)-"La(k)-+at(k) Juo(k)d*e.  (A.24) 


k)d*k 


It is well known that this Hamiltonian can be trans- 
formed into a diagonal form by a unitary matrix U» 
given by 


Ue=exp|g f (ors) *Ca(k)—a'(k)Jua( kya . (A.25) 


The state for a physical nucleon at rest then becomes 
|N(v=0))=Us|n), (A.26) 


where |#) is the state for a bare nucleon. By using the 
Lorentz transformation £, given by Eq. (4), we find 
that the state vector for a physical nucleon in motion 
with velocity v is 

[V(v))=U,7|n), (A.27) 
where 


U.=exp|s f (169s) “by (w—k- vy)“ 


x [a(k)—at(k)]d*k }. 


Similarly, the state for a physical nucleon moving with 
velocity v together with m mesons of momentum 
k,---k, is given by'® 


|W (Ki: +> Kn; v)) 
= U,~'(m!)~4a' (kat (Ke) - - at (Km) |). 


In a neutral scalar case, the physical nucleon is 
characterized by its velocity alone. Thus, during the 


(A.28) 


‘8 The normalization of the state vector |W) (k,- - 
fer a km’; v))d*hy- 
with k- . 


*Kn; ¥)) is 
km; v)| Wo (ki: ++ *Bkm= 1 


-k», each independently varying over the entire k-space. 
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collision, only the velocity of the nucleon can change 
from v to v’. The corresponding probability for emitting 
m mesons with momenta ki, ---k,, due to this velocity 
change is 


Pm (K+ + + Kin) = | (YO (Rr- + Rms v!)|N(v))|?, 


while the probability @o for no-meson emission is given 
by 


(A.29) 


Po= | (N (v’) N(v))|?. (A.30) 


Upon using (A.27) and (A.28) we find 


v= exp] — f pine] 


(A.31) 


PHYSICAL REVIEW VOLUME 


101, 


MESON PRODUCTION 


and 


Pm (Ki + « - Kim) = g?"Po(m!)— Il f*(ki), 


i=l 


with 


f(k) = (167°w)-4L (w— k- v)(1—v*)! 


~(o—k-w)1(1 92). 


It is easy to verify that the total probability is 


> f. € -f aC: . Kn) dh - . ‘PRm =1. 
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Branching Ratio for Alternative Modes of Decay of Hyperons and 6° Mesons 


Gyo TAKEDA 
Brookhaven National Laboratory, Upton, New York 
(Received November 23, 1955) 


We study those restrictions upon the branching ratios of different decay modes of 2*, A°, and imposed 
by the invariant property of a system composed of nucleons, pions, hyperons, and heavy mesons under 
the Wigner time reversal. These restrictions give, in fact, upper and lower limits on the various branching 
ratios. Later, we use a more or less specific model of hyperons and @ mesons in order to get other possible 
restrictions on the branching ratios. These results are model-dependent, and subsequently provide a possible 


test of the model we have chosen. 


I. INTRODUCTION 


T is known experimentally that the 2+ decays 
according to two different modes: 


~ p+r 
at (Q~116 Mev). 


— n+art 


It is likewise supposed that A° and @ have an alternative 
decay mode besides the ordinary one, although so far 
there is no conclusive experimental evidence for the 
alternate modes: 


oer pew: 


A (Q~37 Mev), 


—n+r 


— atta 
(Q~220 Mev). 
— +7 


First we shall study those restrictions! upon the 
branching ratios of different decay modes of =*, A°, and 
6° imposed by the invariant property of a system com- 
posed of nucleons, pions, hyperons, and heavy mesons 
under the Wigner time reversal. These restrictions give, 
in fact, upper and lower limits on the various branching 


1 This possibility was first suggested to the author by K. M. 
Watson. Also see K. M. Watson, Phys. Rev. 95, 228 (1954). 


ratios. Since the limitations upon the branching ratios 
thus obtained prove so weak (see Tables I and II), we 
later adopt a more or less specific model of hyperons and 
# mesons. This will give us other possible restrictions on 
the branching ratios of various decays. These results 
are model-dependent, and subsequently provide a 
possible test of the model we choose. 


II. RESTRICTIONS ON BRANCHING RATIOS OF 
DECAYS IMPOSED BY THE INVARIANT 
PROPERTY UNDER THE WIGNER 
TIME REVERSAL 

Let us take, forJexample, the decay of a A° into a 
proton and a 7, or a neutron and a 7°. For a given 
value of the spin and parity? of the A°, the relative 
angular momentum / between a pion and a nucleon after 
the decay is fixed. We have, then, only two different 
final states, namely, a (p,7~) and an (m,r°) state with 
the specified j and /. Or we can use two states with 
definite isotopic spin values 7=$ and T=} instead of 
(p,r~) and (n,r°). 

The reaction matrix K and the scattering (or decay) 
matrix T are given by 

oe 
K=v+4| -|K, (1) 
E-Ho 

* This is the intrinsic parity of a A° relative to the intrinsic parity 

of a nucleon. 
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and 


T=K+iKk-T, (2) 


where Hy is the free Hamiltonian, V is the interaction 
Hamiltonian for the elementary particles, and K is K 
on the energy shell. 

The matrix K can be written as? 


K=%,. e(r' |R\ ror, i” *br, 5™, (3) 


where r and r’ (r,r’=1, 2, ---) correspond in turn to the 
various channels of Ho. Here ¢,, ;" denotes an eigen- 
function of Ho with r, 7, and m. 

If we use the most common representation of ¢,. ;”, 
we have 


Wo,, *=2"4,, ;*, (4) 


where W is the Wigner time-reversal operator.‘ 
The invariance of K under W, 


WRKWt=K, (5) 


which follows from the invariance of Hy and V under W, 
assures that the K matrix is real: 


(r’|K\r)*=(r'|K |r). (6) 


The invariance of K under W, together with the 
Hermitian property of AK, imply further that A is 


symmetric: 
(r' |K\r)=(r|R\r’). (7) 


For the decay of a A® we have only three channels. 
We shall denote a A® state $(A°) before its decay, a 
nucleon-pion state $;'(T = $) with (j, 1, T=3), and a 
nucleon-pion state ¢;'(T=}) with (j, 1, T=4), by 
r=1, 2, and 3, respectively. Then the K matrix 
becomes 


10 73 7y1 
K= 3 tanns a . (8) 
71 a tan 


Here 3 and m; are pion-nucleon scattering phase 
shifts in the (j, 7, T=) and (j, 1, T=}) states, respec- 
tively ; a is a matrix element of K for pion-nucleon scat- 
tering which changes the magnitude of the isotopic spin; 
v3 and 7; are matrix elements of K responsible for the 
A° decay into T= and T=} state, respectively. From 
Eq. (6), all these quantities are real. 

The T matrix is obtained from Eq. (2) and Eq. (8): 


0 3 COSn3e'” 71 cosn,e'™ 
Y3 COSn3e'" tanns @ COS); COS: 
T= XKeilmtns) | (9) 
1 COSn;e'™ a@cCOSn, COSn, tann) 
U] U] ” U] 
Ket(utas) 


where terms of higher order in a, y3, and y, have been 
neglected. 
3 See, e.g., M. Gell-Mann and K. M. Watson, Ann. Rev. Nuc. 


Sci. 4, 267 (1955). 
4E. P. Wigner, Gott. Nachr. (1927) 
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So,the wave function w after the decay of A° is 
¥~7s cosnse'™h "(T= $)+71 cosme™g "(T=3$), 
where 


5"(T=§) = (§)'bj"(n,°) + ($)'b5"(p,2-), 


(10) 


(11) 
and 
5"(T= 3) = — (3) 'bi"(n,9°) + (§) 4s" (p,2-). 
The branching ratio R(A°) of alternative decays of 
A° is obtained from Eqs. (10) and (11): 


P(A°—>n+7°) 
R(\°) =—_—---—— 
P(\°—>p+r-) 


(12) 
22+ 1 — 2v2z cos(m— 73) 


7 2?+2+-2v2z cos(m1—75) 


with 
(13) 


The mesonic phase shifts, n3 and m1, can be obtained 
from the experimental data for pion-nucleon scattering 
with pion energy corresponding to the Q-value of the 
A® decay. ys and 7; are unknown but real. The quantity 
z can take, then, any real value from —x to +. 

From Eq. (12), we find the maximum and minimum 
allowed values of R(A°) for given 3 and m. When 
|ns—m|<1, which is the case for the A° decay, these 
bounds are 


2=Y3 COS3/71 COSM. 


Rises me (9/ 2)(1/sin®(m—ns) J, 
and (14) 


Ruin ~ (2/ 9) sin?(n1—73). 


We list Rinax and Rmin in Table I for various possible 
values of spin and parity of A°. Notice that for m=, 
there is no limitation on R(A°). 

A quite similar argument can be applied to the decay 
of a =* or a @ particle. The branching ratio R(2*), 


R(2+) =P(2+p+")/P(Z*n+x*), (15) 


is given by the same expression as Eq. (12), except the 
mesonic phase shifts, 7; and m1, must be evaluated at 
the pion energy corresponding to the Q-value of the =+ 
decay. The result is given in Table IT. 

Similarly, the branching ratio R(@°) of 6° decay can 
be given as follows: 


TaBLeE I. Maximum and minimum allowed values of the 
branching ratio R for A° decay obtained from the invariant prop- 
erty under the Wigner time reversal. We have used the experi- 
mental value of the phase difference |m1—73| for given total and 
orbital angular momenta, j and /, of the pion-nucleon system after 
the A° decay. / is uniquely determined by the spin j and parity 








Ae 
Parity 
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(a) If the spin of the @ is even, 
P(@—2r°) 
~ PO atte) 
2a?-+-1+2v2x cos (59—52) 
‘ x?-+-2—2v2x cos(5o—52) 


R(@ 





(16) 


with 

x= Be c0S52/Bo COS5p. (1 7) 
Here 82 and 8» are matrix elements of K corresponding 
to 6) decay into two pion states with isotopic spin 7=2 
and 7=0, respectively. 6, and 69 are, respectively, the 
phase shifts of pion-pion scattering in T=2 and T=0 
states, evaluated at a pion energy corresponding to the 
Q-value of & decay. 

(b) If the spin of @ is odd, 


R(®)=0. (18) 


There has been some question as to whether the @ 
meson and the r meson merely denote different decay 
modes of the same particle. If this is true, the @ and 7 
must be a vector mesons (1,—) or have spin higher 
than one. Dalitz’s analysis’ of the energy distribution 
of w~ in 7* decay renders it highly improbable that 
the spin and parity of the r meson be (1,—). 

The experimental determination of R(6°) gives us 
another way to answer this question. If we find even a 
single case of 6° decay into two w°, the possibility of the 
6 meson being (1,—) can be ruled out.*® On the other 
hand, if R(@°) is shown to be smaller than Rin obtained 
from Eq. (16) for 59 and 42 of the S-wave pion-pion scat- 
tering, the 6 could not be a scalar meson (0,+-), and 
so is probably (1,—). 

Although there are no direct experimental data 
available for 59 and 42, there are indications’ of a strong 
pion-pion scattering at pion energy ~110 Mev. (In the 
center-of-mass system, 110 Mev corresponds to the 
Q-value of 6° decay.) However, for tentative values of 


TaBLE II. Maximum and minimum allowed values of the 
branching ratio R for 2+ decay obtained from the invariant 
property under the Wigner time reversal. We have used the 
experimental value of the phase difference |1—n3| for given total 
and orbital angular momenta, j and /, of the pion-nucleon system 
after the 2+ decay. / is uniquely p ideale by the spin 7 and 
parity of 2*. 








[m1 —ns| 
+ ~5° 
- ~25° 
+ ~25° 


Parity 











5 R. H. Dalitz (private communication). Also see R. H. Dalitz, 
Phys. Rev. 94, 1046 (1954). 

® Should the alternate ® decay into 2° and y rays be appreci- 
able, this conclusion is not certain. 

7F. J. Dyson, Phys. Rev. 99, 1037 (1955); G. Takeda, Phys. 
Rev. 100, 440 (1955). 
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TABLE III. Maximum and minimum values of the branching 
vatio R for ® decay, obtained from the property of invariance 
under the Wigner time reversal. Tentative values of the phase 
difference |So—52| for pion-pion Scattering are used in computing 
R. 


Ruin 


0 

0.06 
0.26 
0.50 








|do—d2|, we have evaluated Rmin as well as Rmax in 
Table ITI. 


III. MODEL-DEPENDENT RESTRICTIONS 
ON BRANCHING RATIOS 


Since the invariance property of the system under 
the Wigner time reversal alone does not give us suf- 
ficient information about branching ratios of these 
unstable particles, we shall adopt various models of 
unstable particles to obtain more detailed information. 


(A) Gell-Mann—Nishijima Model® 


According to Gell-Mann and Nishijima, the isotopic 
spins of A°, 2, and @ are 0, 1, and 34, respectively. If we 
assume the selection rule A7 =} for the decay of these 


particles,® we obtain 
v3=0 for A° decay, (19) 
and 
B2=0 for & decay. (20) 
There is no additional information for 2+ decay 
obtained from this assumption, because the AT=} 
rule still allows decay both into the T=} and T=$ 
final states. 
From Eqs. (12), (13), (16), (17), (19), and (20), the 
R(A°) and R(6°) are given by 
R(A°) =}, (21) 
and 
4 for an even spin of 6°, 
R(@)= (22) 
0 for an odd spin of @. 


Of course, these ratios are well within the limits of 
R(A°) and R(@) given in Tables I and III. 


(B) Compound Model of Unstable Particles'® 


As an example of this model, we shall take the 
Goldhaber model." In his model, the A° and & particles 


8M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and 
K. Mishijima, Progr. Theoret. Phys. 10, 581 (1953). 

® The consequences of this selection rule have been studied by 
A. Pais and R. H. Dalitz (private communication), and by R. 
Gatto (to be published). 

10 G. Wentzel has independently discussed the consequences of 
various compound models of unstable particles [Phys. Rev. 101, 
505 (1956). We are indebted to Professor Y. Nambu for this 
information. 

4M. G. Goldhaber, Phys. Rev. 101, 433 (1956) 





TAKEDA 


Fic. 1, Feynman diagrams of the A° decay into a proton and a 
x. (a): A Feynman diagram of the stimulated decay of “0” 


inside A°. (b): A Feynman diagram of the natural decay of “0” 
inside a A°. 


are bound states of a 6 to a nucleon with total isotopic 
spin 0 and 1, respectively. 

For example, a A° wave function can be written as 

¥i"(A°) = (1/V2){yi"(P,n)—Y"(,p)}, (23) 
where ¥;"(6°,n) and y;"(6-,p) are bound states of the 
& or & to the neutron or proton, respectively. 

According to this model, it is quite natural to assume 
that A° or 2 decay is due to 6 decay within the bound 
state. However, 6 decay can be virtually ignored, as 
6 decay is some hundred times faster. This circum- 
stance enables us to give certain relations among 
R(@),'® R(A°), and R(2*). 

In order to find these relations, we must first separate 
the effects due to the final state interactions between 
two pions or a pion and a nucleon upon the decay 
matrices of # and hyperons. 

If these final state interactions’ occur in a region 
larger than a region where a @ or hyperon decay occurs, 
we have a factor, 

(ka)! sin(ka+n)e*”, (24) 
in the corresponding matrix element of 7. Here a is a 
characteristic radius of region of the decay interaction 
of A°(aa), = (az), or © (ae); k is the momentum of each 
secondary in the rest system of a hyperon or 9; and 7 
is a phase shift for the scattering of two secondaries. 

We shall explicitly introduce this factor [Eq. (24) ] 
into Eq. (13) and Eq. (17): 


sin(ka,+n3) 3’ 


sin(ka,+m) yi’ 


Z (13’) 
and 
sin(kag+52) Be’ 
Pap STS (17’) 
sin(kag+65o) Bo’ 


Here ;'/y:' and 82'/B»’ are considered to be free 
from the effect of the final state interaction.!® For the 


® Proceedings of the Pisa Conference, June, 1955 (unpublished). 

8 The lifetime and branching ratio of # decay into two pions 
are the same with these of decay. See M. Gell-Mann and A. Pais, 
Phys. Rev. 97, 1387 (1955). 

4K. M. Watson, Phys. Rev. 88, 1163 (1952). 

46 Tn an actual situation, a may be smaller but yet comparable 
with the range of the final state interaction, So it is better to 
consider a as a parameter rather than as a real physical quantity. 


2+ decay, we can obtain R(Z*) from Eqs. (12) and 
(13’), replacing aa by az. 

There are two different ways a bound 6°(“@”’) can 
decay inside a Ao: a “6’ decays into one pion in the 
pion field of the neutron—a stimulated decay of “6°” 
—or a “§” decays into two pions following by an ab- 
soprtion of one of these by the neutron—a natural 
decay of “6°.” 

Except for the factor due to the final state inter- 
action, the decay amplitude for (A°-p+7-) arising 
from the stimulated decay of “6°” is proportional to a 
product of the following factors: the amplitude of the 
(6°,n) state in A°(=1/v2), the amplitude of the x~ field 
around the neutron [ = (3)!C, where |C|? is the prob- 
ability of the presence of pion field around a nucleon ], 
and the decay amplitude ~’(@—a+t+27-), which is 
proportional to the amplitude for the transition 
(+r). (See Fig. 1.) It is easily shown that the 
decay amplitude for (A°-+p+7~-) from the natural 
decay of ‘” is also proportional to this same factor: 


¥ (A ptm) & (3)4(§)ICB'(P—at+a-). (25) 
In a similar way (see Fig. 2), we have'® 
¥' (A°n+x°) < (3)*L— (9)1C 28’ (0 2n°), 


where the proportionality constant is that of Eq. (25). 
These ’s are related to y;’ and y;’ as follows: 


vs = ($)'y' (Apt) + (§) ty (A n+2°), (27) 


(26) 


and 
vi = (3) 4’ (A p+-2-) — (4) #y’ (A n-+-2°). 


Then, from Eqs. (25), (26), and (27), the ratio 
B’ (29°) /B’ (#—>2+-+-2-) determines the ratio y3'/71’, 
which in turn gives us the values of z [Eq. (13’)] and 
R(A°) [Egq. (12) ]. This ratio 8’ (@—22°)/p’ (®—x++-2-) 
is zero if the @ spin is odd. If the @ spin is even, this 
ratio is related to B2'/8o’ through the following equa- 
tions: 


Ba’ = (3)48" (2°) — (§)'8'(Pat+2-), 


(b) 


Fic. 2. Feynman diagrams of the A° decay into a neutron and 
a mw. (a): A Feynman diagram of the stimulated decay of “#” 


inside a A°. (b): A Feynman diagram of the natural decay of “6” 
inside a A°. 


16 The factor v2 before f’(@—>2r°) is merely related to the 
definition of the decay amplitude for ®—2r°. 
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and (28) 


Bo’ = (3)§8' (P29) + (3)48’ (Ort +27). 
Since 82'/Bo’ determines « [Eq. (17’)] and R(6°), the 


R(A°) and R(@) are related to each other through the 
common quantity 6’ (#—>27°)/B’(®—axt+n-). After 


combining Eqs. (12), (13’), (16), (17’), and (25)-(28), 
we obtain the following results. 
Case (a).—The spin of ® is even. 





2a°+1+2v2« cos (8o—6:) 
7 xv?+2—2v2« cos(bo—8 2) 
x=A sin(kae+6s)/sin(Rae+5o) ; 
_ 22+ 1—2v2s cos(m—ns) 
~ §4-24-2VIs cos(—m) ’ 
z= —A sin(ka,+n3)/sin(ka,+m1) ; 
pi ytt+1- —2v2y cos(m— 1: na) 
+24 2wv2y cos(m— ma) 


y= —A sin(kay+n3)/sin(kazy+m1). 


with 


All these ratios are a function of A, where 
= Be! /By’. (35) 


Therefore, if we know one of these branching ratios 
R(@), R(A°), and R(=*), and various phase shifts, 73, 
m, 52, and 659, then we can determine A, which in turn 
gives the other two branching ratios. 

In an extreme case, where ka>>n, 6, and |q:—n3|, 
|60>—52|<K1 for all the decays, we obtain the following 
relation : 


=—3'/y1' 


R(@) = R(A°)=R(2*). 


Case (b).—The spin of ® is odd. 
In this case, we have no adjustable parameter since 


8’ (P29) /p’ (PH rt++2-) =0, (37) 


and R(@°), R(A°), and R(=*) are given in terms of the 
various phase shifts: 


(36) 


R(6°)=0: (38) 


MESONS 


22+ 1-—-2v2z cos(m— 7) 
2-+2-+2VIs -cos(m— nm) 
2= (1/V2) sin(kaa+ns)/sin(ka,+m1) ; 
2y" *+-1—2v2y cos(n —m) 
a 4-2-4 Woy c cos (ei— ns) 
y= (1/v2) sin(kay+n3)/sin(kaz+m1). 


R(A°)= 


a |= 


with 


In an extreme case, ka>>n, and |i:—73|1, we obtain 
R(#) = R(A°) =R(Z+)=0. (43) 


So far we have not mentioned =~ decay. In this 
model, the lifetime of =~ decay is longer than that of 
x+ decay, because the =~ contains only “@-” but not 
“<0”? On the other hand, if there is an interaction which 
exchanges the charge of the 4 particle in the pion field 
of the nucleon, the ratio of the lifetimes will be of the 
order of g’. Here g’ is the square of the coupling constant 
of the charge-exchange 6—7 interaction. 


IV. CONCLUSIONS 


In the early part of this paper, we have studied how 
the Wigner time reversal principle gives restrictions on 
the branching ratios of hyperon and @& decay. Tables 
I, II, and III give the maximum and minimum allowed 
values of these branching ratios evaluated for various 
possible spins and parities of the hyperons and #& 
mesons. The experimental determination of R(#) seems 
to be very important in deciding the spin of # without 
referring to a specific model. 

In the latter part of this paper, we have adopted 
some specific models to find model-dependent restric- 
tions on various branching ratios. In model (A), 
R(A°) and R(@) are given by Eqs. (21) and (22), respec- 
tively, which will be subject to direct experimental 
verification. In model (B), the inter-relation among 
R(@®), R(A°), and R(=*) was deduced. Although we did 
not discuss this in detail because of the lack of experi- 
mental data on the phase shifts, 59 and 52, for the pion- 
pion scattering, this kind of relation will give us a 
check on any compound model of the unstable particles. 
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It is known experimentally that, relative to the normal pion decay mode r+», the branching ratios 
p and py for the alternate decay modes r->e+-v and r—2+v+y are very small (p, py 5X 10-5). We investi- 
gate the question of whether these limits on the branching ratios are consistent with the idea that pion 
decay occurs through a universal Fermi interaction via disintegration into a virtual nucleon pair: r—virtual 
nucleon pair—y (or e)+v. A value for p consistent with the experiments can be obtained if the pseudoscalar 
coupling constant gp in the universal Fermi interaction is small compared to the axial vector coupling 
constant g4. An estimate of p, is made assuming that the photodecay occurs through the axial vector 
coupling, and it is found that there is probably no disagreement with experiment on this score. However, 
the photodecay can also occur through the tensor interaction (forbidden for r-u+v and r—e+y). Using 
the experimental value g4/gr 0.02 obtained from beta-decay experiments, we estimate p, 20.025, a result 
which is inconsistent with the experimental value. It is shown that the disagreement cannot be removed 
by using a linear combination of all possible Fermi couplings. An upper limit on gp for beta decay, valid 
even in the absence of a universal Fermi interaction, is obtained. 





I. INTRODUCTION 
' [ ‘HE observed reactions 


n—p+e-+y, (1) 
p+u-—n+y, (2) 
p*—et-+ 2p, (3) 


are usually discussed in terms of the Fermi coupling of 
four spinor fields 


Hint= >i gi(Wal Wo) (We a) +c.c., (4) 


where the (WI) are the respective covariants 
(i=1---5): scalar, vector, tensor, axial vector, and 
pseudoscalar. The relative magnitudes of the various 
coupling constants g; are not yet well established for 
any of the above processes. However, it is known from 
the observed reaction rates that the dominant coupling 
constants have very nearly the same magnitude for all 
three reactions.! This remarkable fact suggests some 
sort of universality in the interaction of four Fermi 
particles.” 

In its simplest form, this is expressed by the Tiomno- 
Wheeler triangle,? in which each of the pairs of spinor 
particles, (,p), (e,v), and (u,v), is assumed to interact 
with each other pair with the same combination of 
coupling constants. This limited form of universality 
makes no provision for other conceivable four-particle 
interactions, e.g., u+p—pte-, u+—e++e-+", etc.; 
but these processes are in any case not observed. 


* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

? An excellent review can be found in the article by L. Michel 
in Progress in Cosmic Ray Physics (Interscience Publishers, Inc., 
New York, 1952). 

20. Klein, Nature 161, 897 (1948); G. Puppi, Nuovo cimento 
5, 587 (1948); Lee, Rosenbluth, and Yang, Phys. Rev. 75, 905 
(1949); J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 
153 (1949). 


In the case of charged pion decay, r+—y*+y, it 
seems naturai to invoke the Fermi interaction of Eq. 
(2), according to the scheme: m—virtual nuclear pair— 
u+v. This process is permitted by the conservation 
laws for both axial vector and pseudoscalar Fermi 
coupling. On the basis of this interpretation of pion 
decay, it must then be supposed that one or both of 
these couplings is present in the interaction of (,p) 
and (u,v). Because of the ambiguities associated with 
perturbation treatments of the pion-nucleon inter- 
action, it has not been possible so far to obtain a 
reliable theoretical estimate for the absolute rate of 
pion decay. Nevertheless, in the important case of 
axial vector coupling, a perturbation calculation em- 
ploying a cutoff has been made’ and leads to fairly 
reasonable agreement with experiment if one takes for 
the Fermi coupling constant the value g4~10~ erg 
cm’. This is about equal to the magnitude of the 
dominant coupling constant for each of the reactions 
(1)-(3)." 

The problem arises, however, of understanding the 
apparent non-occurrence of an electron decay mode for 
the z-meson. Experimentally, the ratio p= (r—»e+)/ 
(r—u-+ v) of the decay rates for the two modes appears 
to be no larger than about 5X 10-*.4 If the pair (e,v) is 
assumed to be coupled to nucleons in the same way as 
the pair (u,v)—in accordance with the idea of a uni- 
versal Fermi interaction—the ratio p can be calculated 
rigorously, independent of any detailed treatment of 
the pion-nucleon interaction. This has been done by 
Ruderman and Finklestein.* For axial vector coupling 
this ratio is 


m\2(m2—me2\?2 
: 1" ( ) (- 1) 
i My me—m, 
’M. Ruderman and R. Finklestein, Phys. Rev. 76, 1458 (1949). 


‘S. Lokanathan and J. Steinberger, Phys. Rev. 98, 240(A) 
(1955). 
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For pseudoscalar coupling 


m—-m? 2 
pp= {| ————_  =5.4. 
m— m2 


In the spirit of the universal Fermi interaction, there- 
fore, any appreciable admixture of pseudoscalar coup- 
ling must be ruled out; but the experimental limits on 
p may just barely be consistent with axial vector 
coupling. 

For later reference, we repeat here the derivation of 
the above result for the important case of axial vector 
coupling. The decay m—>(u or e)+y can be represented 
schematically by the “black box” diagram of Fig. 1. 
The black box contains all the complicated diagrams 
involving virtual nucleon pairs and pions. The Fermi 
interaction, however, is of course treated only to first 
order in perturbation theory. The pion momentum P, 
is the only vector on which that portion of the matrix 
element which describes the black-box processes may 
depend. The total matrix element therefore has the 
form (in units where #=c=1) 


(6) 


M=gafam(Wy, cvsP), Psr=yr(Px)a, (7) 
where f, is a dimensionless numerical factor “of order 
unity”; m is a scalar which has the dimensions of mass 
and which depends on the nucleon and pion masses. 
We may expect that m is in fact of the order of the 
nucleon mass. In perturbation theory, for pseudoscalar 
coupling between the meson and nucleon fields, the 
product f4m is given by the divergent integral 


4V2G M 
fam=— feo a= , (8) 

(23)% (¢?+M?)(q?+M*—m,?—2P,-q) 
where M is the nucleon mass and G is the pseudoscalar 
coupling constant. If a Feynman convergence factor 
K*/(¢@+ XK’) is introduced, and the cutoff chosen to be 
the nucleon mass, K= M, then with the neglect of small 
quantities (m,<M), the expression for f4m reduces to 


G 
iif 


_ (8’) 
V2 (27)? 


fam= 


The decay rate is given by the expression 


1 m \* fm, o\? ea 
» 9 4 
gf ten og sb f E —- i-~——- } m,'. (9) 
8a mM, Me mM,” 


The ratio of Eq. (5) follows immediately. We also note 
that if one takes for g4 the value 10~ erg cm’, the 
observed r—u-+» lifetime is obtained with the choice 
fam=0.2M, which appears to be a reasonable result. 
As mentioned above, the experimental upper limit 
on the rate of the decay mode r—e+-1 is only barely 


OF 


™ MESON 





Fic. 1. Diagram for the dee 2 J 
cay r+—y* (or e*)+v. 











consistent with the idea of decay through a pure axial 
vector coupling. Additional difficulties arise in con- 
nection with the possibility of photon emission: re 
+v+y. In the first place, Ruderman® has suggested 
that the small probability for the reaction e+», in 
the case of axial vector coupling, does not obtain for 
the reaction r—e+v+y. He finds for the ratio p, 
= (re+v+¥)/(r—-u+7) a value of 2.4X10-, in the 
case of axial vector coupling. This is clearly inconsistent 
with the experimental results. Ruderman’s calculation 
involves certain approximations, however, and these 
are re-examined in the following section. It is argued 
there that the ratio p, is apt to be much smaller than 
is indicated by Ruderman’s work and that in fact 
there is no contradiction with the idea of a universal 
Fermi interaction on this score. 

However, in Sec. ITI, an additional problem is raised : 
recent experimental beta-decay evidence indicates that 
the tensor coupling constant is much larger than the 
axial vector constant.*? It is necessary then to consider 
the competition of the decay m—e+v+y7 occurring 
through the tensor interaction® with the decay r—y+-v 
occurring through a much weaker axial vecor inter- 
action. It is found that the ratio of the rates for the 
two processes is much larger than the experimental 
upper limit. Despite the theoretical uncertainties 
involved in this estimate, it appears to represent a very 
serious difficulty for the idea that the pairs (e,v) and 
(u,v) are similarly coupled to nucleons.’:” 

In Sec. IV, the possibility of linear combinations of 
the various Fermi couplings is considered. It is shown 
there that the difficulties discussed in Sec. III cannot 
be overcome in this way. 

The theoretical estimates which are made in the 
present work are based mainly on general invariance 
and dimensional arguments, as in the derivation leading 
to Eq. (7). Perturbation theory results for the pion- 
nucleon interaction are referred to briefly only as a 
confirmation of arguments having to do with the form 
of matrix elements. 


5M. Ruderman, Phys. Rev. 85, 157 (1952). 

6 R. Sherr and R. H, Miller, Phys Rev. 93, 1076 (1954). The 
ratio (ga/gr) reported in this paper has been revised (private 
communication) to 0+0.02. 

7B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

8 Photodecay through the scalar interaction is still forbidden; 
and as we shall show in Sec. IV, the contributions from vector 
and pseudoscalar couplings are likely to be small. 

9 After the present work was completed, R. G. Sachs called our 
attention to a paper by Iwata, Ogawa, Okonogi, Sakita, and 
Oneda, Progr. Theoret. Phys. 13, 19 (1955) in which this same 
problem of photodecay via tensor coupling is discussed from the 
point of view of perturbation theory. These authors come to 
conclusions similar to ours (see Sec. ITI). 
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Il. PHOTODECAY via AXIAL VECTOR COUPLING 


In this section, we wish to reconsider the calculation 
of the branching ratio for the two processes, 


at—et+vt+y7 (10) 
and 
r—y*+ pv, (11) 

assuming that both proceed via a universal axial vector 
coupling. The decay (10) occurs through the three 
diagrams (a), (b), and (c) of Fig. 2. The black-box 
portion of diagrams (a) and (b) is identical with that 
in Fig. 1 describing the decay (11). The black box of 
diagram (c) differs in that a photon is emitted by one 
of the virtual charged nucleons or pions. Ruderman® 
supposes that only diagram (a) contributes significantly 
to process (10), so that he includes only this diagram 
in his calculation. We shall show, however, that when 
all diagrams are included, a very much smaller result 
is obtained for the ratio p, of the rates for the two 
processes (10) and (11). The contribution of diagram 
(b) vanishes if the calculation is made in the gauge in 
which the scalar potential vanishes, but its presence is 
necessary for certain gauge invariance considerations. 

We first consider a simplified case in which the 
nonlocal interaction represented in the above discussion 
by a black box is replaced by a direct coupling. From 
Eq. (7), we see that as far as the decay proceeding via 
axial vector coupling is concerned, the nonlocal inter- 
action is equivalent to a direct coupling 


: 0o,* _ 
Lint=1g4 fam—(Wevsrn») +C.c. (12) 


ON 


If we now introduce the electromagnetic field, we must 
replace 0/0x, by 0/0x%,—ieA,. The term involving A, 
which arises in this way yields the analog of diagram 
(c) in Fig. 2. With this interaction, the matrix element 
for photodecay becomes 


im, 


M= —egafamy. e( 1+ )n- ey b. (13) 
p-t+k—im, 


where ¢ and & are respectively the polarization and 
four-momentum of the photon. In Eq. (13), the first 
two terms correspond to diagram (a); the last term, 
to diagram (c). If only the terms corresponding to 
diagram (a) are kept, the term proportional to the 
electron mass in the round brackets can be neglected, 
and one obtains Ruderman’s result. If, however, both 
diagrams (a) and (c) are retained, the principal contri- 
butions from these two diagrams cancel and only the 
term proportional to m, survives. Because of this, an 
estimate of the ratio p, for the two processes (10) and 
(11) based on Eq. (13) leads to a small value, of order 
(1/137) (m./m,)’. 

In the presumably more realistic case of pion decay 
occurring through the production of virtual nucleon 


TREIMAN AND H. W. WYLD, 


JR. 


pairs, this proportionality to m, no longer obtains. For 
this case, we first consider the perturbation-theory 
calculation, since this leads to a result which can be 
generalized. To simplify the calculation, we set m,=0. 
It happens that all infrared-divergent terms are pro- 
portional to m,, so these terms are being dropped (the 
surviving term in Eq. (13) is infrared-divergent). How- 
ever, these divergences can be handled by the standard 
Bloch-Nordsieck method, so nothing essential to the 
problem in hand has been omitted. With this approxi- 
mation, the sum of the matrix elements corresponding 
to the diagrams of Fig. 2 is 


P,-k 
M=egafa' M—(Pevsey), (14) 
M? 


where f,’ is given by the convergent integral 


v2 ; 
fa’ =- cue f dx 
(2m)? 0 


I-s 1—2x 
xf dy——— : 
0 M?—m,’x(1—x)—2P, -kxy 





v2 
=——_G,. 
6(27)? 


(15’) 


This is to be compared with the expression for f, 
given by Eq. (8). Although the latter is given by a 
divergent integral, f,4 and f,’ are of the same order of 
magnitude if some reasonable cutoff K~M is used to 
evaluate fa. 

We now show that the form (14) for the photodecay 
matrix element is valid in the general case, irrespective 
of what happens inside the black box. Indicating 
explicitly the argument of the dimensionless scalar f 4 
of Eq. (7), fa=fa(P’), we can write the sum of the 
matrix elements for the three diagrams of Fig. 2 in 
the form 


M=egamyp.} fa(P,*) r 


(2 ws 
+ fal (Ps—k)*]}_—_———,(P,—k 
f L( YT ppm) ) 


P,-€ 
+hi(Pxk) set hel P sk) — yk 
m 


Pye 
+h3(P.,k)——ysP et». (16) 
me 


Here fy, 42, and h; are dimensionless scalars, which 
may depend on P, and k; and the last three terms 
represent the only relativistically invariant possibilities 
for the diagram (c) of Fig. 2 which do not vanish for 
both the actual calculation and the gauge invariance 
condition. If we now make the approximation m,=0 
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and use conservation of momentum and the properties 
of the spinors y, and y, to simplify Eq. (16), we obtain 


M=egamyp.} fa(Ps*)vset+Mh(P,,k) vse 
P.-¢ P,-€ 
+ho(P.,k)——ysk+h3(P.,k)——1sk >. (17) 
m m? 


Since for the ordinary gauge P,-«=0, the actual matrix 
element is given by 


M=egaml_fa (P*)+4(P.,k) (Vevey). (18) 


Now in order for expression (17) to be gauge invariant, 
it must vanish if we replace e by k. This gives us the 
condition 


Pk 
fa(P 2’) +I (Px k) = —[ta(Pxk)+ha(Px,k) J—. (19) 
m 


Thus, it appears that the matrix element for photodecay 
via axial vector coupling has the form indicated in the 
perturbation calculation 


Ls 


4 
(Vevsey,), (20) 


m 
fa'= fa! (Pek) = —[hathe]. 


In the absence of any reliable theory of what happens 
inside the black box, we can only speculate about the 
factors f4’ and m. We anticipate that m is of the order 
of the nucleon mass, since the black box arises from 
the formation of nucleon-antinucleon pairs. Moreover, 
the results of the present calculation should reduce to 
those obtained with direct coupling in the limit where 
the nucleon mass. Since we have dropped terms 
proportional to m, in the present calculation, this 
means that the result (20) should vanish in this limit. 
The dimensionless factor f4’ is presumably of the same 
order of magnitude as f4. These speculations are 
consistent with the perturbation results presented 
earlier. 

Neglecting the possible dependence of f4’ on k, we 
can now calculate the ratio p, for the decay rates of 
processes (10) and (11). The result is 


1 e Mr\* {M2 
atIE 
2407 \4r m My 
2, -2 Ne 
x(1-= (). (21) 
m,? fa 


If we take f4’= f4 and m=M this gives 
py~4X 10-*. 


w= egamf a’ 


where 


(22) 


Although the estimates of m and f4'/f4 are uncertain 
we feel that the ratio is sufficiently small that the 
photodecay process considered in this section does not 
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Fic. 2. Diagrams for the decay r*—e*+y+-. 




















(a) 


represent a serious problem for the idea of pion decay 
occurring through a universal Fermi interaction. 


III. PHOTODECAY via TENSOR COUPLING 


Recent experimental evidence indicates that the 
scalar and tensor coupling constants in ordinary beta 
decay are larger than the vector and axial vector 
constants.®7:'° In particular, Sherr and Miller report a 
lower limit of ~50 for the ratio gr/ga.° If the same 
couplings are assumed for (u,v) there arises in the first 
place the problem of understanding the absolute rate 
for m—u-+v decay on the basis of an axial vector 
coupling constant no larger than about 10-* erg cm’. 
Despite the ambiguities associated with the theoretical 
predictions, this reduction by a factor of (50)* in the 
value of g4? assumed in the calculations of Ruderman 
and Finklestein® may be difficult to reconcile with the 
observed r—u-+-y lifetime. In addition, we must now 
consider the competing decay mode r—e+v+7 occur- 
ring through the much larger tensor coupling. 

This process can occur only through photon emission 
by one of the virtual pions or nucleons, as indicated 
schematically in diagram (c) of Fig. 2. In this case, the 
portion of the matrix element describing the black box 
processes can be constructed from the vectors P,, k, 
and ¢. For reasons of gauge invariance, the form of the 
matrix element must be 


w= iegr fr’ (Vevseky,), 


where fr’ is a dimensionless scalar quantity which is a 
function of the nucleon and pion masses and which 
may also depend on the scalar product P,-k. We neglect 
the possible dependence on the latter quantity. In 
comparing Eqs. (7) and (23), we shall assume that the 
numerical factors f4 and fr’ are essentially equal and 
that m is of the order of the nucleon mass. 

The decay rate for r—-e+v+y¥ is given by the 


expression 
1 : i ( é ) 2 f 2. 5 
a —— ay Tr’ m,”. 
96 (24)? \4er 


The ratio (r—e+v+~7)/(x—u+v) of the rates of the 


(23) 


(24) 


( 1H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
1952). 
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two decay modes is 


Py =0.067 (1/137) (grfr'/ga fa)? (ms/m)?. 


If we now take fr’=f4, m=nucleon mass, and gr/ga 
250, the ratio becomes 


pyz0.025, 


(25) 


(26) 


a result which is inconsistent with the experimental 
upper limit. 


IV. LINEAR COMBINATIONS OF COUPLINGS 


Up to this point, we have considered only single 
Fermi couplings (pure axial vector, pure tensor, etc.). 
It is necessary now to see what happens when a general 
linear combination of couplings is taken into account. 
In order to include in our discussion the possibility 
that there is no universal Fermi interaction, we shall, 
when appropriate, distinguish by superscripts (e) and 
(u) the Fermi coupling constants connecting (n,p) 
with (e,v) and (u,v), respectively. 


Nonphoton Decay 


The most general matrix element for r—-e+y and 
m—yu-+v decay may involve a combination of axial 
vector and pseudoscalar couplings. On the basis of the 
same kinds of arguments used earlier, we can write the 
matrix element in the form 

M= Ye, uvs{gafamP,—igpfpm}y,. (27) 
As before, we anticipate that f4~ fp and m~nucleon 
mass. The ratio p= (x—e+-v)/(x—>u+7) is then found 
to be 


mega*fatmgr*fe\? sme—m2\? 
o-( ) ( ) . (28) 


myga"*fatmgp*fp? \m?2—m? 





In the limits where either g,—0 or gp—0, this reduces 
to the previous results. 

As we have already seen, if one assumes a universal 
axial vector coupling (gp=0), the ratio p has the value 
10“, which is actually somewhat larger than the 
experimental upper limit 5X10-°. In principle, this 
difficulty could be avoided, in the framework of a 
universal Fermi interaction, by assuming that the two 
terms in the numerator of Eq. (28) almost cancel: 


MeLafa~ —mgrfp. (29) 


There is no way to rule out this possibility on the basis 
of our present knowledge of the beta-decay coupling 
constants. But, as we shall discuss later, this choice of 
coupling constants cannot be expected to account for 
the apparent nonoccurrence of a decay mode x—¢ 
+vt+y. J 

In any case, even if we drop the idea of a universal 
Fermi interaction, the experimental limit on p implies 


TREIMAN AND H. W. WYLD, 


aR. 
that 


Me 


Mp 
—ga*fatgr*fr| S (3X10)|—ga*fatgr*fr|. (30) 
m m 


If we assume that all of the numerical factors f have 
the same magnitude, this can be written 


My Me 
jot] x10] ™ earl + [eel |4—“Leatl (31) 
m m 


However, from the observed rates for reactions (1)-(3), 
we know that the dominant coupling constants have 
about the same magnitude—which in turn is about 
the magnitude of the tensor and scalar coupling con- 
stants, gr* and gp*, in ordinary beta decay. We can 
therefore conclude that 

gpe°S 3X10 gr7". (32) 
We have neglected the last term in Eq. (31) since we 
have assumed that m=nucleon mass and since we 
know that ga*gr*. The inequality of Eq. (32) is 
independent of any assumption of a universal Fermi 
interaction, though of course it rests on the assumption 
that pion becay occurs in the way usually pictured, 
through virtual nucleon pairs. 


Photon Decay 


As pointed out above, the nonoccurrence of the 
m—e+v decay mode does not in itself rule out the 
idea of a universal Fermi interaction. The assumption 
that pion decay occurs through pure axial vector 
coupling leads to the result that the probability for 
this decay mode is indeed small, though it is slightly 
larger than the present experimental limit. But even 
if the experimental limit should be lowered, one could 
in principle invoke a small amount of pseudoscalar 
coupling, such as to produce the cancellation of Eq. (29). 

We must therefore consider whether, with a suitable 
linear combination of Fermi couplings, one can also 
understand the non-occurrence of a r—e+yv+7 decay 
mode. We have already seen that a universal interaction 
involving tensor and axial couplings leads to a relative 
probability 20.025 for this decay mode. This is at 
least 500 times larger than the experimental upper 
limit. 

In the general case, the photodecay may involve all 
the Fermi couplings but the scalar. On the basis of the 
same kinds of dimensional and invariance arguments 
used earlier, we can write the matrix element in the form 


1 
M=eevs}—gv fv’ [keP.+(P,-k)e |+igrfr'ek 
m 


2 


P,-k 
+g4f4’—e- erie eee >. (33) 


m Pe: 








DECAY OF 


As before, we have supplied factors m with the dimen- 
sions of mass whenever required; and we again assume 
that the numerical factors f all have approximately 
the same magnitude. 

We now make use of our knowledge of the relative 
magnitudes of the beta-decay coupling constants; 
namely, gr>ga, gv. Also, if the non-occurrence of the 
m—e-+-yv decay mode is to be understood in the frame- 
work of a universal Fermi interaction it must be true 
that gpS (m./m)ga<gr. When these results are taken 
into account it appears that the dominant term in the 
matrix element indeed comes from the tensor coupling 
and there is little likelihood of any cancellation effects. 
Cancellation between the tensor and axial vector or 
tensor and vector terms could arise only if the quantity 
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m, which we have assumed to be of the order of the 
nucleon mass, were actually very much smaller (by a 
factor 2300). Interference from the pseudoscalar term 
on the other hand would require that m be very large 
(2100 nucleon masses). 

Barring such accidental cancellations, we conclude 
that the nonoccurrence of a r—e+v+-y decay mode 
constitutes a very serious difficulty with the idea of a 
universal Fermi interaction—at least if the customary 
picture of pion decay occurring through virtual nucleons 
is to be maintained. 
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Tritium Production by High-Energy Protons*} 
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The cross sections for tritium production in various substances by 450-Mev and 2.05-Bev protons have 
been measured. The nitrogen and oxygen cross sections—25+4 mb and 30+4 mb, respectively, at 2.05 
Bev—lead to a world-wide average tritium production rate by cosmic rays of 0.14_0.o3*® tritons/cm? sec, 
in good agreement with the observed value. The iron cross section—53+8 mb at 2.05 Bev—suggests a rate 
of production of 8.8X10~ triton/g sec near the surface of a large meteorite in outer space. For the small 
Mt. Ayliff iron meteorite an age of 1.4 10° years was calculated from the observed He? content. Finally, 
the results for tritium production have been compared to those for other light particles. 


INTRODUCTION AND SUMMARY 


EVERAL years ago it was postulated that tritium 
was being generated constantly by means of nuclear 
reactions. The production of tritium and its decay 
product, He’*, was first attributed to the reaction, 
N"(n,t)C”, induced by cosmic-ray neutrons.'? More 
recently, extensive observations have been carried out 
on the natural abundance of tritium, and the world- 
wide average production rate is now believed to be 0.14 
(+30%) tritons/cm’ sec.** In order to gain a clearer 
picture of the origin of natural tritium we decided to 


* Based on the doctoral dissertation of L. A. Currie (September, 
1955). 
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t Present address: Department of Chemistry, Pennsylvania 
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ton 25, D. C. 
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investigate the production by the primary cosmic rays 
themselves. Since the flux of cosmic-ray primaries was 
insufficient for our measurements, we substituted 
protons accelerated in the Chicago Synchrocyclotron 
and the Brookhaven Cosmotron. From the observed 
proton cross sections in nitrogen and oxygen,” the 
primary cosmic ray flux, and the tritium contribution 
from cosmic ray neutrons, we estimate the world-wide 
average tritium production rate to be 0.14_o.93+° tri- 
tons/cm? sec. 

As the work progressed we felt that it would be 
interesting to measure the tritium production cross 
sections of other nuclei in addition. Iron was particularly 
interesting because of the question of the tritium and 
He’ contents of iron“meterorites.*” It was necessary 
eal A. Bauer, Phys. Rev. 72, 354 (1947); 74, 225 and 501 
“a HE. Huntly, Nature 161, 356 (1948). 

7 Mayne, Reasbeck, and Paneth, Geochim. et Cosmochim. 
Acta 2, 300 (1952). 

8 Chackett, Reasbeck, and Wilson, Geochim. et Cosmochim. 
Acta 3, 261 (1953). 

®S. F. Singer, Nature 170, 728 (1952); Phys. Rev. 90, 168 


(1953). 
0 E. L. Fireman, Phys. Rev. 97, 1303 (1955). 





1558 


TABLE I. Cross sections for tritium production by 450-Mev 
and 2.05-Bev photons in various targets.* 








Cross section (mb) 
2.05 Bev 


14+1.2 

25+4 (28+4)> 
30+4 (334) 
3042 

3744 

53+8 (62+7)¢ 
75412 


136+18 
$10+72 


450 Mev 











* The errors given above are the relative errors at each energy only. 
Additional errors in the absolute values are: 11% at 450 Mev, and 21% 
at 2.05 Bev. 

> The values in parentheses are Fireman's results (reference 11). 

© The value in parentheses is Fireman's result (reference 10). 


to measure the carbon cross section in order to deter- 
mine its contribution to the tritium found in our 
organic target. The results are collected in Table I. 

Included in Table I are the results of Fireman and 
Rowland" on the production of tritium from nitrogen 
and oxygen and of Fireman” for the production from 
iron. The agreement is very satisfactory. 

The numbers of protons which intercepted the targets 
were determined by observing the activity induced 
in aluminum and gold monitor foils. Tritium was 
extracted from the metallic targets by heating them 
in an atmosphere of inactive hydrogen—a procedure 
previously used successfully to extract tritium from 
aluminum.” Organic targets were oxidized to carbon 
dioxide and water, after which the water was reduced 
to hydrogen. In both cases the tritium, in the form of 
gaseous hydrogen, was counted absolutely in a Geiger 
counter. 


EXPERIMENTAL PROCEDURES 
Monitoring 


The substances bombarded consisted of metals and 
salts having thicknesses varying from about 0.4 g/cm? 
to about 25 g/cm?. All targets bombarded in the 
Cosmotron had areas of about 2.5 cm by 5.8 cm, while 
those bombarded in the Synchrocylotron had areas of 
about 2 cm square. The organic targets, hexamethylene 
tetramine and oxalic acid, were formed by heating the 
respective powders under slight pressure until sublima- 
tion gave well-sintered structures. The targets were 
then carved into the proper shape and allowed to de-gas 
overnight under vacuum. 

Cosmotron targets included a #-in. lip extending 
about jin. from the target. The lip, usually of alu- 
minum, caused the proton beam to spread somewhat 
evenly over the target. (Actually, the activity varied 
as much as a factor of four over the targets.) Targets 
bombarded in the Synchrocyclotron, however, received 


ul E. L. Fireman and F. S. Rowland, Phys. Rev. 97, 780 (1955). 
#2 Richard L. Wolfgang and W. F. Libby, Phys. Rev. 85, 437 
(1952). 
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a bombardment intensity decreasing exponentially 
from the leading edge with a half-thickness of about 
2mm. 

All targets included aluminum foil monitors (usually 
0.003 in. thick). The cross section for the reaction, 
Al’"(p,3pn)Na™, is 10.8+1.1 mb at 420 Mev® and 9.0 
+ (30%) mb at 2.2 Bev. At 2.05 Bev an additional 
monitor, a gold foil, was used. This was necessary since 
the great thickness of some of the targets causes 
sizeable production of secondary, low-energy neutrons, 
which can produce the proton monitor activity, Na™ 
in Al, in high yield'® by the Al?7(n,«)Na™ reaction. The 
Au'®’(p, spall)Tb' reaction, however, has a threshold 
of 0.6 Bev and can, therefore, be used as a monitor for 
the relative proton intensity independent of low-energy 
secondary particles."® (Tb is an a emitter, which 
makes it possible to assay it in on a counter without 
prior separation from the many beta emitters present.) 
Only for targets thicker than 2-3 g/cm? was the 
secondary production of Na™ found to exceed the experi- 
mental error. (The combined standard deviations of 
counting led to an error of 7-10%.)!® 


Tritium Determination 


Tritium was extracted from the metallic targets and 
counted by the method previously used by Wolfgang 
and Libby” for beryllium and aluminum. A diagram 
of the apparatus is shown in Fig. 1. Briefly, the pro- 
cedure consisted of placing the target in the alundum 
crucible, evacuating and filling the porcelain tube with 
about 10 cm pressure of hydrogen, heating to 950°C 
for 1-2 hours, cooling, and passing the gas through 
the palladium thimble into the gas counter which had 
been previously filled with counting gases (1.5 cm of 
ethylene for quenching plus 3.5cm of argon). The 
volumes of the porcelain tube and counter were 350 cc 
and 820 cc, respectively. The palladium thimble was 
found to be necessary only in the case of lead targets, 
where the molten target was observed to allow A*’ to 
diffuse into the gas phase—leading to too high a 
counting rate. For the purposes of precaution and 
standardizing the procedure, however, the palladium 
was used regularly. 

A crude check on the efficiency of the above diffusion- 
exchange process for removing all of the tritium in a 
given metallic target was obtained by measuring the 
amount of tritium removed as a function of time, and 
comparing the results with the predictions of the 
diffusion equation. A more accurate check, however, 


3 Luis Marquez, Phys. Rev. 86, 405 (1952). 

4 Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 

1 R. B. Duffield and G. Friedlander, private communication. 

16 From the expected production of low-energy (evaporation) 
neutrons in a given target and the observed secondary production 
of Na™, a crude calculation led to the Na*™ secondary production 
cross section. This resulted in a cross section of 22 mb, corre- 
sponding to a “mean” secondary neutron energy of about 7 Mev. 
Fireman and Rowland" observed the neutrons from 2.2 Bev 
protons on nitrogen and oxygen to have an energy of about 6-Mev. 
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was obtained by dissolving the target in acid, and 
measuring the tritium content of the evolved hydrogen 
as well as that of the residual solution (by converting 
the water to hydrogen). Wolfgang” thus showed the 
extraction process to remove 99% of the tritium from 
aluminum. A similar check was carried out with one 
of our iron targets, but the tritium activity was so low 
that the uncertainty was about +15%. 

The aluminum targets were melted but those of iron 
were not. The tritium would diffuse through the iron 
and then into the gas phase because the oxide is 
reduced in hydrogen. In the case of aluminum, where 
the oxide film is not reducible, and is extremely tenacious 
and protective the tritium removal required melting. 

Tritium from the organic targets (polystyrene, 
polyethylene, oxalic acid, hexamethylene tetramine) 
was removed by complete combustion in dry oxygen 
to carbon dioxide and water. The water was trapped 
at about —50°C, vacuum distilled, converted to hy- 
drogen in a tube filled with zinc plus calcium oxide 
at 450°C, and Geiger-counted. In all cases the yields of 
water were at least 95%. 


SOURCES OF ERROR 


The amount of tritium found in a given target may 
be different from that produced in the primary inter- 
actions for three major reasons: secondary production, 
recoil loss, and diffusion loss. That is, secondary protons 
and neutrons produced in the initial high-energy 
reaction may go on to produce tritium themselves; 
tritons may be produced with sufficient energy to 
recoil out of the target; the final tritium compounds 
may diffuse out of the target between the bombardment 
and the time of measurement. 

Diffusion loss of tritium from beryllium and aluminum 
targets was shown to be negligible by Wolfgang.” By 
measuring different sections of our thinnest targets at 
various lengths of time after bombardment, we found 
negligible diffusion loss except in the case of the thinnest 
iron and nickel targets, where a loss of 17% occurred 
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Fic. 1. Tritium extraction apparatus. 
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Fic. 2. Tritium content as a function of depth 
in target No. 163-Al. 


in four days for a 0.05 cm thick target. It is unlikely 
that appreciable loss took place during bombardment, 
for the targets could not have become very warm—the 
proton intensity was only about 10-10" protons/min 
(the longest bombardments lasted about 20 minutes) 
and the organic targets did not melt. 

In order to determine the loss of tritons by recoil a 
number of laminated targets were studied. Taking a 
slice from the center of such a target of course obviates 
the problem, for as many tritons recoil into such a 
slice as recoil out (assuming the whole target to be 
thicker than twice the recoil range). Information on 
the recoil range, however, was necessary for those 
targets which were not twice the range in thickness. An 
estimate of the range was obtained in several targets by 
observing the loss of tritium from the external lamina- 
tions and assuming that all of the tritons had the same 
range. Measurements on targets as light as carbon 
and as heavy as lead indicated a recoil energy of 7-15 
Mev. More complete information was gained from 
target No. 163-Al. In Fig. 2 is given the relative 
tritium cross section as a function of target depth. 
From these data we deduce that most of the tritons 
have recoil energies less than 15 Mev. Assuming a 
“mean” recoil energy of 12 Mev, we corrected our 
thinner targets for recoil loss (targets thicker than 
1-2 g/cm? required no correction). Most of the correc- 
tions amount to 4%-10%, one being as great as 18% 
(No. 41—Fe). 

'_ Targets of varying thicknesses were bombarded in 
order to gain information about the secondary produc- 
tion of tritium. Since the number of secondaries and 
their chance for reacting increases with increasing 
target thickness, the observed tritium cross sections 
should correspondingly increase. In addition to the 
observations, it was possible to estimate the secondary 
effect by utilizing the data of cosmic-ray workers.!” 
That is, the numbers of protons, neutrons, and pions 
produced per 2 Bev-initiated star together with their 
17 Progress in Cosmic-Ray Physics, edited by J. G. Wilson 


(Interscience Publishers, Inc., New York, 1952), Vol. I, Chaps. 1 
and 2, 
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tritium production cross sections (sometimes estimated) 
may be used to calculate the secondary effect in a given 
target. Corrections, based on the two above methods, 
were found necessary only for some of the thicker 
targets—about a 10% correction being necessary for a 
2 g/cm* aluminum target. In Table II an indication has 
been made where secondary corrections exceeded 10%. 


DISCUSSION 


Results 


From the preceding discussion it should be clear that 
appreciable uncertainties may arise because of tritium 
loss by diffusion and recoil, and tritium gain by sec- 
ondary reactions. Since all of these factors tend to in- 
crease the observed cross section with increasing target 
thickness, it is dubious whether they can be accurately 
resolved and the true cross section determined. For- 
tunately, at a target thickness of about 1 g/cm’, all 
three processes seem to make little contribution in most 
of the targets. Nevertheless, it should be emphasized 
that recoil loss and secondary production are very 
likely taking place even in targets of this thickness, and 
that greatly reducing the errors of measurement would 
still leave these uncertainties. Because of the lack of 
complete confidence in the corrections, an additional 
uncertainty of +10% has been included in all results 
which required a correction of 10% or greater. A list of 
the results are given in Table II. In Fig. 3 the primary 
tritium cross sections at each energy have been plotted 
against atomic weight of the target nucleus. The errors 
given in Table II are the relative errors at each energy 
only. Additional errors in the absolute values are 11% 
at 450 Mev and 21% at 2.05 Bev. These are principally 
due to uncertainties in the monitor cross sections. 


Ejection of Light Fragments in High-Energy 
Reactions 


The quite different behavior of different target nuclei 
in producing tritium at the two proton energies is note- 
worthy. An attempt was made to compare the observa- 
tions with the predictions of evaporation theory. In 
order to do this the cross sections were reduced to 
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multiplicities by dividing by the interaction cross 
section. By interaction cross section is meant the cross 
section for the incident protons to cause a-nuclear 
reaction, i.e., the geometric cross section corrected for 
transparency.'* An approximate solution of the evapora- 
tion equations” ‘ed to expected triton multiplicities. As 
may be seen from Table III the observed multiplicities 
appear to be a factor of two to seven lower than those 
predicted by evaporation theory. (Since, however, the 
calculated multiplicity depends very much upon the 
assumed excitation energy, the absolute value should be 
taken with caution.) More significant is the difference in 
the variations with mass number. Only at 450 Mev and 
for targets between oxygen and iron does the multi- 
plicity decrease in the way predicted by evaporation. 
This decrease (largely due to the increasing Coulomb 
barrier) may indicate a significant contribution of 
evaporating tritons. Also in agreement with the predic- 
tions of evaporation theory is the previously-discussed 
recoil energy of the tritons. 

Beyond iron at 450 Mev the multiplicity is seen to 
be more or less constant, while at 2 Bev this constancy 
appears earlier and is followed by a significant increase 


TABLE II. Corrected tritium production cross sections. 








Cross section 
Thick- (mb) 
Num- ness Corrected for 
Target ber (g/cm?) 


0.50 (6.0+ 0.7 


1.2 
0.50 0.9 


4b 
5b 

3 
5¢8 
4¢,8 
3e 


Primary 
cross sec- 
tion (mb) 


Proton 
energy 


7340.5 450 Mev 





Polyethylene (C) 


Hexamethylene 
tetramine (N) 

oo Acid (Q) 
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Fe 
Ni 
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Polystyrene (C) 1.2 2.05 Bev 


1.8 
1.6 


we 


Hexamethylene 
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54 
5 
5s 
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+18 

426.8 510 
+346 

+80 
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* 10% error included because of recoil correction. 

> Cross section for carbon, 7.3+0.5 mb, used. 

© 10% error included because of diffusion correction. 

4 Cross section for carbon, 141.2 mb, used. 

¢ 10% error included because of thickness uncertainty. 
! 10% error included because of secondary correction. 
& These cross sections are probably incorrect. 


18 Transparencies were determined as indicated by B. Rossi, 
High-Energy Particles (Prentice-Hall Publications, New York, 
1952), p. 363, assuming mean free paths in nuclear matter of 
4.5X10-% cm at 450 Mev and 2.5X10- cm at 2 Bev. 

” K. J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950). 
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in going to silver and lead. The reasons for this behavior 
are not clear, although they may indicate the import- 
ance of such mechanisms as: direct or indirect knock-on 
production of tritons, ejection from “local hot spots,” 
or evaporation following fission (thus lowering the 
barrier). 

We felt that it might be of value to examine the 
production of other light nuclei in high-energy reac- 
tions. In Fig. 4, in addition to our triton multiplicities, 
multiplicities for », He’, Be’, C4, F'8, Na”, and Na* 
have been derived from data in the literature.”-* The 
production of these nuclei from aluminum at 330-420 
Mev, and from copper at 2.2 Bev are plotted. Also, for 
comparison, the multiplicities derived from evaporation 
theory for iron at 2 Bev are given. It is interesting that 
all three curves are so similar up to Be’. This may 
indicate that in these particular cases evaporation is 
important. As was mentioned earlier, the absolute values 
of the calculated multiplicities are open to question; 
the shape of the calculated curve seems to deviate, 
however, at tritium. Although LeCouteur states that 
the results of evaporation are particularly uncertain 
for tritium production, the deviation may be taken as 
another indication of the importance of other modes of 
production. Evaporation theory is probably not applic- 
able to those nuclei beyond Be’ in Fig. 4—the peak at 
Na” in the aluminum target probably resulting from 
formation as a residual nucelus. The more or less equal 
multiplicities beyond Be? in the copper target might 
result from some kind of a random fragmentation 
process. 


Cosmic-Ray Production of Tritium 
in the Atmosphere 


Tritium production in the atmosphere may be sepa- 
rated into three principal contributions: nucleonic, 
intermediate energy neutron, and low-energy neutron. 
The nucleonic contribution includes reactions caused by 


TABLE III. Triton multiplicities. 








Proton 
energy 


450 Mev 


Obs. H# 
multiplicity*® 


0.060 ot 
0.034 0.24 
0.032 E 
0.033 


0.065 
0.070 
0.11 
0.24 


Calc. H® 


Target multiplicity> 





0.44 
0.25 








® These multiplicities were calculated from smooth curves drawn through 
the cross sections given in Fig. 3. 

b Excitation energies of 150 Mev and 250 Mev (for Ag) were assumed 
for proton energies of 450 Mev and 2 Bev, respectively, for these excitations 
give the correct numbers of evaporated protons and neutrons from 450- 
Mev and 2-Bev “‘stars’’. (See references 17 and 19.) 


2” R. W. Deutsch, Phys. Rev. 97, 1110 (1955). 

"1 L, Marquez and I, Perlman, Phys. Rev. 81, 953 (1951). 
%2L. Marquez, Phys. Rev. 86, 405 (1952). 

% G. Friedlander et al., Phys. Rev. 94, 727 (1954). 

*K. J. LeCouteur, reference 19, p. 276. 
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Fic. 4. Multiplicity vs ejected fragment. The multiplicities (i.e., 
the number per primary nuclear reaction) of ejected light nuclei 
resulting from the proton bombardment of aluminum (observed) 
at 330-420 Mev, iron (calculated from evaporation theory 
assuming an excitation energy of about 200 Mev), and copper 
(observed) at 2.2 Bev are given above. The “nuclei” ejected 
include: n, H’, He‘, Be’, C", F!8, Na®, and Na*. 


protons and neutrons having energies exceeding 100 
Mev and capable of producing “stars.” By intermediate 
neutrons we mean those which have energies lying 
between 10 and 100 Mev and which are secondary 
in origin. The low-energy neutrons probably result from 
evaporation and are less than 10 Mev in energy. Other 
particles, low-energy protons, pions, muons, and 
gammas, are believed to contribute only slightly to the 
observed tritium. 

First, the contribution of the nucleonic component 
will be considered. At the top of the atmosphere the 
nucleonic component only is present; its intensity is 
just that of the primaries. The variation of the vertical 
primary flux with geomagnetic latitude has been 
measured by a number of observers.*® According to 
Simpson, the mean vertical flux of primary particles 
reaching the poles is 0.18 primarie/cm? sec sterad.”® 
This value varies, with the 11 year half-period, by 
about +15%. In order to obtain the total mean flux 
of primaries the vertical flux must be integrated over 
zenith and azimuth angles, and then the flux curve must 
be averaged over the surface of the earth. Data on the 
Variation of cut-off energy with zenith and azimuth 
for each latitude together with the primary spectrum 
allowed the necessary integrations to be carried out,?7:8 
resulting in a value of 0.076/cm? sec sterad. The total 
mean flux is then just 4" 21(0.076) sin@ cosd#=0.24 
primaries/cm? sec. A variation in the vertical flux at 


*6 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 

6 John A. Simpson (private communication). 

27 J. G. Wilson, reference 17, pp. 250, 291, 293, 323. 

TD). J. X. Montgomery, Cosmic-Ray Physics (Princeton Uni- 
versity Press, Princeton, 1949), p. 55. 
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the poles of 15% corresponds to a 10% variation in the 
total mean flux. Since the heavy primaries are broken 
up in their first collision,” and their nucleons continue 
with approximately their original momenta, it seems 
reasonable to consider the primary flux of nucleons 
rather than the flux of nuclei. Since 84% of the primary 
nuclei but 52% of the primary nucleons are protons, 
the average flux of nucleons is 0.39/cm? sec. 

The nucleonic component is absorbed approximately 
exponentially in the atmosphere, its absorption length 
varying from 230 g/cm? to 120 g/cm? as it progresses 
towards the earth. Tritium production may then be 
calculated according to the following equation: 


«il i 
0 Ne 


where g;=the tritium production rate, J =average 
primary nucleon flux, \=nucleonic absorption length, 
and A;=mean free path for producing tritium. The 
variation of \ with energy and atmospheric depth, and 
the energy spectrum as a function of depth is given by 
Budini.* The evaluation /o' exp(—x/A[x ])dx graph- 
ically gave the value, 200 g/cm?. Since the mean energy 
of the nucleonic component is approximately 1 Bev, 
the weighted nitrogen and oxygen cross sections at 
2 Bev were used to calculate \;, which equals 920 g/cm. 
Hence, the nucleonic production of tritium is 0.085 
triton/cm* sec. The nucleonic production of tritium 
may be estimated also from the observed star produc- 
tion rate and from our triton multiplicities.” This 
procedure yields a rate of 0.079 triton/cm? sec. 

Unfortunately, the methods by which the nucleonic 
component is detected include only nucleons having 
energies greater than 100 Mev. The additional tritium 
production from nucleons between 100 Mev and 10 Mev 
is estimated to be about 0.01/cm? sec, and to lie between 
the limits: 0.046 and 0.0026/cm* sec. 

The remaining interactions to be considered are 
these of the neutrons.* Yuan, using BF; counters 
with and without cadmium shielding, observed the 
intensity of neutrons below 0.4 ev as a function of 
altitude.* The corrected curve integrated over altitude 
gives the total flux of 1.92/cm? sec at 52°N.***6 Correct- 
ing this figure for the latitude effect, the mean flux of 
neutrons below 0.4 ev is found to be 1.1 neutrons/cm? 


* J. G. Wilson, reference 17, p. 210. 

* B. Rossi, reference 18, p. 520. 

| P, Budini and G. Moliere in Kosmiche Strahlung, edited by 
W. ——s (Springer Verlag, Berlin, 1953), second edition, pp. 
384 ff. 


® According to J. G. Wilson, reference 17, p. 377, the star 
intensity integrated over the atmospheric depth is 1.7 stars/cm?* 
sec at 49°N. This corresponds to a mean production of 1.0 stars/ 
cm? sec, and the weighted triton multiplicity for nitrogen and 
oxygen at 2 Bev is 0.079. 

% See discussion by W. F. Libby in Radiocarbon Dating (Uni- 
versity of Chicago Press, Chicago, 1955), second edition, pp. 28 ff. 

*L.C. Yuan, Phys. Rev. 81, 175 (1951). 

%L. C. Yuan, Phys. Rev. 86, 128 (1952). 

% R. Ladenberg, Phys. Rev. 86, 128 (1952). 
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sec. In order to determine the flux of evaporation 
neutrons, one must consider the slowing down process 
and examine the effects of absorption and escape. 
Assuming that all of the slow neutrons result from 
evaporation and are produced with an energy spectrum 
of E exp(—£E/3), Freese and Meyer solved the diffusion 
equation for the distribution of neutrons below 0.4 ev 
in the atmosphere.*” From their curve, which com- 
pares favorably with Yuan’s, the fraction of evapora- 
tion neutrons escaping from the earth may be deter- 
mined—28%. (This represents the fraction escaping 
if none were absorbed.) By considering the escape, 
scattering, and absorption as the evaporation neutrons 
slow down we determine that an initial flux of 3.8 
neutrons/cm? sec having the above energy distribution 
would result in the observed 0.4-ev neutron flux. 

The fraction of the neutrons producing tritium may 
be calculated from the cross section for the N(n,) 
reaction, 11+2mb for fission neutrons above the 
threshold of 4.4 Mev.?-* (The corresponding reaction 
with oxygen has a threshold of about 15 Mev.) Since the 
mean energy of such fission neutrons is the same as 
that of the assumed evaporation spectrum, 5.7 Mev, 
the same cross section will be used. 

The energy distribution of elastically scattered neu- 
trons after » collisions with nitrogen nuclei is 


1 ((A+1)7°7 Boy" 
N(E£)= | (in) 
(n—1)!EqL 4A E 


(4.02)" ¢ Eg\" 
ee 
(n—1)!Eo\ E 





The number of neutrons surviving n-collisions with 
energy greater than 4.4 Mev is 


Celastic \ ” ad 
(=~) ‘| N(E)dE 
Ttotal 4.4 


(4.02)” 6.7 5.77 
= (0.67)-——_— f iz(n—) . (3) 
(n—1)!(5.7) J4.4 E 


Thus, considering the first four collisions, one calculates 
the fraction of the neutrons producing tritium to be 


(0.8) (11/1300) (1+0.61-+0.20+0.044---), (4) 


or approximately 1.3% should produce tritium, leading 
to a rate of 0.05 tritons/cm? sec from this source. 

This number probably is a little too high, because the 
calculation involved the assumption that the tritium 
cross section was not changing, although the mean 
energy of the neutrons above 4.4 Mev was decreasing 
with each collision. (0.8 is the abundance of nitrogen 
in the air, 11 and 1300 represent the tritium production 
and scattering cross sections, respectively.) Since the 


37 E. Freese and P. Meyer in reference 31, pp. 225 ff. 
3% E. L. Fireman, Phys. Rev. 91, 922 (1983). 








TRITIUM PRODUCTION BY HIGH-ENERGY PROTONS 


actual mean energy may be greater than 5.7 Mev, this 
tends to compensate and we shall select a production 
rate of 0.05 triton/cm’ sec as the best estimate. 

The results of the preceding calculations are sum- 
marized in Table IV. The agreement with observations* 
and the earlier calculations of Fireman and Rowland" 
on the natural abundance of tritium is satisfactory. 


Tritium and Helium-3 in Meteorites 


By estimating the cosmic-ray rate of He*® production, 
Singer® has calculated that several of the (iron) 
meteorites are at least 300 million years old. Fireman” 
has measured the tritium production cross section 
in iron at 2.2 Bev and discussed the He* content and 
ages of meteorites, suggesting that the latter may be 
as old as 4X 10° years. 

Since we now have additional figures for tritium and 
He’ production, perhaps another estimate should be 
made. Assuming that the cosmic rays have been 
constant and at about the maximum intensity reaching 
the earth’s poles for the last billion years, we conclude 
that He*® has been accumulating at the present tritium 
production rate (since they are in radioactive equilib- 
rium) plus its own direct rate of production. A cosmic- 
ray flux of 0.18 (our polar vertical flux)?* plus 15% or 
0.21/cm’ sec steradian is assumed for outer space. The 
total amount of radiation intercepting a spherical 
body of radius r is then 4ar?X2(0.21) sec. Again, 
assuming immediate break-up of heavy particles, the 
total nucleon flux is calculated to be: 42°r°(0.34) 
nucleons/sec. If our small spherical meteorite is 
immersed in a completely isotropic primary flux, the 
average path length of the primaries is just 4/3 of the 
radius. Thus, taking the triton multiplicity to be 0.07 
(the average for iron and nickel at 2.05 Bev) and the 
interaction mean free path in iron to be 108 g/cm’, the 
tritium production rate is calculated to be 2.910% 
triton/g sec (Fireman calculated 1.4X10-*). The 
ratio of He® to tritium will be taken as 0.7. (The 
measurements at 340 Mev gave a ratio of 0.6.) There- 
fore, direct production of He® is 2.0X10-* He*/g sec, 
and the total rate of accumulation of He’ is 4.9 10-* 
He'*/g sec. 

For the Mount Ayliff meteorite, Paneth estimated the 


%S. F. Singer, Scientific American 191, November, 1954, p. 36. 
Martin, Thompson, and Wardle, Phil. Mag. 45, 410 (1954). 


TABLE IV. Tritium production in the atmosphere. 








Triton flux (cm~* sec™!) 
Best value Limits 


0.082 0.062 —0.102 
0.05 0.022 —0.077 
0.01 0.0026—0.046 
<10-5 see 


0.14 


Producing component 





Nucleonic 

<10-Mev neutrons 
10-100 Mev nucleons 
Muons, gammas 


Total 


0.09 —0.22 








pre-atmospheric radius to be about 7.3 cm, correspond- 
ing to a mean cosmic-ray path of 76 g/cm?. Since the 
collision path of the primaries is only 108 g/cm’, 
primary absorption and secondary production cannot 
be neglected in this case. Taking these into account, we 
conclude that the average rate of tritium production 
in this meteorite was 3.3X10-* triton/gsec. The 
additional direct production of He* would raise the 
total rate of accumulation of He’ to 5.6 10-* He*/g sec. 
The observed’? He’® content was 8.8X10~* cc He*/g, 
which corresponds to 2.410" He*/g. Dividing the 
observed content by the expected production rate, one 
calculates an “age” of 1.4 10° years. 

Using a rather simple model to estimate primary and 
secondary tritium in a very large iron meteorite, we 
conclude that a maximum should occur at 6.5 cm 
(51 g/cm?) and have a trition density 1.2 times as 
large as that at the surface. Since the production at 
the surface is 2(0.36)(0.07/108)=7.310~ triton/ 
gsec, the rate at the maximum should be 8.8X10™ 
tritons/g sec. (Such a maximum is also predicted by 
Singer.)® Since we could easily determine as few as 
10 disintegrations per minute of tritium (10* atoms), 
the tritium in about 10 grams of a freshly fallen mete- 
orite should be measurable. 
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The anomalous magneti: moment of the nucleon is calculated using the method developed by Chew and 
Low. The static model is used, i.e., recoil and nucleon pair creation are omitted. The anomalous moments 
are expressed exactly in terms of the renormalized coupling constant and pion-nucleon scattering cross 
sections. The result shows a satisfactory agreement for the magnetic moment arising from the pion current. 
The contribution from the nucleon current, however, turns out to be too large. It is concluded that the 
Sachs’ mirror condition cannot be satisfied with the simple static model. 





1. INTRODUCTION 


HE theory of Chew and Low! for the P-wave 
pion-nucleon interaction has proved successful 
for the scattering and photoproduction of pions.? The 
coupling constant was determined with some accuracy 
and the approximate value of the cut-off momentum 
was also obtained. It is the purpose of this paper to 
determine whether these constants are also capable of 
explaining the anomalous magnetic moments of the 
nucleons. It is found that the Chew-Low theory applied 
to this problem allows one to express the nucleon 
moments in terms of the renormalized coupling constant 
and the total cross section for pion-nucleon scattering. 
In this paper, arguments are given in terms of the 
static model with a fixed nucleon. This presupposes 
that the magnetic moment anomaly is a low-energy 
phenomenon, meaning that the major contribution 
comes from virtual pions of small momenta. This may 
be the case for the part coming from the pion current 
since pions of low energy carry large orbital magnetic 
moments. The bare proton is assumed to have unit 
nuclear magneton, and the interaction current is 
omitted completely. This is the model discussed by 
Sachs.® 
The anomalous magnetic moments consist of two 
parts, which are, for the sake of convenience, called 
vector and scalar parts. The former has the same 
magnitude but opposite sign for proton and neutron. 
It comes from the pion current and the 7; part of the 
nucleon charge, which form vectors in isotopic space. 
The scalar part is the same for both proton and neutron 
and comes from the isotopic scalar part of the nucleon 
charge. Experimentally the scalar part yu, is very small 
(0.06) compared with the vector part yw, (1.85). The 
smallness of u, leads us to suppose that the nucleon 
current contributes little to the anomaly and the largest 


* Part of this work was done when the author was at the 
Institute for Nuclear Studies, University of Chicago, under the 
U. S. Atomic Energy Commission sponsorship. 

¢ On leave of absence from the University of Tokyo, Tokyo, 

apan. 
’ PG. F. Chew and F. Low, this issue [Phys. Rev. 101, 1570 
(1956) ]. 

2G. F. Chew and F. Low, this issue [Phys. Rev. 101, 1579 
(1956) ]. 

*R. G. Sachs, Phys. Rev. 87, 1100 (1952). 


part of 4, comes from the pion current. Theoretically, 
however, all calculations have given too large values 
for us. This is characteristic of the pseudoscalar pion 
theory, for in this theory virtual pions of high energy 
are important and they have small magnetic moments. 
The large value of u, therefore requires a large amount 
of dissociation probability, which also makes uy, large. 


2. FORMULATION OF THE PROBLEM 


The problem to be worked out is the evaluation of 
the expectation values of the magnetic moment oper- 
ators in the physical one-proton state. In order to 
express the magnetic moment operators, it is convenient 
to describe the pion field in terms of spherical waves 
instead of the more conventional plane waves. Only 
P-waves need be considered since they alone interact 
with the nucleon in the static model. With the intro- 
duction of creation and annihilation operators di, m* 
and dx,m for positive, by,m* and b;,» for negative, and 
Cr,m* and Cx, m for neutral pions with momentum & and 
magnetic quantum number m, the magnetic moment 
operator can be expressed as*® 


M=Mit-Met+Ms, 


¢ 1 
Ma=— >> —(ax, 1*ax, 1— ay, —1* a4, -1— Dy, 1*Dx, 1 (1) 
k Wk 


+ by, 1", 1+ ax, 1°, 1* — ae, -1*y, 1* 
— by, 10%, 1 +b, 10%, 1), 
Me= (e/4M)r303, (2) 
MWs= (e/4M)o3. (3) 


Here w, is the energy of the pion with momentum , 
and M is the nucleon mass. The expectation values are 
to be taken in the nucleon state with spin pointing in 
the z-direction. The expectation values of 91%; and IM 
are equal but have opposite sign for proton and neutron, 
and those of 91; are equal for both. Therefore, only the 
proton moment need be calculated. 
The Hamiltonian of the pion-nucleon system is 


H=Hot+V, 
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Ho= Z Wk (dx, m* dk, m+by, m* Dk, m+Cr, a C6, es 


kim 
1 k? 
oF He elon s°) 
uw (6rR)* & (2e,)! 
+740 (dy, 1+, 1*) +704 (a4, -1* +0, 1) 
+ 1r_o_(ay,1*+b,, ~1) J+ (1/V2)[74.03(a:, o+d:, o*) 
+r 73 (dx, 0° +x, 0) +7304 (Cx,—1* +x, 1) 


+ T3090 (Cx, *+ Ck, 1) J+ 7303(Cx, o*+Cx, 0) } ) 


where R is the radius of a very large sphere introduced 
to make the wave functions discrete. We write these 
expressions simply as 


Hy= dp w,d,*dy, V=%X,[G(d,)d,+G*(d,)d,*], 


where d* and d are creation and annihilation operators, 

and p stands for the magnetic quantum number m and 

the charge quantum number as well as the momentum p. 
The anomalous moments are defined by 


My=Mitye, Ms=Hs, 


2M T303— 1 o3—1 
mi=—{|9M|), m= { —_ ) m= ( )} 
e 2 2 


where |) is the proton state with spin up. These are 
expressed in terms of nuclear magnetons. —} for pe 
and us; are the normal moments of the proton. 


3. EXPECTATION VALUES OF THE BILINEAR 
QUANTITIES IN THE PION OPERATOR 


For the evaluation of {{91,|), we need quantities like 
(|d*d|), <|d*d*|), <|dd]). (4) 
These quantities can be transformed according to the 


method of Chew and Low.! 
Let us normalize H so that 


H|)=0. 
From the commutation of H and d,, 
[H,d, |= —w,d,—G*(d,), 
and using (5), 
d,|)= -——6*(4,))). 


H+w» 
Similarly, 


1 
(|d,*= —(|G(d,)——.. 
H+w», 
In the same way we have 


1 1 
{eu —_orea) 


dyd,|)= 
rel H+wyto, H+w, 


1 
+G*(d,)—¢* @,)| I), 
H+w, 


MOMENT OF NUCLEON 


and 


1 
(1d,t4.¢=(\[604,)— G(d,) 
H 


Wp 


1 1 
+G(d,)—— 6«a,) ue te, 
H+ 


Wg H+wyp+w, 
Thus we can write (4) as 
(|G(d,) | n)(n|G* (dy) |) 
(E,+w,)? 
| 1 £(|G*(d,)|n)(n|G*(d,)|) 
(ldede|)=<—] 
2 WytWe Ent+w¢ 
A. |G* (dq) |n)(n|G* (dy) | | 
E,t+w, 
1 |G(d,)|n)(n|G(d,)|) 
tecsepmy fants 


n WptWq 





(|dp*dp|)= 2 





Ent+op 
(|G(dq)|n)(n|G(d,)|) 
7 . : iq | (12) 


+. eineie 


where |) are the complete orthonormal set of incoming 
wave eigenstates. These equations are exact, although 
they resemble the results of the second-order pertur- 
bation theory. 

The matrix element 


T,(n) =(n|G(d,)|) (13) 


is related to the scattering matrix.' For E,=w,, T,(n) 
is equal to the transition matrix element of the process 
in which a pion of type # is scattered by a proton into 
the state n. The use of the spherical wave for the 
incoming particle is somewhat unfamiliar to us. The 
relation to the more conventional expression using a 
plane wave can be obtained by means of transformation 
functions. If 7(k,) is the conventional matrix element 
for the incident pion with momentum k and 7;,, »,(n) 
is the one used in this paper, then, 
i 


T,(n)= eed cosOT ;, o(m) 


sin® 


+ feerdte ery}, 19 
Vv 


where ©, # are the polar angles of the vector k. 

It is more convenient to express the 7 matrix in 
terms of four independent elements, 7,;(k;), corre- 
sponding to four eigenstates of total isotopic spin i/2 
and total angular momentum j/2. k is the momentum 
of the incoming pion. T7;,(m) and 7;; are simply related 
by the familiar Clebsch-Gordan coefficients. With this 
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notation we have 
(|G(a1) | n)(n|G*(a,)|) 

=(|G(a1)|n){n|G(b_)|) 

=$L| Tsa(m) |?4+2| Ts1|?+2|Trs|?+4| Tu|?), 
(|G(a_1)|n)(n|G*(a_1)|) 

=(|G(a_1)|n)n|G(b1)|)=4(| Ts3|?+2| T1s]?), 
(|G(b1) | m)(n|G*(b1)|) 

(15) 

=(|G*(a_1)|m)n|G*(b:)|)=3(| Ts3|?+2|Ts1]?), 
(|G(b_1)|mn|G*(b_1)|) 

=(|G* (a1) |m)n|G*(b_1)|)=|Tss]*, 
(|G(c1) | m)n|G*(c1)|) 

=$(2| Ts3|?+4| Ts1|?+ | Tis|?+2| Tu), 
{|G(c_1) | mn] G*(c_1)|)=§(2| T3|?+ | Ts1]*). 


The arguments of 7;;; are omitted in these equations. 
Consider the term a, :*a,,1 as an example. 
(|G (ax, 1) | m)(n|G* (ax, 1) |) 
(| ay, 1*ax,1]/)=>- non ears sot NE Te simahaicageet” 
n (En+ox)* 


In this summation we separate the term n=O corre- 
sponding to the nucleon state. The matrix element 


f(0| r_o_|) 
is equal to 
f(uor_-o_u), 


where f is the renormalized coupling constant and wo 
and « are normalized Pauli spinors. Thus 


|(m|G*(ax,1)|)|? f? 1° ke 
n=O (E, +x)? 


uw? 3aR w,3 


We assume that there is no bound state except the 
nucleon state. The remaining term is 


7% thai maee [ T33(k,m) |? 
9 n>o (FE, +a,;)? 
42| Ta |2+2|Trs|2+4| Tul?). 
The summation 
[Ts5|* 
aioe: (16) 
n>0 (E,+a,)? 


can be expressed in terms of the cross sections. The 
total cross section for positive pions of momentum k 
incident on a proton is 


2x 
ot(k)=— D 6(E,—wx)|Tx(n)|’, 


mR 7 
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where 2, =k/w;. Using (14) and (13), we get 


9 


1 
a+ (k) =——— © 8(E,,—«x) |cosQ(n| G(ax, 0) |) 


VE n 


2 


sin@ 
5 A |G (ax, 1)|) +e *(n|G(ax,-1)|)]} . 
V 


We average this quantity over the direction of & in 
order to get the cross section for an unpolarized proton. 
Observing that G(ax, 1) =G*(b,,-1), etc., and using (15), 
we obtain 


wR 
o+(k) =i Y 5(E,—cx)[2| Tsa(k,n) 2+ | Tn?) 


We write this as 
ot (k) = 3[ 2033(k) +o (2) J. 
Similarly, the total cross section for negative pions is 
o ~(k) = $1 2033(k) +4013(k) +os1(k) + 2011(k) ], 


where 


Wk 
se Ahan > 6(E,—wx) | Ti ;(k,n) |? (17) 


is the cross sections due to the pure state of isotopic 
spin i/2 and angular momentum j/2. Below the 
threshold of pion production (two pions in the final 
state) o;; takes the simple form 
127 
o4;(k) =—— sin’6;;, 
R2 


where the 6;; are the usual phase shifts. 

In order to compare (16) with (17), we first observe 
that |7;;(k,m)|* depends on & only in a trivial way, 
namely 


| * 1 
| Ti ;(k,n) | Pate —| T;;(1,n) ., 
Wk ha 
Thus (17) can be written as 


WIWk 
oi;(k) =127°R— © 6(k,,—k)| T;;(l,n) |?, 
It on (18) 


where the relation 
kb (E,— we) = 0x5 (Ra — k) 


has been used. Multiplying (18) by 


1 Is 
> (v= 1, 2) 
122?R (witw,) ww; 
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and integrating over k, we obtain 


ois(k)dk | T;;(1,n) |? 





1 
127°R “a Ae Sang n>0 (wit Ey)’ 


Inserting (15) and (19) into (10), (11), (12), we have 
the required expectation values: 


fk eS 
(| dx, 1*ax, deeper monn ge aalh) + 2M a 


uw? 3nR w,3 
+2Mist4Mu), 
{| ax, 1* ay, -1])=3(M33+2Mi,), 
(| be, 1*x, 1|)=3(Mg3+2M a), 
(|e, —1*bi,-1])= Miss, 


2 1 k4 


DA 1 
(| cx,1*¢x, WS oe cats (2M33+4M a1 
uw? OrR w,3 


(20) 


+Mi3+2M:), 
{| cx, —1*cx,-1])=4(2M3s+Ma), 
f? 1 &k 
{| ax, 1*Di, _1*|)= (| ax, dx, ee rene Re 
we 6rR w,3 
+3[5N 33(k) +N atNist2N i], 
{| ax, ~1*by, 1*|)= (| @x,—1bx, 1!) =4(N33+13), 


where 
1 af oi;(D)dl 

127°R w, (wn-teny)2ap 

kA 

127°R me 





Mi ;(k)= 


Ni;(k) -_ 
(ortwior 

The summation over k can be replaced by an integral, 
using the formula 


R 
ya fab. 
k T 


Thus we have for the anomalous magnetic moment due 
to the pion current (expressed in the units of nuclear 
magneton) : 


2M P&M kk 
m= {|= —dk 


dor 3 py? w,! 


+$[4P33(K)—2Ps—2Pist+4Puj, (21) 


with 
P;;(K)=2M[I;;(2,2; K)+J;;(3,1; K)], 


1 oi;(k)ldkdl 
Lesa K) ern mre 


12m J wyoy"(watwr)” 
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TABLE I. Values of J33 for various cutoffs K. 








K T33(2.1; K) 2M133(2.2; K) 2M133(3.1; K) 





0.32 
0.45 


0.50 
0.68 


Su 0.13 
Ou 0.21 








The first term in (21) is equal to the result of the 
lowest-order perturbation calculation but with the 
renormalized coupling constant. This result is exact. 
No approximation is involved except the static approxi- 
mation which was introduced in the first stage. 


4. NUMERICAL VALUES 


In order to calculate the integral J;;, we must know 
the o;; which are not directly observed by experiment. 
However, a very simple situation prevails, at least for 
low-energy scattering. It has been predicted by theory 
and confirmed by experiments that o33 is the dominant 
cross section: 


033011, 013, 31. 


This relation holds for pion energies up to about 250 
Mev. We simply assume that all o;;’s are zero except 
33, since the high-energy part contributes little to the 
integral. In this case 


o33> Zot, 


(22) 


711, 713, o31=0. 


Errors involved in this approximation will be discussed 
in Sec. 6. 

Calculations are made in the barycentric system. 
That is, o(k) is defined as the total cross section for 
pions with momentum & in the barycentric system. 
Some values of J;; for various cutoffs K are shown in 
Table I. 

The magnetic moment due to the pion current is 
calculated with f?/4r=0.08. 


wi=1.36+0.36=1.72 (K=5y), 
wi=1.80+0.50=2.30 (K=6y). 
The first numbers in these equations represent the first 
term in (21) and the second numbers are the remaining 
terms. 
5. MAGNETIC MOMENTS DUE TO PROTON CHARGE 


The scalar part of the magnetic moment, u,, can be 
evaluated in the same way as in Sec. 3. By the conser- 
vation of the total angular momentum, 

(J pion)3= 3- (J pion) 3, 


$o3=J3— 


where J pion is the angular momentum of the pion field 
only and is given by 


(J pion)3= ar (dx, 1* dx, itd; 1* dy, it Ck, 1*Ck, 1 


+ + 
— Oy, —1* 04, -1— by, 1 Dy, -1— Cx, -1 Ck,—1). 
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The scalar part of the anomalous moment is, therefore, 


us= —(| (J pion)s])= Lo (—(| ae, 1*ax, 1|)— {| be, 1*a, 1 |) 
—(|¢x,1*¢x, 1])+(| ae, -1*ax,—1|) 
+(| by, 1x, 1 ])+4| 2, -1*cx, -1])). 


All expectation values were calculated in (20). Thus 
2 pk 


a i EE rate ele X) 3L3:—2L11], 
4or ry? 


(23) 
with 
Li;(K) =1;;(2,1; K). 
Again we use the simplified assumption (22) and obtain 
ws= —0.52+0.17=—0.35 (K=5y), 
ps= —0.78+0.28=—0.50 (K=6y). 


The same method is not applicable for the evaluation 
of we. However, this quantity can be calculated in a 
different way. From the definition of the renormalized 
coupling constant, we have 


fo| rs03|)= f(ursosu) = f, 
{| r303|)= f/ fo. 


The relation between the renormalized and unrenormal- 
ized coupling constant was given by Chew and Low. 
We reproduce their derivation here for use later. 

By using the relation between 7,(m) and the total 
cross section, 


fek? is 1—r;| 
® ke 


Therefore 


so that 


)= Eb) alae) 
o* (I) 
—f* w ws 


(25) 


=D 1Tx.4(")|?= 


i |"))= pe 


Similarly, 


fe (26) 


put P uw ca (k) 


j— fe 
Wk 


2 2r 


Adding these two equations: 
uw eo (k)+o*(k) 
f= P+— [ak 
2r Wk 


Inserting numerical values, we have 
fe/4r=0.19. 


The cutoff was chosen as K=6xz. 
however, insensitive to the cutoff. 


f 3 


(| 7303|)=—= 


The integral is, 


H. MIYAZAWA 


The sign was chosen to be positive for reasons of 
continuity. The anomalous moment is, therefore, 


po= —0.18. 


This method of calculation is quite different from 
that used in Sec. 3 and the early part of this section. 
However, we can check the consistency of both calcu- 
lations. Since {{73|) is equal to ({o3|) in the static 
model, we have, from (24), 


2 


4r pu 
us=K{| (ox-1)|)=-— — 
fo? 8x 


ot 
—dk=—0.36. (28) 
WwW 


This value is consistent with (24) obtained by the 
different method. We note that in this expression, us; is 
rather insensitive to the cutoff if experimental values 
are used for ot. Of course, us is cutoff-dependent if 
theoretical values are used instead. 


6. DISCUSSION OF THE RESULTS 


Summing up the results, the anomalous magnetic 
moments are as follows: 


o= 1.54, (K=S5y) 
= 212, (K=6y), 
e=—0.35, (K=5y) 
=—0.50, (K=6n) 
=—0.36 [Eq. (28)]. 


Experimental values are given by 


My=1.85, ue= —0.06. 


We see that y, fits with experimental value if the cutoff 
is chosen between 5u and 6z. This is satisfactory since 
from scattering experiments Chew and Low estimated 
that K should be about 6u. The scalar part, u,, however, 
is more than six times larger than the experimental 
value. 

The calculations were done using the following 
approximations: 

(1) Use of the static model (that is, recoil and 
nucleon pair creation are neglected and all integrals 
over momenta of the virtual pions are cut off at K). 

(2) An assumption about the magnetic moment 
operators. They are assumed to be given by Eqs. (1), 
(2), and (3). 

(3) Three-three_states are dominant. More exactly, 
it is assumed that 

I3s>>T11, Lis, 1, 
which means that 


K o33(k) ® o11, 013, 031 
f ——dk> f eee 
“an a! 


‘We argue in this way. Suppose that all quantities are the 
function of f and the cutoff K. When k=0, (raes1) =1 and fo 
must be equal to f. When K is increased, fo changes continuously 
and changes sign only after it becomes zero or infinite. However, 
from the Eq. (27) we see that neither case can happen. 


(27) 
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The calculations are otherwise exact. All higher order 
effects are included in the cross-section term and the 
renormalization of the coupling constant. 

Of these, the assumption (3) was made only for ease 
in computation. We have detailed information about 
the phase shifts at low energies and more accurate 
evaluation of the integrals J;; is, of course, possible. 
Although the dominance of the three-three state is not 
true for higher energies, the assumption (27) should be 
fairly good since the high-energy part is not important 
due to the factor 1/w,?. The error involved in this 
assumption could be estimated in the following way. 
Since 


30-— ot = 3 (2013+011), 


we have a rough estimate for 


ij 1 e30-—ot 
—dk= f ——, 
we 2 w,? 


Comparing this with }fotdk/u’, 


(ij=11, 13, 31). 


0ij 033 
[Ga / [Ha~o.19 (ij=11, 13, 31). 
ow w 


This means that J, 13, and J3; are about one-fifth of 
I33. Therefore the neglect of these integrals causes an 
error of a few percent for uw; and an error of about 10% 
for ps3. 

The expression (26) for yu; does not involve the 
assumption (3), and is not critically dependent upon 
the cutoff. This result is six times larger than the actual 
value. We can conclude that Sachs’ mirror condition, 
which requires that u,= —0.06, is never satisfied in the 
simple model which assumes (1) and (2). 

Turning to the assumption (2), the expression (1) 
for the magnetic moment due to the pion current is 
exact and free from ambiguity so long as nucleon recoil 
is neglected. This is no longer true, however, for the 
part coming from the nucleon current. There is some 
ambiguity in defining the interaction current in the 
static approximation, although we have neglected it 
completely. We also assumed that the bare-proton 
magnetic moment is one nuclear magneton, which is 
not true if nucleon pair creation and other effects are 
taken into account. Under these circumstances the 
values of us and ps; obtained here cannot be taken too 
seriously. 
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We should point out that the correction terms to the 
second-order results, given by the second term in (21) 
and (23), are in the right direction although not 
sufficiently large. When three-three states are dominant, 
the correction terms are both positive. It increases yu, 
decreases yu; and makes them nearer to the experimental 
values. This fact can be understood in the following 
way: the proton with spin up likes to form a state of 
i=$ and j=$ with a virtual positive pion of m=1. 
A virtual negative pion of m=—1 must be emitted in 
order to balance the total angular momentum and 
charge. This state makes a large contribution to y; but 
does not contribute to u3. The predominance of this 
virtual state agrees favorably with the experimental 
fact that ws is very small compared to w;. This con- 
sideration bears some relation to the model proposed 
by Sugawara,’ who introduced a $-} isobar state 
explicitly in order to explain the magnetic moment 
anomaly. 

The good agreement of yu; with the experimental value 
suggests that the adoption of the static model is 
admissible for the pion part of the anomalous magnetic 
moment. The nucleon current is, however, a relativistic 
phenomenon and the present calculation is not sufficient 
for this purpose. 

In this paper no interaction was assumed between 
pions. Holladay*® obtained good results for nucleon 
anomalous moments by assuming a strong correlation 
between pions. The conclusions in this paper would not 
hold if there were strong forces between pions. 

Note added in proof.—G. Sandri [Phys. Rev. 101, 
1616 (1956) ] has pointed out that the conservation of 
strangeness allows the virtual emission of K+ by the 
nucleons while the emission of K~ is forbidden. This 
has the consequence that the K-particles contribute 
to uw, but not to uw,. The discrepancy in the value of u, 
in this paper could be removed by introducing a pseudo- 
scalar K-particle which would give a positive contribu- 
tion to ps. 
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The theory of p-wave pion-nucleon scattering is reexamined using the formalism recently proposed by 
one of the authors (F.E.L.). On the basis of the cut-off Yukawa theory without nuclear recoil it is found, 
for not too high values of the coupling constant, that: (a) For each p-wave phase shift a certain function 
of the cotangent should be approximately linear at low energies and should extrapolate to the Born approxi- 
mation at zero total energy. The value of the renormalized unrationalized coupling constant determined 
in this way from experiment is /*=0.08. A special feature of the predicted energy dependence of the phase 
shifts is that 533 is positive and the other p phase shifts are negative. (b) The so-called “crossing theorem” 
requires a relation between the four phase shifts, so that in addition to the coupling constant only two 
further constants are needed to completely specify the low-energy behavior. (c) The direction of the energy 
variation in the (3,3) state is such that a resonance will occur for a sufficiently large cut-off wmax. Rough 
estimates indicate that wmax~6 will produce a resonance at the energy required by experiment. It is argued 
that the results (a) and (b) are very probably also consequences of a relativistic theory but that (c) may 


not be. 





I. INTRODUCTION 


HE ability of the Yukawa theory to describe 
quantitatively the pion-nucleon interaction is 
still uncertain. The recent discovery of new particles, 
the hyperons and K-mesons, makes it unlikely that 
this theory can be valid in the multi-Bev energy region, 
but there still remains an interesting and important 
question: Can a theory of the Yukawa type quantita- 
tively correlate experiments in the sub-Bev region, 
below the threshold for production of “curious” parti- 
cles? Recently, it has been shown! that a crude static 
model of the pion-nucleon interaction, based on the 
Yukawa idea, is quite powerful in correlating certain 
experiments; however, the relation of the model to a 
true theory has been obscure. One of the main purposes 
of this paper and the one following (which will be 
concerned with photomeson production) is to show 
that the most important predictions of the model are 
actually independent of its details and thus may also 
be predictions of a “true” theory. 

The results to be presented are based on a new set of 
equations’ which can be applied both to the static model 
and to the relativistic Yukawa theory, and which 
exhibit the low-energy properties of both in a clear and 
useful way. Some new and quite general predictions 
about -wave pion-nucleon scattering have been 
achieved without explicit solution of the equations, 
and the second purpose of this paper is to report these 
new predictions. 

Throughout the first six sections of this paper, 
arguments and derivations will be given in terms of the 
static model. The simplification achieved by eliminating 
antinucleons and recoil is enormous. In Sec. II, a new 
and simplified derivation of the equations for meson 
scattering is presented. In Sec. III, those properties of 


1G. F. Chew, Phys. Rev. 95, 1669 (1954). 

*F. E. Low, Phys. Rev. 97, 1392 (1955). Closely related 
equations have also been derived by Lehmann, Symanzik, and 
Zimmerman, Nuovo cimento 1, 1 (1955). 


the scattering are discussed which can be deduced 
without explicit solution of the equations. Section IV 
deals with the equations in what might be called the 
“one-meson approximation.” In Sec. V, an effective- 
range treatment of the scattering problem is presented. 
Section VI deals with certain total-cross-section sum 
rules, including a sum rule for the renormalization 
constants of the theory. Finally, in Sec. VII, we discuss 
the possible extension of our results to more complicated 
cases such as the relativistic pseudoscalar theory. 


Il. DERIVATION OF THE SCATTERING EQUATIONS 


We present here a much simpler derivation of the 
scattering equations than is given in reference 2. We 
follow a method suggested by Wick® which unfortu- 
nately applies to the fixed-source theory only. For a 
derivation of the appropriate expression when nucleon 
recoil is to be included, see reference 2. 

We take as our Hamiltonian‘ 


H=Ho+H1, (1) 
where 
H;= Li VO atV,O fay, (2) 


Ao=di axtapwe, (3) 


VO H=if (o-k/V2w,)7,0(k). (4) 


Here a,t and a, are, respectively, creation and annihi- 
lation operators for single mesons, w,= (1+-?)}, @ is 
the nucleon spin vector, and 7; is the kth component 
of the nucleon isotopic spin operator. In our notation, 
the meson quantum numbers are all described by a 
single symbol (&) which includes the three components 
of momentum and the isotopic spin. Also, fi, is the 
rationalized but unrenormalized coupling constant. 
The Hamiltonian (1) has a complete set of eigenstates 
WV, These states include the four single-nucleon states 


and 


3G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
4 We take A=c=y=1; w is the meson rest mass. 
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Vo (we suppress the spin and isotopic spin indices), 
the one-meson states V,, two-meson states, etc. We 
are of course particularly interested in the one-meson 
states with outgoing waves, V,‘+). These are solutions 
of the Schrédinger equation 


(H-E,)¥,.= 
with 
Eq= Eotwag, (S) 


where £p is the single-nucleon energy. Following Wick, 
we set 


Y= aotx, (6) 


(H—E,)x? = — (H—E,)aqh¥o. 


[Ho,aqt ]=weagt 


[H1,agt]=V., 
so that 
(H— Eg)ago= VOW 
and 
(H—E,)xP = —V Ow. 


Dividing through by (H—£E,), we have 


x= V OW, (7) 


H—E,—ie 


where the —ie is inserted to produce outgoing waves 
in x™.5 The reader will recall that 1/(a—7ie) = P(1/a) 
+i15(a),° where P(1/a) stands for the Cauchy principal 
value. We rewrite Eq. (7) as: 


xP=—-y — FOV, ,V OW), (8) 
n E,—E,—ie 


where the VW, are the complete orthonormal set of 
incoming wave eigenstates. We assume in writing Eq. 
(8) that there are no bound states. 

The next problem is to relate the result (8) to the 
scattering matrix. Wick’ has been able to show that the 
S-matrix is directly related to the coefficient of V,@ 
in the sum in (8) by the equation 


(n| S| q)=8nq— 2ni6(E,—En)T(n), (9) 


where T,(”)= (W,,V Wo). 

The following simple proof of (9) was kindly com- 
municated to us by B. S. de Witt. The starting point 
is a well-known formula for the S-matrix: 


(n| S| Q)= (Un, Va). (10) 


Now rewrite Y,“ so that the corresponding incoming 


5 B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

6p. A. M. Dirac, The Principles of Quantum Mechanics (Oxford 
University Press, New York, 1947), third edition, p. 198. 

7G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 


INTERACTION 


wave solution appears explicitly: 
Ve? =ag'Wo— VOW 
H—E,—ie 
1 1 
H-—E,+ie H—E,—ie 
=V 0 —2rid(H— EV OW. 





=V,0+4+ V Wo 


(11) 


Substitution of (11) into (10) clearly leads to the 
desired result (9). 

The total cross section for mesons of momentum 
and isotopic spin g is then 


2m 
o=— DL 5(E,—E,) | T4(n) , 


Uq * 


(12) 


where 0,= ¢/wg is the incident meson velocity. 

It will be seen by (9) that for E,=E,, the quantity 
T,(n) is the conventional T matrix of scattering theory, 
but for E,¥ E,, this is no longer the case. T,(m) remains 
everywhere closely related to the energy-conserving T 
matrix at energy E,, since it depends on the variable ¢ 
only in a trivial way. In contrast, the conventional 7 
matrix usually depends on its two indices in a non- 
factorable way and its values off and on the energy 
shell are not simply related. The trivial dependence of 
T,(n) on the variable g is an important simplification 
achieved by the present method of calculation. 

In order to investigate the properties of T,(p), we 
note that since VW,“ can be written 


¥,0 =a,—————_V ,W, (13) 
H—E,+ie 


it follows that 
T 4(?) - (apo, V Wo) 
— (— ——V Wo, v.00) (14) 
H—E,+%« 
= (Wo,V oa,Vo) 


1 
= (vs Vp Ve), (15) 
H—E,—ie 


where we have made use of the fact that V, and a, 
commute. 
Let us normalize H (by subtracting the nucleon 
self-energy) so that 
H¥,=0, 


AY ,=w,V p, 


(16) 
(17) 


etc. The annihilation operator a, may be eliminated 
from the first term of (15) by making use of its com- 
mutator with the Hamiltonian: 


[a,,H | a WA + Vv» 1, 
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Thus, 
(a,H— Ha,—w,a,—V,t Wo=0 
or 
(H+w,)a,¥o= —V, No, 


V Ow 0; 


Wp 


a,Vo= — 


and Eq. (15) becomes 


1 
T4(p) ells (¥. er v0) 


—Wyp—te 


1 
vo (v. V 


+w» 


V5) 
Finally, since V,t=—V,, we have 

(p) ©) : 
T(p =(¥[7 o—____— 
@ Pp H 


—Wp—te 


VO 


1 
vole) 
+wy, 


We may write Eq. (21) in a somewhat more familiar 
form by reintroducing the complete orthonormal set of 
states V,—: 


To()=Ln(Vo,V pOWn™) (Ha, V go) / (En—wyp— ie) 
FL n(Vo,V Un) (Un, V pWo)/(Entwy). (22) 


Although Eq. (22) is strongly reminiscent of second- 
order perturbation theory, it is an exact result. The 
difference from perturbation theory lies, of course, in 
the use of initial, intermediate, and final states which 
are exact eigenstates of the total Hamiltonian H rather 
than of the free Hamiltonian Hp. 

A more compact writing of (22) evidently is achieved 
by the use of the matrix element, 


T (n)= (FO, VOW), 


+V (21) 


(23) 


already introduced in Eq. (9), and the complex conju- 
gate matrix element, 


Te (n) = (VOW, Va) 
= (Wo, VOW.) 


= — (Y,V,O".). (24) 


Even more notational simplification results if we con- 
sider (22) to be an operator equation with respect to 
the nucleon spin and isotopic spin variables. To illus- 
trate how this works out, we write these variables 
explicitly in a typical matrix element. Take a final 
state 8, initial state a, and 4 intermediate states V,”, 
y=1, ---4. Then 


© 8| V >| n,yXn,7| Vo |a) 
a —L x1 T,(n)|8)*(y| T,(n)|a) 
=—)6| Tp*(n)|yXv| To(n) |a) 
=—(B| T,'(n)T ,(n)a). 


G. F. CHEW AND F. 


E. LOW 


Thus, if indices: corresponding to initial and final 
nucleon states are as usual suppressed, Eq. (22) may 
be re-expressed as 


T ,'(n)T 4(n) F T,' (n)T p(n) 





r(0)=-¥| 


n 


| (25) 


n—Wp—te Entwp 
a form of the equation which exhibits clearly its most 
important general properties. 


Ill. GENERAL PROPERTIES OF THE EQUATION 
A. Unitarity of the S-Matrix 


We begin by examining the well-known requirement 
that the scattering matrix shall be unitary. From the 
relation (9), it follows that the unitarity condition 
StS=1 is equivalent to the following statement: 


Ty'(q)—T4(p) = 204i Don 6(En—wy)T pt(n)T 4 (n), 


when w,=w,=w. If one takes the conjugate transpose 
of (25) to obtain 7,'(g), the only change to occur on 
the right-hand side is the replacement of —ie in the 
first denominator by +ie. Then, since 


(26) 


1 





1 

— =27id(E,—w), 
E,—w—ie E,—w+ie 

the unitarity condition (26) is evidently satisfied by 
any matrix function satisfying (25). It would seem, 
therefore, that one novel feature of (25), the quadratic 
rather than linear dependence on T of the right-hand 
side, is largely a reflection of the unitarity requirement. 
The second term of the right-hand side, however, has 
nothing to do with unitarity. Its presence has rather 
to do with a second and a quite different general 
property of the theory, which we discuss next. 


B. Crossing Theorem 


Gell-Mann and Goldberger® have pointed out an 
important symmetry possessed by theories of the 
Yukawa type. In terms of Feynman diagrams for 
meson-nucleon scattering, one may express this sym- 
metry by saying that for any given diagram, another 
must exist which is obtained from the first by exchang- 
ing the incoming and outgoing meson lines. This 
exchange is not a simple time reversal because the 
nucleon line is not inverted. 

In the present formulation of the theory this “crossing 
symmetry,” as it is sometimes called, can be simply 
expressed in terms of a certain matrix function of a 
complex variable, z, which we define by 


Ty'(n)T(n) Tq'(n)T,(n) 
} | (27) 
E,-2z E,tsz 
*M. Gell-Mann and M. L. Goldberger, in Proceedings of the 


Fourth Annual Rochester Conference on High Energy Nuclear 
Physics (University of Rochester Press, Rochester, 1954). 





t(t)=-¥| 
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Note that é,,(z) is a Hermitian matrix function of z in 
the sense that 


top(Z)= tpgt(z*). 


Note further that the dependence on both # and q is 
now trivial. Only the dependence on z is unknown. 

Clearly, the limit of ¢,,(z) as z approaches the 
positive real axis from above (z—w,+ie) is T,(p); but 
for an expression of the crossing symmetry we must 
keep the functional dependence on p and 2z separate. 
The symmetry is expressed by the relation 


top(2)= tpg(—2), 


and it becomes apparent that the reason for the second 
term in (27) is precisely to satisfy (28). 


(28) 


C. Pole of the Function ¢, ,(z) at the Origin 


It is helpful to get clearly in mind the nature and 
location of the singularities of the function /,,(z). This 
is possible from inspection of (27) because the energy 
eigenvalues of the Hamiltonian, Z,, are known even 
though the eigenfunctions are not. 

The lowest eigenvalue (after the self-energy sub- 
traction) is zero, belonging to the four zero-meson 
states. These states, then give rise to a simple pole at 
z=0, with residue R,»=[7,'(0)T,(0)—T,'(0)T,(0) ]. 
This statement is an analog of the Kroll-Ruderman 
theorem® and provides a method for measuring the 
coupling constant by scattering experiments. The point 
is that 7,(0) contains the zero-meson wave functions 
only in a matrix element, 


(Wo ,oar Vo), 


which for reasons of invariance must be a g-, a-, and 
B-independent multiple, say Z, of the matrix element 


(Ua,o qT gs), 


where “ and ug are normalized Pauli spinors (‘‘bare- 
nucleon” wave functions). If we now define f(,,=Z fir 
and call f(,, the renormalized (rationalized) coupling 
constant, it follows that 


T,(0)=Vo, 


where V, is obtained from V, by replacing f(, by 
fin. The function ¢,,(z) in the neighborhood of z=0 is 
therefore completely determined by the renormalized 
coupling constant and vice versa. Since our theory is a 
finite one, we are of course free to define the coupling 
constant in the most convenient way. The present 
definition coincides with those previously given by 
Chew” and Lee"; most important, it is also appropriate 
(in the sense of the Kroll-Ruderman theorem) to the 
calculation of threshold photomeson production. 


9 N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 


1 G. F. Chew, Phys. Rev. 94, 1748 (1954). 
1 T, D. Lee, Phys. Rev. 95, 1329 (1954). 
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D. Behavior at Infinity 


It is clear from inspection of (27) that as z->, 
tap(z) behaves like 1/z. It is an interesting but not very 
useful fact that the coefficient of 1/z at infinity is a 
multiple of the residue at the origin which is inde- 
pendent of g and # and of the nucleon variables. The 
proof of this relation is given by reference back to 
Eq. (22). As z (or wy) approaches infinity, the de- 
pendence on the energy eigenvalue £,, in the denomi- 
nator is removed and closure may be applied to evaluate 
the sum over states, giving 


limztep(z) = — (Wo,LV,,V, Wo), 
20 


which is to be compared to the residue at the origin, 
Rqp= —LV»,V¢]. 


By using the standard commutation properties of the 
o’s and 7’s, these two coefficients are easily shown to 
differ only by a factor which is independent of p and g¢ 
as well as of the nucleon spin and isotopic spin, but 
the factor is not unity. The point is that here one is 
dealing essentially with matrix elements of o, or rT, 
rather than the product gr, as in the preceding section. 


E. Location of Branch Points and Cuts 


From the form of (27) it is clear that, in addition to 
the pole at the origin, all the other singularities of (27) 
also lie along the real axis. The next lowest eigenvalue 
of the energy corresponds to a single meson at rest; 
then there is a continuous distribution in energy of 
one-meson states up to +. At an energy equal to 
two meson rest masses, a continuous distribution of 
two-meson states begins, and so on, for all higher 
numbers of mesons. It follows that, because of the 
one-meson states, the function ¢,,(z) has a branch point 
at z=1 and a cut along the real axis for z>1. The 
two-meson states produce a branch point at z=2 and 
a cut for z>2, etc. The “crossed” terms in (27) obvi- 
ously produce similar singularities in the left half-plane. 

It will now be shown that the conditions listed under 
A, B, C, D, E, above, together with the factorability of 
the JT matrix which is implied by Eq. (9), are com- 
pletely equivalent to Eq. (27). Consider the condition 
that except for a simple pole of residue Ryg at the 
origin all the singularities of ¢,,(z) are confined to 
branch points with cuts running along the real axis for 
z>+1 and z<—1. If ¢,,(z) goes like 1/z at infinity, 
it may be expanded in the form 


F qp(x’) ; Gop(x’) 
T 


v’—2 86’ +2 





Res . 
tap(2) = ix| 
4 1 


| (29) 


where F,,(x) and G,,(x) are weighting functions defined 
for x21. Evidently the functions F,, and G,, are given 
by the jump in the function ¢,, going across the real 
axis in the right and left half-planes, respectively. We 
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have, in fact, 


2miF op(x)= lim tgp(z)— lim tgy(z) (30) 
2a+ie i 


2—z—te 


for x21, and 


2riG p(x) = lim tgp(z)— lim fgp(z), (31) 


a——2—ie 2+—z+ie 
where x is still 21. Now, if we define T,(p) as the 
limit of ¢,,(z) as z-w,+ie and further impose the 
reality condition, ¢,,(z)=/,¢'(z*), then (30) leads to 


1 
F gp(wp) a (p)— T,' (9) Jop =wg. (30’) 


Imposing the crossing relation (28) allows (31) to be 
written 


1 
Geno») = IT oa) T,' (p) Jop=we. (31’) 
Tt 


Finally the unitarity condition (26) transforms Eq. 
(29) via (30’) and (31’) intto our original Eq. (27) for 
the special case w»=w,. The latter restriction is of no 
consequence, however, since we have noted before 
that one may move off the energy shell at will. 

To summarize, if it is possible to find a Hermitian 
matrix function, ¢,,(z), which has a simple pole at the 
origin of residue Ry», goes to zero like 1/z at «, has 
otherwise only branch points and cuts along the real 
axis for z>1 and z<1, and which satisfies unitarity as 
well as the crossing relation, then one has a solution of 
Eq. (27). Unfortunately, the formulation of the uni- 
tarity condition involves multimeson (two-meson and 
higher) states and cannot be written down on the basis 
of @ priori arguments in terms of ¢,,(z). However, if 
multimeson states are neglected, as in the next section, 
then the above conditions form a practical basis for 
solving the scattering problem. 


IV. ONE-MESON APPROXIMATION 


If we assume that the inelastic cross sections are 
small compared to the elastic ones (for all values of 
the energy) then, as a first approximation, the contri- 
butions of multimeson states to the unitarity condition 
(26) may be neglected. In this case it is convenient to 
re-express the conditions on the matrix /,, in terms of 
phase shifts. 

We set 


tep(z) = —v(q)0(p) 


where 


dr 4 
DL Palp,g)ha(z), (32) 


(4w gop)? amt 
Py= $177 ¢(- p)(o-q), 
Pis= $7 ta 3p-q— (o-p)(o-q) ], 
Pui= (8pg—47 pT) (C- p)(e-q), 
P33= (8pqg—47 7) 3p-q— (op) (o-q) J. 


The P,’s are projection operators for the four eigen- 


(33) 
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states of total angular momentum and isotopic spin. 
In the subscript a= (2/,2J), J is the total isotopic spin 
and J the total angular momentum. 

The new functions 4_(z) are simply related to phase 
shifts. Application of the unitarity condition shows that 


lim h(z)=e'*a") sin[ba(p) |/p*v(p), (34) 


twptic 


where the 6.(p) are real and identical with the con- 
ventionally defined phase shifts for w,<2. It is well 
known that the scattering phase shifts of the (1,3) and 
(3,1) states are equal in this theory, so we henceforth 
confine our attention to the three functions h:=/,, 
he=hi3= hai, and hs=/hgz. 

The conditions on the function ¢,,(z) given in the 
preceding section may be translated into conditions on 
the functions h.(z). In addition to unitarity, which is 
expressed by (34), we have the crossing relation 


he(s)= ¥ Aapha(—2), (35) 


1/9 
A sie 2/9 
4/9 


The condition that ¢,,(z) be a Hermitian matrix 
function of z implies that 4.(z) is a real function of z in 
the sense that k.(z*)=ha*(z). The boundary condition 
at infinity is that 4. behave like 1/z, while at the origin 
ha should have a simple pole of residue \., where 


—4 
ste =1] 
2 


Here f? is the nonrationalized coupling constant. We 
may at this point mention two useful properties of the 
crossing matrix A ag: 


(1) De A apA py=Say, (38) 
(2) Dis Aapd\p= —)a. (39) 


Finally, we require that all other singularities of ha 
be confined to two branch points at z=-+1, with cuts 
along the real axis to +. This set of conditions is 
equivalent to the following equations for ha(w): 


| ha(wy) |? 
Wp—w—te 
h 2 
LY Ase 8(w») | 
8 Wptw 


7/9 4/9 
4/9 1/9 


—8/9 16/9 
‘ (36) 


(37) 


Ae 1 
ha(w)=—+— | depp? 
(o)=—4— f dagp*() 


(40) 


Let us eliminate the pole at the origin by introducing 
a new (real) function 


ha 
Sa(z) =—Lhels) J". (41) 








p-WAVE PION-NUCLEON 


The boundary condition at z=0 is now that g.(0)=1. 
Furthermore, gz behaves like a constant at infinity. 
The unitarity condition (34) implies that 


Aap® 
lim ; ga(2) - _jim , ga(2) =—2i—+*(p), (42) 


, ad Wp 
for w,2 1. The crossing relation becomes 


3 1 1 


> Bas——= ’ 
B= ga(z)  ga(—2) 

where 
—1/9 
8/9 
8/9 


2/9 
~7/9 
2/9 


8/9) 
8/91. 
—1/9 


B= (44) 


Finally, consider the location of the singularities of 
Za(z). Clearly, just as for h.(z), there are branch points 
at z=-+1 with cuts along the real axis to +o. If 
ha(z) has no zeros, these will be the only singularities 
of ga(z). 

With f? sufficiently small, there are certainly no 
zeros in ha(z). For this case, the boundary conditions 
on ga(z), together with the nature of its singularities, 
imply that this function may be written 


om F.(x’) Ge(x’ 
ge(2)=1-- f if =| (45) 


rg w’—z = ax’+ez 


where F.(x) and G.(x) are real weighting functions 
defined for x>1. The functions F.(x) and G.(«) are 
power series in f*, whose coefficients are continuous 
differentiable functions of the variable x. Since F(x) 
gives the jump in g.(z) in going across the real axis for 
z>1, the first of the two weighting functions is com- 
pletely determined by the unitarity condition (42): 


F, (wp) = Nap®/w,y'0” (p). (46) 


The final condition to be satisfied is the crossing relation 
(43), which is just sufficient to determine the second 
weighting function G,(«). Thus, for values of f? which 
are such that the power series for /Ga(x)dx/(x+2) 
converges, we have 


ha(2) 
da/Z 


, (47) 
diay Pr*(p) 2 _ p*() 





He (wy) 


2 


, Wp? Wets 


cs Og Wy %. 


*(p) 
Ga(wp) = pa. (w,). 


Wp 


For larger values of f*, the function that replaces 
S Halp)dwpp'v’/(wp+2)w,* in (47) must be determined 
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by analytic continuation. We have been unable to do 
this for the symmetric pseudoscalar theory.” 

It will be seen that in the region of convergence of 
JS Ga(x)dx/(x+z) there can be no zeros of ha(z), so that 
the sign of the phase shifts must be the same as that 
of their Born approximations. 

It has been pointed out by Castillejo, Dalitz, and 
Dyson" that (47) is probably not the only solution of 
(40). The extra solutions found by them, however, are 
not analytic continuations of the perturbation theory 
power series, as is our expression (47). If one assumes 
that the solution of the original field theoretic problem 
is unique and is the analytic continuation of the power 
series, then it is clear that our solution is the only one 
of physical interest. 

G. Salzman has solved Eq. (40) by a numerical 
method which he will discuss in detail in a forthcoming 
paper. Here we concentrate on features of the solution 
which may be deduced from general considerations. 

It should be noted that the real part of gq is essentially 
the cotangent of the phase shift. More precisely, 


Na pio? 
Rega(w») = me = cotd«(w») 


Wp 


(48) 


[the imaginary part of ga(w,) is fixed by (42)]. It 
seems natural in relating theory to experiment to 
discuss as the primary experimental quantity the 
right-hand side of (48). One is then led, by analogy to 
the corresponding situation in nucleon-nucleon scat- 
tering theory, to what might be called an “effective- 
range”’ treatment of pion-nucleon scattering. 


V. EFFECTIVE-RANGE APPROXIMATION 


We consider 


ha dw »p*v? 
Sieben ternal pf - (?) 


lx Wp? (wp— 


(49) 


1 rdw, Ha(wp) 
1h fepop Ee 
TY w,” Wptw 


The effective range approximation is based on the 
weak dependence of Rega(w) on the w occurring in the 
denominators of the integrands in (49). Neglect of this 
dependence seems reasonable a priori for values of w 
which are small compared to wmax, the maximum energy 
effectively allowed by the cutoff factor (p), provided 
only that H.(w,) maintains the type of smoothness 
indicated by the first few terms of the power series. 
One would suppose the error incurred to be of the order 
w/@max, Which may not be excessive for pion kinetic 


Tt has been kindly pointed out to us by Dr. T. D. Lee that 
an exact solution of the one-meson approximation can be obtained 
for the charged scalar theory, in which case one finds essentailly 
Ha=—a, and the problem of analytic continuation becomes 
trivial. 

8 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 
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energies less than 200 Mev, since wmax is in the neighbor- 
hood of 1 Bev. Explicit calculation of the first integral 
in (49) verifies this conjecture. 

Referring back to (48), we see that the combination 


Aap’ cotd./w» (SO) 


can be written in the form 
(S1) 


where r2(w) is almost a constant for small w. The 
effective-range approximation corresponds to a com- 
plete neglect of the energy dependence of r.(w). It can 
be tested experimentally by plotting (p*/w) cotéa(w) 
against w. According to (50) and (51), one should find 
a straight line with intercept at zero energy equal to 
Aa’. Lindenbaum and Yuan" have made such a plot 
for 533 (where, for reasons to be discussed in Sec. VII, 
w, has been replaced by w,*=w,+ p*/2M, M being the 
nucleon mass). The expected linear dependence has 
been found and the intercept leads to a value for the 
renormalized (unrationalized) coupling constant of 
f?=0.08. 

The effective-range approximation that ra(w) ~ra(0) 
for w<wmax May seem superficially equivalent to the 
statement that an expansion of r.(w) in powers of w 
has a radius of convergence 2wmax. Such is not the 
case, of course, because the branch points in gq(z) at 
z=+1 give a radius of convergence equal to 1. Serber 
and Lee’® have pointed out that the part of ga(z) which 
is not analytic at z=+1 can be isolated and evaluated, 
and one may extend their approach to separate also 
the part which is most singular at z= —1. The reason 
that the effective-range approximation works is that 
the remaining part of ga(z), which has no singularity 
in the low-energy region, is larger than the nonanalytic 
parts by a factor of order wmax- 

If the experimental data were sufficiently accurate to 
warrant the effort, one could improve the coupling 
constant determination by correcting for the small 
terms which cannot be extrapolated from the physical 
region (w>1) to the point w=0. The recipe turns out 
to be the following: Introduce a quantity 


1—wr.(w), 


1 


2 
—2)\ wp 


? rvs 
Ta(wy) =— cotd. (wy) -—+-wpt+ 
Ror cotag 


1 wy 
+=} (52) 
4 32 


One can show'* that to an accuracy of order 1/wmax? 


4S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). 

1% R. Serber and T. D. Lee (private communication). See also 
Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955). 

16 A proof of this statement will be given in a forthcoming 
review article by G. F. Chew, Encyclopedia of Physics [Springer- 
Verlag, Berlin ito be published) ], Vol. 43. 
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the new quantity I'.(w,) will be of the following form: 


1 
le (wy) sta —fadpt Paws? |, (53) 


where the coefficient P. should be smaller than r. by a 
factor of order 1/wmax. That is, Ta(w,) is an almost 
linear function in the low-energy region and extrapolates 
to the value A. at w,=0. 

Note that there is no point in making the above 
refinement unless the extrapolation is at least quadratic, 
because the term in (53) proportional to P. is pre- 
sumably of the same order as the modifications made 
by formula (52) to the original effective-range approxi- 
mation. Existing experimental data probably do not 
warrant the refined extrapolation procedure. 

Plots for 511, 513, and 6s: should of course lead to the 
same value of f*, but unfortunately the experimental 
information on these phase shifts is only that they are 
small compared to 633. Our theory definitely predicts 
that they should all be negative for not too large 
values of f?, and the first few terms of the power series 
for H, suggests strongly that the phase shifts should 
be small. 

The crossing relation (43) makes a prediction about 
the coefficients of the term proportional to w in an 
expansion of gz about w=0. When translated into a 
statement about the effective range r_(0), the prediction 
is that 

(—1+4.) 
%q= "| “Ge ) 


1 


(54) 


where x is an unknown parameter. 

In the following section, it will be proved that for 
the (3,3) state the coefficient of the linear term is 
negative definite, that is to say, that rs is positive 
definite. One might say, then, that the theory “predicts” 
a resonance in the 33 state provided the coupling is 
sufficiently strong. Estimates based on the power series 
for H, suggest that resonance will indeed occur at the 
right energy with the known value of f? if the cutoff 
energy @max is in the neighborhood of 6. 

It actually can be shown from the form of the 
complete scattering equation, that is, the equation 
before the multi-meson terms are dropped, that the 
neglected terms will not interfere with the effective- 
range approach. If anything the energy dependence of 
integrals over the multi-meson states will be weaker 
than that of the one-meson terms considered in this 
section. The value of the effective ranges for a given 
cutoff is of course altered, but the relation (54), which 
depends only on the crossing symmetry, is preserved. 


VI. TOTAL CROSS SECTION SUM RULES 


Returning to the general problem, we now wish to 
point out some important relations involving total cross 
sections which may be derived in the static model 
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without any approximation. The basis of these relations 
is formula (12) for the total cross section, or rather a 
generalization of (12) which we now write down. 

The notation employed so far can accommodate 
arbitrary initial and final nucleon spin—isotopic-spin 
states. The meson states, however, must be such that 
the linear momentum and isotopic variable are well 
defined. If we wish to consider a more general set of 
one-meson states, say $.(g), then the quantity which 
describes the scattering from state a to state m is 


T.(n)= = alg (n).(q), 


while that to another state b, of the same set, is 


(b| T|a)= ¥ do*(p)T 4 (p)ba(Q), 


(55) 


(56) 


if the standard normalization 


Lia $0" (G)b0(9) = dba (57) 


is employed. The total cross section for the state a is 


rtbine > 5(En—wa)T at (n)T.(n), 


a * 


(58) 


where an expectation with respect to the initial nucleon 
state is understood. One may also write down the 
equation for (b| T| a) corresponding to (25): 


T;t ys n T.* Ty* 
(7 |0)=—¥] ee | es 


bad n— We— te En+wa 





where a* and 6* refer to states which are the complex 
conjugates of ¢, and ¢s, respectively. 

For the special case b=a and the same initial and 
final nucleon states, it is clear that (58) allows (59) to 
be rewritten in terms of total cross sections. One finds 
easily that 


1 a0" ( a) m 
(o|7|0)=(a|7°|a)—— =f 


27 We 


dE 





qzt*(qz) 





oa(E) oa*(E) 
x| hd I (60) 
E-—wa—ie E+, 


where gz is the momentum of a meson of energy E. The 
operator 7° represents the zero-meson part of the sum 
over states in (59). It is also the zero-energy limit of 7. 
The notation o,(Z) means the total cross section for an 
incident meson whose energy is E but whose other 
variables (isotopic spin and angular momentum) are 
those of the state a. 

We concentrate here on two special cases of (60) 
although other applications may also be interesting. 
The first case is when ¢, and ¢,* represent the same 
state of the incident meson. A neutral meson with 
well-defined linear momentum is the simplest example 
of this situation. [Note that for a charged meson, 
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¢a*¢a*. ] With no distinction between a and a*, (60) 
reduces to 


(a| T|)=(a| T°| a) 
oa(E) 





Ja°v” (qa) 2: dgr 
-= f , (61) 


Twa Yo (Gz) Gx’—Ga'—ie 


a result which is almost identical with the well-known 
dispersion relation.'? Apart from the cut-off factor, it 
differs from the usual dispersion relation in that ¢, 
may be an arbitrary real (in this representation) state. 
Tf all important contributions to the integral come below 
@max, the cutoff factors are unimportant. It is interesting 
that a result so close to the dispersion relation is 
obtained, because the latter is a consequence of causality 
and with an extended source the static model is of 
course not causal. 

A second special initial state of particular interest is 
one which is an eigenstate of total angular momentum 
and total isotopic spin. This can occur only in the (3,3) 
case for the kind of states we have considered, where 
for example ¢, may be chosen as a positive meson with 
its orbital angular momentum up. The nucleon must 
then be a proton with its spin up. ¢,* then corresponds 
to a negative meson with orbital angular momentum 
down. For this special case, (60) shows that the quantity 
hs(w) defined by Eqs. (32) and (33) is given by 


As, 1 pe dE ff o4(B) o-(B) 
buy — fp 
w 128), ggv(qx)LE—w—ie E+w 





| (62) 


where ox is the total cross section for the state @, and 
a that for ¢,*. This result shows among other things 
that the quantity r3, defined in connection with the 
effective-range discussion, is certainly positive. Com- 
parison with (51) and (41) leads to 


1 sad dE 
np=— f —[o,(E)+o_(E)], 
" (4n)J1 Equ0*(qe) 


a relation which may be used to determine r; experi- 
mentally if the appropriate parts of the total cross 
section can be isolated. It should be noted that accord- 
ing to (63) the contribution to r; from each type of 
state (n=1, 2, etc.) is individually positive. Thus the 
one-meson approximation probably requires an unneces- 
sarily high cut-off energy to produce the required value 
of 13. 

We now derive a different type of sum rule to obtain 
a relation between the renormalized and unrenormalized 
coupling constants. Consider the expectation of the 
operator ogTg7gTg=1 taken with respect to a single- 
nucleon state. If the latter is normalized, the expected 
value is of course unity. Starting with this apparently 
trivial fact and using the completeness of the set of 


17R. Karplus and M. A. Ruderman, Phys. Rev. 98, 771 (1955); 
Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 979 (1955). 


(63) 
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states V,,—, we obtain the following: 
1= (Wo,0 qT ¢°o oT GVo) 

=D (Wo,0 et Va) (Wa gr Vo) 


(64) 
(65) 
igv(q) 


-2 
= “ (Wo,V OW.) (¥,,V Vo) (66) 
@ 


-r[1 


(67) 


2wW¢ 
=[f,%}? > —,'(n)T,(n), 
Cf} L @ (n)T,(n) 


where an expectation with respect to the nucleon state 
is understood. Next multiply (67) by (/,°)? and separate 
the m=0 terms from the sum. The result is 


2we 
T, ( T4( ); 
q*v*(q) sclap 


finally, we employ (58) to introduce the total cross 
section and find 


(fr P= fet 2 (68) 


dEc4(E) 


(69) 
gev’(qz) 


(1i)= 24 f 


The result (69) demonstrates that (f,°)?>f/?, a fact 
already shown by Lee." It also gives in principle a 
method for measuring experimentally the unrenormal- 
ized coupling constant. Note that the cross section 
involved could be that for a neutral pion or it could be 
the average for positive and negative pions. The target 
may be either a neutron or a proton. 


VII. CONCLUSIONS AND POSSIBLE EXTENSION 
OF RESULTS 


We summarize here the results of the preceding 
sections which we feel are the most significant: 

(a) The function p*/w, coté,. should be approximately 
linear at low energies and should extrapolate to A,~! at 
w=0. Here Anu= —_ (8 3) f°, A13=Agi= et (2/3) f?, Azz 
= (4/3) f?. This implies among other things that the 
p-wave phase shifts maintain the sign of the Born 
approximation, that is, 533 is positive and all the others 
are negative. 

(b) The effective ranges for the various p-states, 
defined by (50) and (51), are not completely inde- 
pendent but must obey the relation (54). 

(c) The effective range in the (3,3) state is certainly 
positive, so that a resonance will occur in this state if 
the coupling is sufficiently strong. 

These results have been derived on the basis of a 
theory which completely neglects relativistic effects. 
The question naturally arises as to whether they will 
be maintained when nucleon recoil and nucleon pair 
formation, as well as the effects of other particles, are 
taken into account. It is not possible to give an unquali- 
fied answer to this question, but recent and independent 
investigations of the relativistic theory, based on such 
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general requirements as Lorenz invariance, give some 
indications as to the validity of the statements (a)-(c). 
In the first place, it has been rigorously demonstrated 
for the relativistic Yukawa theory that the p-wave 
scattering amplitude approaches the renormalized Born 
approximation in the limit w,*—0, where 


we" =wet (7/2M)+0(1/M?), (70) 


if M is the nucleon mass. That the functional form of 
the individual phase shifts is as given in statement (a) 
has not really been proved but seems extremely likely 
to us in view of recent work by Thirring'* and Oehme." 
These authors have shown or have promised to show 
that the first derivatives of the scattering amplitude 
with respect to sin@ and cos0, evaluated at 6=0, have 
an analytic form which corresponds to condition (E) 
of Sec. III above. Conditions (A) and (B), which 
correspond to unitarity and crossing, respectively, are 
certainly general. Condition (C) is the zero-energy 
limit theorem which, as stated above, has been proved 
to be general. At low energies it seems legitimate to 
neglect orbital angular momenta higher than one, in 
which case the Thirring-Oehme amplitude derivatives 
can be identified to order 1/M with the p-wave ampli- 
tude alone, and one seems almost to have reproduced 
the equations of the cut-off theory from a general point 
of view. The difficulty of course is that at high energies 
orbital angular momenta larger than one certainly 
contribute, and high energies are important under the 
integrals which occur in the scattering equations. 

One cannot, then, make clear-cut statements about 
the behavior of the p-wave amplitude in the entire 
complex plane. It is hard to imagine, however, a form 
for the amplitude which differs at low energies from 
that in statement (a) above and still manages to be 
unitary, to satisfy the Thirring-Oehme equations and 
to approach the correct zero-energy limit. 

Statement (b), which connects the various p-wave 
effective ranges, is not rigorously true in the relativistic 
case because s-wave and p-wave amplitudes occur 
together in the term linear in the energy when the 
appropriate covariant expansion about zero energy is 
made.” However, the s-wave amplitudes experimentally 
are sufficiently small so that Eq. (54) remains a good 
approximation. 

We do not have confidence that statement (c) above, 
although known experimentally to be correct, is neces- 
sarily a consequence of the relativistic Yukawa theory 
because it depends sensitively on the behavior of the 
scattering at high energies. 

In conclusion we should like to emphasize a distinc- 
tion between two classes of meson phenomena: those 
that depend only on low-energy matrix elements (in 
the sense of this paper) and those whose calculation 


18 W. Thirring, private communication. 
1 R. Oehme, Phys. Rev. 100, 1503 (1955). 
*” F. Low (to be published). 
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requires a knowledge of high-energy matrix elements. 
An example of the former is the theorem that the zero 
energy limit of the p-wave effective range extrapolation 
measures the same coupling constant as the zero-energy 
limit of the photomeson production amplitude (accord- 
ing to the Kroll-Ruderman theorem). On the other 
hand the problem of theoretically evaluating the 
effective range falls in the latter class. Formula (49), 
for example, shows clearly that the value of r; depends 
on high-energy phenomena. 

We have made no serious attempt in this paper to 
calculate the effective ranges. Presumably the (3,3) 
effective range could be matched by an appropriate 
choice of the cut-off energy, whatever method of approx- 
imation were used, and the dominant role played by 
the (3,3) state at low energies guarantees the success 
of any approach which produces the correct value for 
rs. The question naturally arises as to whether one 
should expect to be able to calculate r; and other 
quantities which involve integrals over high virtual 
energies with the conventional relativistic form of the 
Yukawa theory, which has no adjustable cut-off pa- 
rameter. We think the answer is no, because this theory 
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does not take account of the existence of hyperons and 
K-particles which interact strongly with the pion- 
nucleon system. Both the cutoff and the local forms 
of the Yukawa theory are incorrect (or at least incom- 
plete) in the Bev energy region. 

Our zero-energy results hold for both theories and we 
believe they will probably hold in future theories, 
although this last statement is of course little more than 
a guess. We also believe that the linear extrapolation 
of the cotangent of the phase shifts will be maintained 
because this is essentially a statement of ignorance: 
the more important are high-energy phenomena, the 
more nearly constant is the effective-range integral. 

We hope to show in the paper on photomeson 
production, which follows, that many aspects of this 
latter process fall in the first (low virtual energy) class 
of phenomena. The same is true for Compton scattering 
by protons and probably for the nuclear force problem. 
Phenomena which belong to the second class presum- 
ably include s-wave scattering, r° decay, the charge 
and current density of nucleons, as well as the funda- 
mental questions concerning the nature and interactions 
of curious particles. 
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The problem of photomeson production is re-examined using the static model of the pion-nucleon inter- 
action. It is shown that an important part of the low-energy matrix element can be exactly expressed as a 
function of the scattering phase shifts and the static nucleon magnetic moments. It is argued that the 
remainder is quite accurately given by the usual Born approximation. Corrections to this result, within the 


framework of the “one-meson” approximation, are considered. 


I. INTRODUCTION 


HE purpose of this paper is to extend the 
theoretical approach of the preceding paper! on 
meson-nucleon scattering to the problem of photomeson 
production. Extensive use of the notation and results 
of the scattering paper is necessary, and we shall assume 
the reader to be familiar with these. The most im- 
portant conclusion of the present paper is that once the 
scattering phase shifts are known at a given energy, 
either experimentally or theoretically, the corresponding 
photomeson production cross sections can almost unam- 
biguously be predicted. 

As in I, the bulk of our discussion will be in terms of 
the static model, but it may be argued that the im- 
portant results are probably more general. We begin 
in Sec. II of this paper by splitting the photomeson 


1G. F. Chew and F. E. Low, preceding paper [Phys. Rev. 101, 
1570 (1956) ], hereinafter referred to as I, 


production amplitude into three parts, one of which 
may be written down in an explicit and exact form. 
Equations satisfied by the other two parts are then 
derived. Section III deals with these two equations in 
the one-meson approximation. In Sec. IV, a simple and 
quite accurate approximation to the total amplitude is 
proposed, and finally Sec. V compares the simple 
theoretical amplitude with experiment. 


II. PHOTOMESON EQUATIONS 


A derivation of the integral equations which we shall 
apply to photomeson production has already been 
published.? We give here a new derivation which is 
analogous to that presented in I for scattering. All 
notations will be the same as in I. 

The matrix element for absorption of a photon of 
type k by a single nucleon, with emission of a meson 


* F. E. Low, Phys. Rev. 97, 1392 (1955). 
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of type q, is 
se (q) = (20, f de(—j-A)¥). (1) 


Here the single index & refers to the momentum k as 
well as to the polarization e of the incident photon, and 


. ik-r 
A,(r)= pi” (2) 


is the electromagnetic vector potential associated with 
the absorption of the incident photon. The symbol j 
means the total current density operator for the meson- 
nucleon system. 

The conventional way of writing the current density 
operator j makes a distinction between component 
parts which are called “meson current,” “nucleon 
current,” and “interaction current” according to 
whether they depend on meson variables alone (i.e., on 
¢1, $2, ¢3, the components of the meson field), on 
nucleon variables alone (i.e., @ and +), or on both. For 
example the conventional meson current operator is 


ju=—e(gi¥ g2— o2¥ ¢1), (3) 


if e is the electronic charge. However, one of the essential 
features of the approach to be employed in this paper 
is the use of a representation in which the basis functions 
are eigenstates of the complete meson-nucleon Hamil- 
tonian. These basis functions depend on the nucleon and 
meson variables in a nonfactorable way, so the conven- 
tional manner of decomposing the current is not appro- 
priate. We use instead a decomposition which empha- 
sizes the distinction between the ground state Wp of the 
meson-nucleon system, which corresponds to the physi- 
cal (“clothed”) nucleon, and excited states which 
contain one or more real mesons. 

We divide the current density operator into three 


parts: 
j=Ivtistie. (4) 


The first two terms, jy+js, are defined to be inde- 
pendent of meson variables (i.e., to commute with the 
a,’s and a,'’s) but to have the same matrix elements as 
the total j between single physical nucleon states. That 
is, 


(Wo, Liv+5s Wo) = (Vo,j¥o), (S) 


and evidently (Wo,j,¥o)=0. The subscripts V and S 
refer to the isotopic spin character of the respective 
current densities, V standing for vector and S for 
scalar. It should be noted that if all currents are asso- 
ciated with the w-meson field (i.e., j=ja) then js=0. 
It is, however, an experimental fact that the current 
density of the meson-nucleon system is not an isotopic 
vector (the neutron and proton charges and magnetic 
moments are not equal and opposite), so we include js 
in our theory. The relativistic theory? shows that even 
in our static limit it is as correct to keep js as to keep jy. 
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Thetwo terms jy and js are completely determined 
by the above properties and so, therefore, is j,. Note 
that j, is not equal to the conventional meson current 
operator ju. Unless this fact is kept in mind, the results 
obtained below may seem puzzling. 

A strong motivation for making this particular de- 
composition of the current density is that it is possible 
to express the photoproduction due to jy in terms of 
meson scattering amplitudes and single nucleon mag- 
netic moments. We demonstrate this result immedi- 
ately: From the definition of jy, it follows that 
JS dojye** must be a polar vector function of k and ¢ 
and proportional to r3. Finally, since divjy=0, we must 
have 


[ive ai—Arioxkr (6) 


where F(0) is normalized to unity. The constant A 
must then be chosen to match the observed difference 
of proton and neutron static magnetic moments: 


f- pe—pun 
{= (7) 
ieee 


where we have used the definition of charge renor- 
malization given in Sec. (III-C) of I, together with the 
defining property of jy, i.e., that it have the correct 
one-nucleon expectation. The function F(k) is a linear 
combination of the proton and neutron form factors 
such as have been discussed in connection with electron- 
proton scattering.’ 

The contribution of jy to the photomeson matrix 
element (1) may now be written as follows: 


—Arts3 
I ( -(¥ -), ——iexk- eF (#2) ) 
«” (q) @ (2k)! vo 





1 up—pn /@p\! F(R’) 
= (=) (HO ,V pW), (8) 


fo 2 \kF of) 
where V, is the quantity defined by (I-4) for a meson 
index p corresponding to momentum k Xe and isotopic 
variable 3. We now recognize that the matrix element 
occurring in (8) is precisely that for pion scattering from 
the state p to the state g introduced in (I-9). Thus the 
final expression may be written 


1 up—pn F(R) fwp\* 
2” (gv=—-— — } T,(q), 9 
KH" (g) Soe ae ( ) (9) (9) 


which says that jy effectively generates neutral mesons 
of momentum kXe which are then scattered by the 
nucleon. The extremely simple result (9) must be 
regarded, we believe, as fortuitous. The general theory 


3R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 
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of scattering does require a certain connection between 
the photomeson amplitude and the scattering amplitude 
(e.g., the phases of the corresponding partial waves 
must be the same), but no such detailed result as (9) 
can be inferred entirely from general principles. 

We now turn out attention to the other parts of the 
current as written in (4). Because js is independent of 
isotopic spin its contribution to the photomeson matrix 
element will not be as simply related as that of jy to 
the scattering amplitude. We must treat js (as well as 
jx) by a different approach. Consider 


set)=(¥1, fao(—is Av). (10) 


We substitute for ¥,~ the expression’ (I-13) and then 
shift the creation operator acting on Wo from left to 
right. The shift is possible because by definition js 
commutes with dy. 


1 
HS (gq) = ([«*-———v. fa=(-isheywo) 
H—w,t+ie ; 


1 
oa do(—isAi)¥o ) 


—w,—te 


+(¥ fa(-is-Adaste), (11) 


The annihilation operator may be eliminated from the 
second term of (11) by using the identity (I-19) and 
the result may then be written in a compact form by 
introducing the complete set of eigenfunctions V,,~ of 
the pion-nucleon problem: 


=— (v Vor 


5, 5(q) 


(Wo, V Ow, ©) (v0, feu is . A)¥) 





E,—w ie 


(vs fais anv. )e.0,r,%00) 





re 
Ent, 


--5 T. al (m)HCKS(m) Hu S*(m)T(n) 
d =| Ec 





, 
E,—wqg—te 


where 
xa8(n)= (60, faot-ie-Avw). (13) 


As in the scattering problem, the terms in (12) corre- 
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sponding to n=0 may be evaluated explicitly. In fact, 
| Te (0)8¢45(0) _5€45*(0)T4(0) | 

hese os 


—~Wq Wa 





(14) 


1 io (kX) Jup+un 
‘yy a ae, 
(et | 2 


Wa 


where G(k?) is a nuclear form factor normalized to unity 
at k=0. 
We consider finally the contribution from j,: 


ser(a)= (We, f do(—je-AW). (15) 


Repetition of the same procedure as used above for 
5H S(q) leads to an equation for 3C,*(q) similar to (12) 
but with an additional term due to the failure of j, to 
commute with aj: 


Hy* (q) = (v. a, Jie dodo }vo) 


hs z| T,' aa lhl (n)T,(n) , (16) 
" Ent 





E,—we—ie 


where now there is no contribution to the sum for n=0 
because of the defining property that the matrix ele- 
ments of j, between single-nucleon states shall vanish. 
The expectation of the commutator in (16) will now be 
calculated explicitly. Note that since jy and jg are 
defined so as to commute with a, we may just as well 
calculate the commutator for the complete current j 
and it is convenient now to use the conventional division 
of j into meson current, nucleon current and interaction 
current. 

The meson current jy is unambiguously defined by 
Eq. (3). The nucleon current is perhaps not so well 
defined in the static model, but it commutes with a, 
in any case and need not concern us here. All its effects 
are included in jy and js. The interaction current 
depends on both nucleon and meson variables and in the 
static model is somewhat ambiguous.‘ The most reliable 
guide to the correct interaction current in the static 
model is given by starting with the relativistic theory 
(where there is no interaction current and no ambiguity) 
and examining the photoproduction matrix element in 
the zero-energy limit. Comparison term by term with 
the corresponding limit for the static model then shows 
what contribution we must get from the interaction 
current of the latter. The result agrees with that given 
by the nonrigorous approach of this section, which we 
make entirely within the framework of the static model. 

The interaction energy density of the nucleon-meson 
system is proportional to the gradient of the meson 
field. It is well known that gauge invariance requires 


‘R. H. Capps and R. G. Sachs, Phys. Rev. 96, 540 (1954). 
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that when the electromagnetic field is included in the 
problem this gradient must be replaced by Y—ieA 
when acting on the charged meson field ¢. If the cut-off 
factor v(p) is set equal to unity, this substitution suffices 
to guarantee gauge invariance and evidently gives rise 
to an interaction energy, 


feu Jint* Ax) =e,f- (r2g1— T1¢2)@°Ay, (17) 


with all fields evaluated at the position of the nucleon. 
If the cut-off factor is retained, gauge invariance 
requires additional terms in the interaction energy. 
These terms, however, are not well defined and seem 
to have no counterpart in the relativistic theory. Fur- 
thermore, reasonable estimates of the size of such terms 
indicate that they are unimportant for photoproduction 
at low energies. 

In order to evaluate the first term of (16), the com- 
— of a, with (17) is needed and is easily found to 


l. , f aac Jint* a) |-= 


Finally, the ordinary meson current jw gives the fol- 
lowing contribution to the commutator in (16): 


3 
fe 
wg)? 


f- 
arose %gi— 


(4kw,)! 


(18) 


710,2)0° €. 


& fao\-iw A0| = ier 


Xei—@ -¥(5.192—5g2¢1). 


(19) 


We need the matrix elements of (18) and (19) between 
single-nucleon states. The result for (18) is simply to 
change the unrenormalized coupling constant f,(0) to 
the renormalized f, For (19), we first eliminate the 
meson operators by using the identity (I-19) and then 
after some simple manipulations obtain 


(fx facta} 


2erfr 
=-— (rb 


(Ake)? 


o-(q—k)q-e 
(k—q)?-++u? 
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Inspection of Eq. (16) reveals that the sum over 
states m produces only p-wave mesons, by virtue of the 
q dependence of 7,(n). It follows that all partial waves 
except those for /=1 are completely given by the first 
term of (16). We shall call this term 3¢;,(q) (it coin- 
cides with the usual renormalized Born approximation), 
which by (18) and (20) has the value, 


o-(q—k)q-e 


(q—k)*+y? 
(21) 


54 (9) = (raha 
, hai 


71692) v- e—2 
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The Kroll-Ruderman result® is contained in the o-e 
part of (21), which is pure s-wave. Equation (16) may 
may then be rewritten 


(ny ur(n) Seat" (n)Ty(n) 
Ent, 





Hi" (g) = 3. (Q)—L 


n>0 En—wq—te 


(22) 


To recapitulate, the total photoproduction matrix 
element has been split into three terms: 


He(q) =H" (g) +55 (g)+Hi*(q). 


For the first term, an explicit formula has been given 
in Eq. (9) in terms of quantities which may be experi- 
mentally determined independently of photoproduction 
measurements. The second term is determined by 
Eqs. (12) and (14) and corresponds to what Watson® 
calls a nucleon recoil effect. To the extent that neutron 
and proton magnetic moments are very roughly equal 
and opposite, this term tends to be small. In addition, 
since the current responsible is independent of isotopic 
spin, it cannot produce a final state of isotopic spin 3/2. 
Both these terms of course produce only p-wave mesons 
and correspond to magnetic dipole transitions. The 
third term is determined by Eqs. (21) and (22). It 
produces a large s-wave (electric dipole) but in addition 
all higher partial waves. 


Ill. ONE-MESON APPROXIMATION’ 


In this section, the two Eqs. (12) and (22) for the 
production amplitudes generated by js and j,, respec- 
tively, will be discussed in the same approximation as 
used in Sec. IV of the scattering paper. That is, multi- 
meson terms (m>1) will be dropped. As before, this 
approximation does not destroy any of the funda- 
mental symmetries of the theory. It is valid if multiple 
meson production is small. 


A. 


Let us begin with Eq. (12). To eliminate angular 
and isotopic spin dependence, we note that only states 
with J=} can be produced by 3%. Furthermore, the 
production is magnetic dipole and so leads only to 
p-states of total angular momentum § or 4. Thus we set 


v(q)G(k?) 4 
ohare 7 PM p(w), 


(23) 


where 


P,=e-qo-p, P,=3p-q—a-qo-p. (24) 


Equation (12), with neglect of multimeson terms, then 


5.N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 

6K. M. Watson, Phys. Rev. 95, 228 (1 954). 

7 The considerations of this section are unavoidably com- 
plicated because of the many degrees of freedom in the photo- 
production problem. The essential results are summarized in Secs. 
IV and V, so readers who wish to avoid the proliferation of super- 
scripts and subscripts should skip Sec. III, or at least postpone 
its reading. 
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becomes 
hyz* (wp) M 75 (wp) 

Wp — Wg—1€ 
M y**hy7 (wp) 


Wp TW 


+3 Cor 
J’ 
J=1/2 


upt+pun ( —4/3 
ir 2 23, J=3/2' 


-1/3 4/3 
Cor ), 
2/3 1/3 


and h;;(w,) is defined by (I-32) and (I-34). 

It is useful now as before to introduce a function of 
a complex variable. We define the real analytic function 
M ;5(z) by the following properties: 

(A) The limit of M,s5(z) as z-w,+ie is Ms5(wp) 
=R,5(w,)-e*17(wy), where 51, is the scattering phase 
shift for isotopic spin } and angular momentum J at 
energy w, and R,° is real. 

(B) Six Crp MyS(2)=My5(—2). 

(C) M,sS(z) has a simple pole at the origin of residue 
ys. [Note that © Cyrysr=—vYz, so that (C) is con- 
sistent with (B). ] 

(D) At infinity M,5(z) goes like 1/z. 

(E) M,S(z) has branch points at z=+1, with cuts 
out to + along the positive and negative real axes. 
There are no other singularities. 

Using arguments analogous to those of Sec. (III-D) 
in the preceding paper, we may write 


F,§ Gy 
Ms5(e)=—"+— ~ [oa | (x) we ) 
xX—2 ats 





vy; 47” 
M/PGj=—}— f deo yp'0%() 
Wq WH) 


; (25) 


Y= (26) 


(27) 


(28) 


where F;5(x) and Gs5(x) are real weighting functions 
related to the jump in M,;‘ in going across the positive 
and negative real axes, respectively. In particular, 


2iF s5(wp) =M sS(wptie)—Ms5(wp—ie), 
which by condition (A) above leads to 
Fs5(w,)=Rs5 (wp) sind, (w,). (30) 


Use of the crossing condition (B) leads in a similar way 
to 


(29) 


GyS@)=Ls CrrRyS (wy) sind; 7 (w»). (31) 


If the relation (I-30) is again recalled, one sees that we 
have now produced Eq. (25) exactly. Thus (25) is 
equivalent to the conditions (A) to (E) above and 
satisfaction of these conditions solves our problem. 

All conditions except the crossing condition (B) are 
immediately satisfied by the choice, 


1 P(p) KsS(wy 
M5()=— [+= f° de re slr ' (32) 


Z gi(z)l  « 2 wpte 





Wp 
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where gi7(z) has been defined by (I-41), and K;5(w,) 
is a real function as yet undetermined. The weighting 
function*K 5(w,) must be chosen so as to satisfy the 
crossing condition. Expanding in a power series and 
keeping only the first term, we find 


K,5(a)=P(_) 40009 
vipat 65 Spied 


The problem of finding a general expression for K 75(w») 
has not been solved. 


B. 


We turn now to Eq. (22) for the photoproduction 
amplitude generated by j, and begin by separating out 
the p-wave part of the inhomogeneous term, 3C; (q): 


erfr 
Hy (q) = (r25q1— 715,2){ Fu (k,g) (@Xq): (kX 
q (la,t)) { q q) ) 


+Fo9(k,q)[ (q-2)(o-k)+(q-k)(o-e)]} 


+non p-wave terms, 


372 1-—# 1+u 
Fu(b@=—|=— los(—) 
Skqgiu wv? 1-4 


' i « 
F9(k,q)= re peo: 


(33) 
where 


(34) 


(35) 


u=2gk/(w?e-+k). (36) 


The two functions Fy and Fg correspond respectively 
to magnetic dipole and electric quadrupole transitions. 
As has been noted before, the non p-wave parts of the 
photoproduction amplitude are given exactly by 
KH, (gq). That is to say, if (33) is substituted into Eq. 
(22) it is only the p-wave part which need concern us. 
Furthermore, the separation into magnetic dipole and 
electric quadrupole parts corresponds to a distinction 
between an antisymmetric tensor, ¢&;—e¢k;, and a 
symmetric tensor, ¢:k;+¢;k;, a distinction which is 
maintained in the sum over states of Eq. (22). We 
therefore can obtain uncoupled equations for the sepa- 
rate magnetic dipole and electric quadrupole ampli- 
tudes. 

The electric quadrupole amplitude contains only 
angular momentum $ but both 3 and $ isotopic spins. 
The magnetic dipole on the other hand contains all 
four states. In analogy to (23), we write 


5C.*(q)=non p-wave part of 3C, (q) 


aia 


e)(o-k ‘k)(o-e 
ie ry L(a- )(o-k+(q-k)(o-e)] 


5 
xd P1Q1*(k,q), (37) 
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where the P,’s are defined by Eq. (I-33) for an initial 
momentum kX e and initial charge state 3, and where 


Pray =4$tq73, Pry =5qa— $7973. (38) 


The first sum in (37) evidently contains the magnetic 
dipole terms, the second the electric quadrupole. The 
Q*’s and M*’s are functions of the magnitudes of k and 
g. As in the scattering case M,;*=M;:", so for the 
magnetic dipole part of the problem we may confine 
our attention to the three functions M,*=M,,", 
My =M;,;"=M3;", M37=M;;". 

Substituting (37) into (22) yields the following 
equations for the M*’s and Q”’s: 


1 ~o 
Oirtkg=nFolka@+- [ dupph*(p) 








> hrs") Qr"(hsP) _ 


i Wp Wate I’ 


Qr* (k,p)hr3(wp) 
Cre 


Wp TWq 


|, 
where C7; is the same matrix as defined by Eq. (27), 


2 
n= eh ) 
—1 


and hy3(w,) is defined by (I-32) and (I-34). Similarly, 
the equation for M” is 


(40) 


1 ) 
M .*(k,q) = EF uy (k,q) aaa f dwyp*v(p) 
wT) 


Mg**(k,p)hg(wp) 


WpT Wa 


ha* (wp) M a" (k,p) 
x 4 


f es “las 
Wp— We— 1€ B 








, (41) 


where Agg is the matrix defined by (I-36) and 
4/3 

ten esfe( -2/3). 

1/3 


As in the case of 5, 5(q), it is clear that Eqs. (39) 
and (41) serve to define analytic functions whose 
limits on the positive real axis are the meson production 
amplitudes. 

We thus introduce the five real analytic functions 
6Q7;*(z) and 6M,"(z), where the dependence on the 
photon energy & has been suppressed. These have the 
following properties: 


5Q1*(z) see 

6M ."(2z)) +! &4F u(k,g) 
Qr*(k,g) 
M."(k,g) 

(B) Lr CrrQr*(2)=—6Q7"(—2), 
Ls AapiM5*(z)=5M 2" (—2). 


(42) 


Qr*(k,9) 
| a. | rai 
exp[ i513 (w) ] 
exp[ida(w,)] 


(A) 


and 


im 
Bw p Hie 


has the same phase as | 
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5Q* 


(C) 
5M* 


has no poles in the complex plane. 


goes like 1/z at ~, 
5M* 


5Q* 
5M* 


has branch points at z=-+1, with cuts 
along the positive and negative real axis 
to +, and no other singularities. 








(E) 


The proof that the analytic functions so defined 
satisfy Eqs. (39) and (41) follows the by now familiar 
pattern and will not be repeated here. The satisfaction 
of all the conditions except (B) is trivial, as usual. We 
find 


6Q; (z) 


Wp ag 
Wp Wp—% 


Fo(k,p) Gar (k,p) 
Bi Wpt+2 





= » (43) 
™Z13(2) 


6M ,*(z) 
Jin sal 2b F; k, GMa k, 


| ze 
Wp Wp—2 Wp tz 





T£a(2) 


where the unknown functions Ger and Gye are to be 
determined to satisfy the crossing theorem, condition 
(B). 

If one expands Gg and Gy in a power series in /*, 
one finds for the first-order terms: 


Gar(k,p) = —nrF 9(k,p) +0 (f*) 
and 


Gaa(k,p) =faF u(k,p)+O(f*), 


roetd <3) 


General expressions for Ggr and Gya have not been 
obtained. 


IV. SIMPLE APPROXIMATION FOR THE COMPLETE 
PHOTOPRODUCTION AMPLITUDE 


We have now presented a recipe for evaluation of the 
photoproduction amplitude according to the static 
model in the one-meson approximation. In this section, 
we wish to point out that certain parts of this amplitude 
are independent of the details of our model and thus 
stand on a particularly firm basis. Fortunately these 
parts also happen to be the dominant ones, so that it is 
possible to write down a relatively simple and reliable 
formula for the total amplitude. 

The first of the simple parts is of course 3," (q), given 
by Eq. (9), which actually is more general than the 
one-meson approximation. This result is made even 
simpler if,only,the 3-3 part of the scattering amplitude 
is retained. Our motivation for omitting the “small” 
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phase shifts is twofold: (1) Other terms which we 
propose to neglect here (e.g., from 6M@*) contribute 
about as much to the nonresonant states as does 3C," (q). 
(2) Of the p-wave phase shifts, only 433 is known experi- 
mentally. In addition, we shall set the form factor 
F(R) in Eq. (7) equal to unity, since both theory’ and 
the Stanford experiments’ indicate a variation of only 
~20% over the energy region which we shall consider. 
Thus we have from (7) and from (I-32) and (I-34): 


erfr Sp— Bn 
5" (g) = (= ) a Arend 


i Rien e*°33 sind 
(24: (xe) ie 4X (kxe)-——, (45) 


where gp=2.78 and g,=—1.91 are the nucleon mag- 
netic moments in units of the nuclear magneton. 

The second of the simple terms is 3¢;,, given by Eq. 
(20), which we rewrite here for convenience: 


5, (q) = —tér fr (We =) 
(4wk)* 2 








aan 
X}o-e—2 . (46) 
(k—q)*+-" 


We now wish to argue that the sum of (45) and (46) 
in the low-energy region (& <2) is a good first approxi- 
mation to the total amplitude. Let us recall the terms 
omitted. 

First there is C5 as given by Eq. (12). The principal 
justification for its omission is that the coefficient 
3(up+un), which occurs in this term, is five times 
smaller than }(up—w), which occurs in 3C’; also the 
resonant 3-3 state does not occur in 3% at all. Quanti- 
tative estimates based on a power-series evaluation of 
Eq. (32) bear out these qualitative arguments. Neglect 
of 5CS causes an error of ~20% in the p-wave amplitude 
near threshold (k~) and less than 10% near resonance 
(k~2u). An experimental measurement which might 
somehow select the p-wave photoproduction amplitude 
produced by the isotopic scalar part of the current 
would of course not tolerate neglect of 3¢°. 

We found in Sec. III that 3¢;,*(q) could be written in 
the form 


Ha (q) = He (Q)+ 


1 4 
P.6M,*(k, 
pie adM .*(k,g) 


2 + ani 


Ly 
+i (q-e)(o-k)+(q-k)(o-e) ] Pm P75Q1"(k,q)}, 


where the projection operators P, and P; are defined 
by (38) and the preceding sentence. Here 6M and 6Q 
stand for magnetic dipole and electric quadrupole 
respectively. 


8 G. Salzman, Phys. Rev. 99, 619 (1955). 
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Our proposal, then, is to neglect 6M and 6Q. This 
neglect is made on an entirely different basis from that 
of 3%. Consider 6M,” as given by Eq. (44) and compare 
to the corresponding term in 3(;, which by Eq. (41) 
is fi y. It is to be expected that the unknown part of 
(44) which is proportional to Gy is of the same order 
as the known part which is proportional to Fy. Thus 
we may compare 6M* to 3, by comparing 


. Lf pv’(p) Fu(k,p) 


dw, 47 
Sa(Wwg) © ri 


Wp Wp—Wg—te 





to Fy(k,g). The integral in (47) is only logarithmically 
dependent on the cut-off energy, wmax, SO One May say 
that the ratio of 5M* to 3, is ~dal_ga(we) }', which 
is always small except for the (3,3) state near resonance. 
An estimate of 6M;3" near resonance based on a power 
series evaluation of Eq. (44) shows that this term, 
while not necessarily negligible compared to the (3,3) 
part of 3¢,, is never more than 20% of 3X," 
as given by Eq. (45). Entirely similar considerations 
also justify the neglect of 60". The physical reason 
behind the smallness of these correction terms to 3; 
might be stated as follows: 3¢;, itself represents the 
absorption of the incident photon by a virtual pion 
(already present) in the field of the physical nucleon. 
For reasons of kinematics and the uncertainty prin- 
ciple, this absorption takes place on the average at a 
large distance, of the order uw, from the origin and the 
meson has a good chance to escape without further 
interaction. Thus the terms 6M* and 6Q* which repre- 
sent the secondary scattering of these mesons are small. 
This situation is to be contrasted to the absorption of 
the photon by the nucleon magnetic moment. This 
mechanism produces mesons much closer to the origin, 
and these mesons then undergo strong secondary scat- 
tering. Mathematically the difference shows up in the 
fact that the integral in (47) has only a logarithmic 
cut-off dependence while the corresponding integrals in 
5S and 3" are linearly dependent on wimax. 

It is unfortunately the case that although 3, is 
large compared to 6M* and 6Q* (except in the 3-3 state), 
and quite comparable to 3’, there is an enormous 
coherence in the various parts of 3¢,, which conspires 
to suppress the effects of this term in most experi- 
mental measurements. For example, 3; gives no 
contribution whatsoever to neutral photoproduction. 
Even for charged photopions, the observable effects of 
5. (except for the s-wave) are disappointingly small. 
The s-p interference, for example, vanishes completely 
and the p* terms are largely canceled by s-d and s-s 
interference. Thus the non s-wave parts of 3,, 
although fully as large as 3C”, are hard to find experi- 
mentally. 

In spite of these experimental difficulties the ad- 
vantages of keeping only 3C;, and iC" are great. These 
terms depend neither on the cutoff nor the one-meson 
approximation. 3¢;,) certainly is correct even in a 
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relativistic theory and 3” has such a general appearance 
that we would be surprised to find it much altered by a 
relativistic treatment. Even if the accuracy of the 
experimental information requires the inclusion of other 
terms, one feels confident that terms corresponding to 
KH, and KX” must be present in nature and must be 
important. In the following section, therefore, we shall 
compare the sum of (45) and (46) to experiment. 

Our approach ideally would be to obtain, from the 
experimental information, amplitudes in the sense of 
Watson’ and then to compare these experimental am- 
plitudes with theory. Such a procedure would circum- 
vent the difficulties due to cancellations mentioned 
above. Unfortunately the accuracy of the data does 
not yet permit a complete analysis, so we shall be 
forced to compromise. The spirit of our approach 
however will be a comparison of amplitudes, not of 
cross sections. 

A word may be in order at this point to relate the 
results of this paper to earlier and less complete results 
reported by one of the authors.'® Formulas (6) and (6’) 
of the earlier paper are almost equivalent to the sum 
of Eqs. (45) and (46) above. The differences are: (1) The 
terms proportional to M, in the earlier work represent 
the sum of the 3-3 part of 3” plus 6M;3;". An attempt 
was made by Salzman" to calculate 6M;33* but it is now 
believed that only the order of magnitude of the result 
is reliable. Salzman also calculated 3’, but by less 
reliable methods than used here, and got somewhat 
too small a value. (2) The terms in the earlier paper 
proportional to EH, correspond to 6033" here. Again 
Salzman’s estimate is only good for an order of mag- 
nitude and possibly for sign. At the time of the earlier 
work it was expected that 6M;3" and 6033" would be 
very important and 3C” a minor term, and although 
calculations gave just the opposite result there was 
great reluctance to omit terms which had been expected 
to dominate. Nevertheless, the numerical calculations 
reported in the earlier paper correspond to small values 
for 6M 33" and 6Q3;" and to a value for 3C”, which is not 
seriously wrong. The success of the previous comparison 
to experiment is therefore comparable to what we 
achieve here. 


Vv. COMPARISON WITH EXPERIMENT 


A. Charged s-Wave Amplitude at Threshold 
and the Coupling Constant 


It was first pointed out by Kroll and Ruderman‘ that 
the s-wave amplitude for charged photomeson pro- 
duction at threshold (q=0) is very simply related to 
the renormalized coupling constant. Their result is 
represented by the first term in the bracket of formula 


*K. M. Watson, Phys. Rev. 98, 234 (1955). 
0 G. F. Chew, Phys. Rev. 94, 1748 (1954). 
4 F, Salzman (private communication). 
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(46) which for charged photomeson production becomes 


ie fre, 
v2- o:e, (48) 
(Awgk)! 


the plus sign going with positive mesons and the minus 
with negative. Kroll and Ruderman also showed that 
the first-order relativistic corrections to (48), i.e., terms 
of order 1/M where M is the nucleon mass, are equal 
for positive and negative production. One thus may 
obtain the experimental amplitude corresponding to 
(48) correct to order 1/M? by using as a basis the average 
of the positive and negative production cross sections 
at threshold. Using data from both hydrogen and 
deuterium targets and making appropriate corrections 
for Coulomb effects, Bernardini" finds that the value of 
the coupling constant needed to fit the threshold experi- 
ments is 


f?=0.07340.007, (49) 


a result in satisfactory agreement with that obtained 
in the preceding paper from measurements of pion- 
nucleon scattering. 


B. Neutral p-Wave Amplitude 


Since 5C; vanishes for neutral production, one has 
a direct test of 5C” in the neutral p-wave amplitude. 
Furthermore, it is known experimentally that the 
neutral s-wave amplitude is small, so that the total 
cross section is a good measure of the p-wave amplitude. 
Finally, we note that the neglect of the small p-phase 
shifts should be least important at the energy of the 
3-3 resonance, and so make our first test of formula (45) 
by asking what value of the coefficient 


Sp—8n\e 

on (Sh 
4M /f 

which occurs in (45) is needed to reproduce the meas- 
ured total neutral production cross section at a photon 


lab energy of 325 Mev, where 63;;= 90°. Using California 
Institute of Technology data," we find 


Co=0.050-+0,003, 


(50) 


while the theoretical value, using f as given by (49), is 
Co=0.06-+0.01. 


It is known from phenomenological analyses® that an 
amplitude of the form (45) leads to the correct energy 
dependence for the total neutral cross section. A simple 
and direct check of this point can be made by noting 
that Eq. (9) implies the following relation between the 
total neutral photomeson cross section o,9 and the 
total neutral-to-neutral scattering cross section o940 at 


2G. Bernardini (private communication). 
4D. C. Oakley and R. L. Walker, Phys. Rev. (to be published). 
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the same energy: 


(MG) Car) 


Koester and Mills'* have recently verified this relation 
quantitatively for energies up to the resonance. 

The angular distribution of neutral photopions on the 
other hand is not so well described by (45) which leads 
to the familiar energy-independent form, 2+3 sin’@. 
Deviations from this distribution due to 6Q* and to the 
J=} magnetic dipole transitions will be much more 
important, because of interference, than the corre- 
sponding deviations in the total cross section, where 
interference terms cancel out. 


(51) 


C. Charged p-Wave Amplitude 


At the 3-3 resonance energy, formulas (45) and (46) 
predict that the total charged cross section is very 
closely the sum of the contribution from (45), which is 
p-wave, and the first part of (46), which is s-wave and 
known from the threshold measurement as discussed 
above. Interference terms drop out. We may thus test 
the charged p-wave predicted by (45) if we subtract 
the s-wave part from the measured total cross section 
at 325-Mev photon lab energy. Combining in this way 
the California Institute of Technology measurement of 
the resonance cross section with the Illinois measure- 
ment of the threshold cross section, we find that the 
value of the coefficient Co defined by (50) should be 
0.046. As noted above the theoretical value is 0.06. The 
sign of the charged p-wave amplitude is checked by the 
asymmetry in the angular distribution at energies below 
the 3-3 resonance. The interference between (45) and 
the s-wave part of (46) should produce preferentially 
backward positive photopions, and such an asymmetry 
actually is observed. The magnitude of the observed 


4L, J. Koester and F. Mills, Phys. Rev. (to be published). 
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asymmetry is somewhat smaller than that predicted, 
but the discrepancy could easily be due to the neglect 
of the small phase shifts and 6Q*. 


D. Nonthreshold Part of 3, °° 


It will be noticed that we have as yet made no test 
of the second part of 3¢,, which contains s,p and higher 
partial waves; in fact we have ignored any contributions 
which this term might make to the charged cross section. 
Explicit calculation shows that these contributions are 
almost everywhere small, even though the amplitude 
itself is large. The reasons for this unusual situation 
are as follows: (1) The low-energy # part of this term 
does not interfere with the main s-wave term for 
unpolarized target nucleons. (2) Interference of the s 
and d parts with the main s-wave term almost cancels 
out the square of the p-wave except very near threshold. 
Here a negative term is of some importance. Relative 
to the main s-wave contribution one finds 


| 5. (q) |? ? sin’é 





|5ey(0)|? -2k* [1—(q/R) cos? 


The negative term actually determines the q* de- 
pendence near threshold but it is unimportant for g 21. 
If the excitation function can be accurately measured 
a minimum in the square of the matrix element should 
be found 10-15 Mev above threshold. Bernardini” has 
assumed the form (52) in determining the coupling 
constant. 

Another manifestation of the second part of 5¢;, is 
its interference with 3” which leads to a term with 
angular dependence ~sin’@ and phase-shift dependence 
~sind33 Cosd33. This term has its maximum near 533=45° 
and thus should shift the maximum in the charged total 
cross section down in energy relative to the neutral. 
Such a shift has been experimentally observed, although 
its magnitude is too small to allow a quantitative test 
of the theory. 
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Some consequences of the construction of potentials from phase shifts are derived. The question of select- 
ing a unique potential by asymptotic requirements, and the connection with analyticity of the S-matrix is 
discussed. An expression for the variational derivative of the potential with respect to the phase shift is 
derived. A simple exact relation between the value of the potential at the origin and the first moment of 
the phase shift emerges as a result. The variational derivative is made the basis of a “phase-shift perturba- 
tion method.” One “unperturbed” S-matrix suggests itself naturally, and is here called the “intrinsic” 
S-matrix of the bound state. The “intrinsic” potential is discussed. Variational derivatives of one phase 
shift with respect to another, as well as an extension of the phase-shift perturbation method near the in- 
trinsic S-matrix to the presence of a tensor force, are given. 





INTRODUCTION 


N a number of recent papers!” the complete pro- 
cedure has been established for obtaining all po- 
tentials that cause a given phase shift (of one angular 
momentum, as a function of the energy) and given 
bound states. It is the purpose of the present note to 
discuss some consequences of that construction, which 
are obtained by varying the quantities that determine 
the potential. 

In the first part we outline the Gel’fand-Levitan 
method and discuss the consequences of a variation of 
the parameters C,,, upon which the potential depends 
in the presence of bound states.’ The result shows that 
in certain cases a requirement on the asymptotic decay 
of the potential can serve to select the latter uniquely, 
even in the presence of bound states; in other cases it 
cannot. It is shown that no finite piece of the phase 
shift allows a decision on whether the potential decays 
exponentially or not. 

In the second section, we perform infinitesimal varia- 
tions of the phase shift and derive an expression for the 
variational derivative of potential and wave function 
with respect to it. As a consequence we obtain the 
main new result of the present paper: a simple, exact 
relation between the value of the potential at the origin 
and the first moment of the phase shift. 

In Sec. III the variational derivative is made the 
basis of a “phase-shift perturbation method.” A special 
case is the inversion of the Born approximation, while 
others include the possibility of bound states. A special 
“unperturbed” phase shift suggests itself naturally, 
and is here called the “intrinsic” phase shift of the 
bound state. The set of “intrinsic” potentials is 
discussed. 

Since the phase shift of one angular momentum (plus 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission, at the Radiation Laboratory of the Uni- 
versity of California, Berkeley, California. 

1R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 9 (1953); also previous papers by R. Jost 
and W. Kohn, Phys. Rev. 87, 977 (1952); 88, 382 (1952). 

* Generalization to the tensor force: R. G. Newton and R. Jost, 
Nuovo cimento 1, 590 (1955); R. G. Newton, Phys. Rev. 100, 
412 (1955). 


the bound states and normalizations there) already 
uniquely determines a central potential, all other 
phase shifts of the latter are functionals of the former. 
That fact is used in Sec. IV to derive an expression for 
the variational derivative of one phase shift with re- 
spect to another. Two phase shifts are found to be most 
sensitive to one another’s small local variations at equal 
energies, except when they differ by an odd integral 
multiple of 2/4. 

Section V, finally, generalizes the phase-shift per- 
turbation method near the intrinsic S-matrix to the 
case of the presence of a tensor force, allowing for 
variations of two phase shifts and the “mixture angle.” 
There is an appendix containing the proof of a special 
sufficient condition for exponential decay of the 
asymptotic potential. 


I. CHANGES IN THE PARAMETER C 


We recall the essentials of the Gel’fand Levitan'* 
method. Let ¢(E,r) be a regular radial wave function 
of the angular momentum / whose r-dependence near 
the origin is independent of E such that 


(214-1) !! limr-"9(E,r) =1, 
r—0 


and whose spectral function (weight function in the 
completeness relation) is p(Z). Corresponding to an 
arbitrary change in the spectral function, Ap(Z), there 
is a function 


s/)= f ddp(E)6(E,s)4(Ey), (1) 


which is used both as kernel and inhomogeneity in the 
Fredholm equation 


Kisp)+e(oe)+ f dt g(s,t)K (t,r) =0. (2) 
0 


This integral equation always has a unique solution 


37. M. Gel’fand and B. M. Levitan, Doklady Akad. Nauk. 
S.S.S.R. Ser. 77, 557 (1951), and Izvest. Akad. Nauk. S.S.S.R. 
15, 309 (1951). 
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K(s,r), which yields the change in the wave function, 
s(EN= f delENK (tp), (3) 
0 
and the change in the potential, 
d 
AV (r)=2—K(r,r). (4) 
dr 


The /th eigenvalue of the S-matrix can be written 


(uniquely) as 
S(k)= f(k)/f(—), 


where f(%) is analytic in the lower half-plane, has 
(simple) zeros there only at a number of discrete points 
on the negative imaginary axis, each corresponding to a 
bound state,* and tends in that half-plane to unity at 
infinity. Then the spectral function is given (with k?= EZ) 


by 

p(—~”)=0, 
dp(E) RG cok E>0, 
dE \¥,C.8(E+E,), E<0. 


The non-negative numbers £, are the bound-state 
energies, and the positive numbers C, are the reciprocal 
normalizations of the bound-state wave functions,! 


C, = f dr¢?(— E,,7). 
0 


Both E, and C, are independent of the S-matrix. (The 
normalized bound state wave function, ®,(r), satisfies 
the relation: (2/+1)!! limr-“+'6$,(r)=C,}, as r— 0.) 

The result of a (finite) change in one of the nor- 
malization parameters C,, say in Cy, was derived by 
Jost and Kohn: 


a r 
AV(*)=—2— log| 1+.Cy f avsa(d | 
dr? 0 


The asymptotic behavior of this potential change is 
AV (r)~const Xexp(—2Kmnr), Km?=En. 
It follows that if there is one potential with given phase 


shift amd given binding energies E,, and with the 
property that 


limV (r)eX'=0, K?=maxE,, (5) 


then this potential is the only one with that property. 
Furthermore, it follows that if there is one potential 
with the property that 


limV (r)@X", K?=min£,, 
r—100 
4 “Points corresponding to the bound states” is always meant in 


the sense 7-iK, if the binding energy is K?. 
5 See reference 1, (2.9). 
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does not exist, then every potential with the same phase 
shift and bound states has it. In the first instance there 
is a natural possibility of selecting a unique potential 
out of the family of those equivalent with respect to 
both phase shift and binding energies. 

As is well known, it follows from (5) that the S- 
matrix is analytic in a strip of width K above the real 
axis, except for a number of poles there on the imaginary 
axis corresponding to all the bound states.* Therefore, 
it is a mecessary condition for the existence of a unique 
potential [in the sense of (5) ] that the S-matrix is in 
fact analytic in a strip above the real axis which con- 
tains all the bound states except for the points corre- 
sponding to the latter, so that all of them are recog- 
nizable as poles and no poles are “redundant.”’ What 
additional criteria are sufficient for the existence of such 
a unique potential is not known. 

Among the family of Bargmann’ potentials, i.e., 
those for which the (/th eigenvalue of the) S-matrix is a 
rational function of &, it is sufficient for exponential de- 
cay of the potential that near k=0, f(k) —{(0)=O(k?").8 
In that case limV (r) Xexp(2ar), as r— ©, exists for all a 
smaller than or equal to the imaginary part of the point 
in the upper half-plane at which the S-matrix has its 
closest pole to the real axis, and for one potential a can, 
in fact, go as high as the imaginary part of the first pole 
that does not correspond to a bound state. One may then 
conjecture the following general theorem: A sufficient 
criterion for the existence of a potential V(r) for which 
V (r) exp[2(a—e)r] is integrable at infinity for all e>0 
is the analyticity of the S-matrix in a strip of width a 
above the real axis, except for simple poles correspond- 
ing to the bound states, together with uniform ap- 
proach to unity at infinity in that strip and f(k)—f(0) 
=0O/(k?") near k=0. The author has not, however, suc- 
ceeded as yet in proving this conjecture. 

It is clear from the fact that analyticity of the 
S-matrix is necessary for exponential decay of the 
potential, that no finite piece of the phase shift can 
render information about whether the potential de- 
creases asymptotically like an exponential. In fact, the 
smallest “kink” in the phase shift at high energies can 
destroy that analyticity and thereby radically change 
the asymptotic behavior of the potential. 


II. CHANGES IN THE PHASE SHIFT 


Instead of varying the parameter C, we shall now 
perform infinitesimal variations of the spectral function 
in the region of positive energies. Then, clearly, the 


6 See reference 1, Sec. 3. 

7V. Bargmann (unpublished). The author is greatly indebted 
to Professor Bargmann for showing him his manuscript of the 
explicit construction of all potentials for which the /th eigenvalue 
of the S-matrix is a rational function of k. 

8 This theorem was first proved by Dr. Thomas Fulton. A proof, 
different from his, can be found in the appendix. 
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first order in the variation, 
K(s9)=—els0)=— f o(B.)6(Er)dbo(E), 
and the corresponding first variation of the potential, 
d 
sv ()=—2— | HEP abel. 
r 


The variation in the spectral function which we are 
contemplating is due to a small change in the phase 
shift. Now, in the presence of bound states with energies 
K,? we can write 


f(k)=e*™ fi(k)= | f(®) |expiLe(®)-+m(k)], 


where 


£(k)=2 >). tan(K,/k) (6) 


is the “intrinsic phase shift” associated with the bound 
states, and in the lower half-plane /,(%) is again analytic, 
tends to unity as |k| —> ©, and does not vanish any- 
where. Therefore its logarithm is analytic in the lower 
half-plane and 


1 * dk’ (k’) 
log| f(k) | =log| f:(k)| =--© 
T 


-. k—k 


> 
ev, k®—-# 


1p? dk'k'm(k’) 
J era 


if 7:(k) is defined as an odd function of k, and @ indi- 
cates the Cauchy principal value. Variations in the 
phase shift will, of course, be such as not to change the 
“intrinsic” one, and therefore 
5\f(k)| 1 f dk’ k’5n(k’) 

iD 2 J... B-E 


The variation of the spectral function concomitant 
with that in the phase shift is then, for E>0, 


aa Pa )R?'+15 | f(R)|/| f(R)|* 
oer PONS 


dp(E) 2 rf dk'k'n(k’) 
=— -—@&P —_—_—_—, 
dE x 4_, E-E' 


and zero for E<0. Therefore, after an interchange in 
the order of integration, 


2° * do(E) 
K(s,r)=—- f dk’ k'bn(k’) f ——-$(E,s)¢(E,7). 
TY 0 E —E 


We now recognize the second integral as part of a 


NEWTON 


Green’s function: 


G(EZ’; s,r) 


° dp(E) 
=0 f ee H(E,s)4(E,) 
_». E'—E 


” dp(E) " (r 
-0f pata yt s)@(E, N+LC, ~ si : (7) 
0 E'-E E'+E 


4 
v7 “n 


The variational derivative of the potential at r with 
respect to the phase shift at can therefore be written 


bV(r) 4 | 


5n(k) 


and that of the wave function, 


5o(E’,r) yo 
== f dip(E' f) 
0 


5n(k) T 
| s (E; t,r)— co a (9) 
E+E, 


G(E;rr)— LCn ae (8) 


n dr E+E, 


The Green’s function G(£;5,r) vanishes at s=0 for 
arbitrary r and is symmetric in the two variables. It 
can therefore also be written 


o(4,s)\¥(E,r), 
o(E,rW(E,s), 


where ¥(E,r) is an “irregular” solution of the Schréd- 
inger equation whose Wronskian with $(£,r) is unity®: 


[o;¥J=1. 


s<r, 


E;s,7)= 
S(E; 5) | fc 


’ 


We therefore have 


‘(r d 
ee) ae 


(Wb y)-EC a) (10) 
P+E 


w dr Gn 


5o(E’,r) 27" 
cat Se f dis(E’,f) 
5n(k) mr “9 


x|6 (k, WR) -E Cs dall =r ”) (11) 


The “irregular” solution y(Z,r) is, so far, not uniquely 
determined. We obtain it by expressing $(£,s) in (7), 
for s>r, in terms of f(k) and f(k,s): 


$(E,s) = (21) *k- (— 1) F(R) f(—,s) — f(—k) f(k,s) J. 
Then 


i f dk'k'™ f(¥,s) 
—$(k’,r) 


(E;s,r)=-0 
’ R—k” Fe) 
bn(s)on(r) 
ee 
n E+E, 
®The bracket symbol is used for the Wronskian: [¢;y¥] 
=¢y'—¢'p. 





REMARKS ON SCATTERING THEORY 


The path of integration can be supplemented by a large 
semicircle in the lower half-plane, whose contribution 
vanishes with increasing radius because |¢|~|k|~‘+) 
exp(Imkr) as |k| > ©, and s>r. The value of the 
integral is therefore 27i times the sum of the residues 
in the lower half-plane, plus wi times the sum of the 
residues on the real axis. The former just cancel the 
rpg state terms, and the remainder, divided by 


o(Ey), 
WEs)=— wf #2 ee (1) ow 
f(e) f(-k) 


The variation of the potential with respect to the 
phase shift can therefore also be expressed as 


VO) 2a hoon 
inh) ok m[S(k) f?(—k,r) J 


flk,s 5) 
Re— 
f(k) 





on*(r) 
+2kE Cs |. (12) 
inthe 


“n 


The variation of the wave function on the other hand, 
can be somewhat simplified by the use of the identity 


(o(E,r) ; o(E’,r) ]= E-R) f agcenee'), 
0 
which is readily proved from the Schrédinger equation 
and the boundary condition of ¢(£,r). Thus, 
66(E’ 7) Lo(E’ yr) ; (kr) ] 
5n(k) E'—k? 
bn(r)LW (Rr) ; bn(r) ] 
. ) vl ey 





2 
— “4 v (R’,r) 


(13) 





The first observation is that (12) again shows that a 
small change in the phase shift at high energies may in 
general change the asymptotic behavior of the potential 
completely. Equations (10) or (12) can, however, not 
be used to determine that asymptotic behavior in any 
simple way (such as by replacing y or f by their 
asymptotic values). Parts of the k-integrand which are 
asymptotically (in r) negligible, may yield dominant 
contributions to the integral. 

Equation (10) has one very simple consequence. 
Since, near r=0, 


o(Eyr)~r'/(21+-1) 11, 
we obtain directly 
5V (0)/dni(k) =4k/x (21+-1). (14) 


If V(O) and fo*dk kni(k) both exist, and there are no 
bound states, then it follows immediately that 


fay gyre (15) 
eerasit - 


WEn)~—r-"(21—1) 11, 
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It is worth emphasizing that this is not an approxima- 
tion in any sense, but an exact result. 

In general, however, the first moment of the phase 
shift will not exist. Since 


1 oO 
limin()= —— f dr V(r), 
k-00 a 0 


(16) 


if both sides exist, the finiteness of the right-hand side 
of (15) implies that the integral of the potential is zero. 
If it is not zero, then we can conclude from (14) merely 
that if V and Vo have the same bound states, then 


8 ay 
V (0) — V(0)=———— J dk kUni(k) —m (R)]. 
1 ( 1+1) 0 


We can readily construct, by the Bargmann’ pro- 
cedure, a simple potential Vo(r) whose phase shift 
ni (k) asymptotically approaches 7:(k). The phase 
shift 


nr (k)= tan (8/k)—tan™ (a/k) +2 >, tan (Kei/k), 


where a@ and 8 are positive constants, and the bound 
states with energies E,,;=K,/, belong to a potential 
Vo(r) whose value at the origin is 


V(0)= B)/ (1+). 


It is, however easily checked that 


(a?— 


4a ji dk[k tan-!(6/k)—B ]=— 
From this it follows that 


VO=— i a a! Hon (k)+- f arv v0 


Ta: > Bet Ye Ent, 
ne 


(15’) 


if both sides exist. Equation (15’) is again an exact 
result, and not an approximation. 

It is well known that for potentials with finite 
2(/+-1)th moment, the phase shifts of increasing / are 
asymptotically equal and decrease near E=0 (as E*). 
Equation (15’) shows that nevertheless, in the absence 
of bound states, their first moments (after subtraction 
of their asymptotic values) increase as (2/+1). This 
indicates that the maxima of the phase shifts move to 
higher energies with increasing /. 

The case of a square well potential affords a simple 
illustration. The two parameters, depth a and range 3}, 
are directly obtainable as 


= dk{_kni(k) — lim k’i(k’ 
‘ ee [bn(#)— im B’ni(#)] 


4 
+—— > Eu, 
ab=2 limkn,(k). 
kn 
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Fic. 1. Potentials “intrinsic” to a single bound state of angular 
momentum zero, in units of the binding energy; distance units are 
equal to twice the “size of the bound state.” 


In general, the numbers a and b may be interpreted as 
equivalent depth and range. 


Ill. A PHASE-SHIFT PERTURBATION METHOD 


Equations (10) or (12) can be used as the basis for a 
“phase-shift perturbation theory.” If there are no 
bound states, one obtains the small phase-shift 
approximation 


4 
vi=—-f 
rT" 0 


provided that the right-hand side exists. (Otherwise 
one must again subtract the asymptotic value and a 
potential belonging to it.) This is an inversion of the 
Born approximation and is in principle obtainable from 
the latter. (For /=0, this is very easily checked.) Just 
as (16) indicates the fact that the Born approximation 
becomes exact in the limit of high energies (in the non- 
relativistic case), so (15) or (15’) shows that the small 
phase shift approximation becomes exact at the origin. 

The present method can, however, be extended to 
areas where the Born approximation is not applicable. 
First, one can use the small phase-shift approximation 
also in the presence of bound states: 


xn 


d 
dkn(k)— Im w?(kr), (17) 
dr 


4 d 
V(r)= Vair)+-f dkn(k)— 
To dr 
dno°(r) 
x | Imfo?(—k,r)+2k dC. 
» +E, 
where Vo, fo, and ¢o belong to the bound states E,, 
and normalizations C,,, and with zero phase shift. They 
can be constructed explicitly by the Bargmann method.’ 


The potential Vo(r) will, of course, not be of short 
range (in the sense of the existence of the second 


moment) since the value of the phase shift at zero 
energy is not r times the number of bound states. This 
kind of approximation will therefore not be of much 
physical interest. 

It is more natural, in the presence of bound states, 
to use as the “unperturbed” phase shift the one “in- 
trinsic” to the binding energies, given by (6). In the 
case of a single bound state of binding energy K?, this 
“intrinsic” phase shift satisfies 


k coté(k)= —$K+3RK-—. 


In other words, the “shape-independent approximation” 
is exactly correct for this phase shift. The only quantity 
which enters is the “size” of the bound state, R= K-. 
Scattering length and effective range are related to it 
by a=2R and m=R.” 

Potentials and wave function corresponding to (6) 
are readily constructed by Bargmann’s method. It may 
be of interest to see what the family of potentials 
“fntrinsic” to a single bound state of angular momentum 
zero looks like. If the distance is measured in multiples 
of twice the “bound state size,’”’ and the potentials in 
units of the binding energy, then the “intrinsic” po- 
tentials are (see Fig. 1) 


ad 
Vi (x)= — . . logl1+-A(sinha—<) ], 


x 


(x=2Kr, V,=K-*V1, \=C/2K*). Vy vanishes at x=0, 
starts with the slope —8A, has a minimum which shifts 
toward the origin and becomes deeper with increasing 
\, vanishes at a point which shifts toward the origin, 
has a maximum of increasing height, which also shifts 
toward the origin and finally goes asymptotically as 
16xe~*, i.e., positive and independent of A. (The last 
aspect affords an illustration of the statements following 
(5); since the asymptotic decay is slower than e~*, it 
must be independent of A, and vice versa.) As a conse- 
quence of (16), the area under the potential is —8, 
independently of X. 

An alternative description of these potentials is this: 
they have a repulsive center, an attractive shell, and a 
relatively weak repulsive tail. In spite of the fact that 
they all have an “effectivé range” of x»>=2, repulsive 
core and attractive shell can be made small (and strong) 
or large (and weak) by varying X. It is, in principle, 
within the domain of the approximation method to 
make the repulsive core stronger and possibly to 
eliminate the repulsive tail. 


0 Tf, as an illustration, one wanted to apply this method to the 
case of the deuteron, the “intrinsic” phase shift would not, by 
itself, be a good enough quantity. The effective range of the nuclear 
potential in the triplet state is only about one third of the ‘‘deu- 
teron size.” That fact does not, however, necessarily mean that 
the experimental phase shift and the “intrinsic” phase shift differ 
so much that the “phase-shift perturbation method” may not 
yield a good approximation. 





REMARKS ON SCATTERING THEORY 


IV. DEPENDENCE OF ONE PHASE SHIFT 
UPON ANOTHER 


The inverse of (10) is the variation of the phase shift 
with respect to the potential. A simple expression for 
that quantity is a well-known result of perturbation 
theory : 


bmi(k) 
5V (r) e 


oi(k,r) P 
filk) 


where ®,(k,r) is the solution which is asymptotic to 
sin(kr-+n,—47l) at infinity. 

The two variations, (10) and (18), can now be com- 
bined into the variational derivative of one phase shift 
with respect to another, via the existence of a central 
potential that causes them both. Thus, 


dni(k) © Sn(k) 6V(r) 4 RR po 
bi % é 6 | dro? k, 
dnz(k’) f WV) dni (k’) © ae Gs) 


=—K|#,(k,r)|*, (18) 


~~ ptt | 





oun'(r) 


d 
x—| ull Wl 9) —D Ora. ; (19) 


Naturally it must be true that for /=L, 
5ni() 
5mi(k’) 


In order to isolate the 6-function part of (19), we sub- 
tract from the integrand its asymptotic value and 
integrate it separately. The result is 


5ni(k) 
- = (—1)4+2k senk’5(k?—k’) cos2[mi(k)—nx(k) | 


dni (k’ 
a” sin2[m(#)-+nn(#')] 
k+k’ 
+(—1)4(wb) sindnz(#’) 


=1[5(k—k’)—8(k+k’) J=k sgnk’s(k2—k”). 





— (=1)'491('/k) 


a0 d 
+2¢r8) [dr {Came 


Gin’ (r) 
k?+E,, 
+2k' (—1)* sin*Lkr+-n(k) — 4x1] 

eos r+ n(#)]. (20) 


x [man 98 wy > C. 


Except when 7; and nz differ by an odd integral 
multiple of 1/4, :(k) is therefore most sensitive to 
small local changes in nz at the same energy, k*. Equa- 
tions (19) or (20) can again be used as a basis of a 
phase shift perturbation method which directly deter- 
mines one phase shift from another, if they are both 
caused by the same central potential. 
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V. GENERALIZATION OF THE PHASE SHIFT 
PERTURBATION METHOD TO THE 
TENSOR FORCE CASE 


In the presence of the tensor force we shall limit 
ourselves from the start to variations near the “in- 
trinsic” quantities," for which” 

FT (k)F(—k)=1. 
Then 


oF? (k)F(—k) ]=5F? (k)F?—(k)-+F-1(—k)6F (—k). 


The first term is analytic in the lower half-plane and the 
second, in the upper. Therefore 


dL F7(k)F(—k)] 


1 ) 
--=0 f —for"eyPe) 


ix J_.k'—k 


—F-\(—k')5F (—k’) 


2 p® dk’k’ 
=-— f - LPR (kt) F-\(—k’)5F(—k’) Je, 


im Jo k?— 


where the subscript s denotes the symmetric part. 
On the other hand 


F-(k)5S (k) F (—k) =F (k)6F (k) — F—' (— k)6F (—), 
and for the “intrinsic” quantities the left-hand side is 
FT(—k)6S(k)F(—k), 


and therefore clearly symmetric since 6S(k) must be so. 
We can thus drop the s in the integral above and write,” 
for the variation of the derivative of the spectral 
function, 


dP(E) 4 © dk’k’ 
§——= of —— -T;(k)6M(k’)T,(k), E>0, 
dE aw Yo k®°—k x 


where 
5M (k’)= (21) “FT (— k’)6S(k’) F (—R’). 


Let us write the S-matrix in the following form: 


S=UsU-", 
cose sine 
U= * 
—sine cose 


ee 0 ) 
s== , 
0 exp (2ini,2) 


4 The reason is not so much that variations near the intrinsic 
quantities are believed to be the only interesting ones, but general 
variations present, in the matrix case, difficulties due to the lack 
of commutativity of the functions involved. The “intrinsic” case 
happens to be simpler in that respect, and it may have applications 
by itself. 

2 The notation is the same here as in references 2. The super- 
fA). stands for the transpose: F (2) is the matrix generalization 
of f(z). 

18 T;(%)=k'(i02); in the second paper of reference 2, T;(k) was 
called K;(k). 


(21) 
where 


(22) 


(23) 
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The quantities 4:, 4142, and e are the “eigenphase 
shifts” and the “mixture angle,” respectively, U being 
the transformation to the “eigenstates of the scatter- 
ng.””4 Then 


6S=6UUS— S6UU"+ UbsU—, 





6S = U{ (Zs—szZ)be+6s} U- 
( 2t5: exp (2inz) 
beLexp (2imn,s)—exp(2im) ] 


For the “intrinsic” quantities we have, in the presence 
of only a single bound state, 


k+ik 
F,(k)=1—Po+ po(-—), 
k—ik 


k+iK 
_ =): 
The projection Pp is defined by 
— sine cose 
sine ) 


pa( ), 


where tane is the asymptotic ratio of the two com- 
ponents of the bound state wave function. The function 


£,(k)=2 tan (K/k) 


is the “intrinsic” eigenphase shift. For variations near 
the “intrinsic” S-matrix for one bound state we then 


have 
—de sing; 
5M (k)= u,( Jor 
onire 
2kK 


—de(k) 
B+K? 


S1(i)=1- Pot Pa(- 


cose 


Pi=( 
— Sine Cose 


= U;(1-P)Ur-, 


oni 


—de sing; 


5mi(k) 
=U, 
2kK 
| ~b(2)—— imal k) 
B4+K? 


In terms of the solution 
G.(R’,r)=T0(k)G(R,7), 


we obtain for the operator K(s,r) 


K(s,r)= Aletha 


2 dk’ gant 
--f dbb- i 
it pn 


XG, a s)6M (k)G.(k”,r). 


4 See, for example, J. M. Blatt and V. F. Weissk opf, Theoretica 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952) 


p. 111. 
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0 1 
6UU=6e &, z-( ). 
—-1.0 


Since the matrix Z commutes with U, we obtain 


and 


deLexp(2ini,2)— Presi! y- 


(24) 
2i6ni42 exp (2ini2) 





This can now not be written in the form of a Green’s 
function, but it can be evaluated just as before, for 
s<r, by closing the k’-contour in the lower half-plane. 
In contrast to the scalar case, a contribution also arises 
from k’=0, after G,(k”,r) has been expressed in terms 
of F(k’,r) and F(—k’,r). The result is, for one bound 
state with energy Eo, for s<r, 


K(sr)=—407 f dkk{G.? (k?,s)8M (k)H (k?,r) 
0 


— kG" (0,5) OF -(0,r)5y (k) 
— (k°+ Eo)G,7 (— Eo,s)6M (k)C’G.(— Eo,r)}, 
where’* the irregular solution is 
A (k?,r) = —}k'LF (k)F (kyr) + (—1)'F"'(—k) F(—2,r) ] 
= —k! Re[ F-(k) F(k,r) ], 
and éy(k) is obtained from 
0 1 
(, ) 
(26) 


(1—P)6M (k)(1—2P.) P=—Qé5y(k), Q= 


as 


2kK 
oy (k) ) 3[6nr(k) +6n140(k) | acai “Fata 


The potential associated with an S-matrix that is 
not very different from the “intrinsic” S-matrix of the 
one bound state of binding energy K*= Ep, is therefore 

8d ¢r*” 

Vir)=Vi(r)—-—]  dkR{G.77 (R?,r)6M (k)H7(R?,r) 

wT aro 

—k~G,(0,r)QF .1(0,r)by(k) 
ai c(R?+ Eo)Ger rT(- E,r)bM o(k)Ger ( ~ Eo,r) } ° (27) 
We have here made use of the fact that in this special 
“intrinsic” case of one bound state, C’ must be a 
multiple of Po, 

C’=cP, 


5ni(k) 


5M y(k) =U 2kK 
—5e(k)-—— 
k?+ K? 


and therefore 


vy*, (28) 


18 C’=o-1(—iKo)CTo(—iKo), if C is one of the matrixes C, 
of reference 2. 
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The “intrinsic” quantities are readily explicitiy 
calculated as 


ad r i 
vi()=-2-{teine| 1+ f ater(0C’ xi}, 
dr 0 


r 1 
Gu(—Bap)=[1+ f annerc’| Ux(r), 
0 


Ro) 
Ger(k?,r) =k- OU (kr) — [U(kr) ; Ux(r) ] 
k?+ Eo 


xc[1+ f anter(9e’| Ux(r), 
0 


where!® 


Ve 0 
Ux()=( ”) ) 


0 — K?V x (+2) (r) 


k uy(kr) 0 
™ or ( 0 es, 


The functions H ;(k*,r) and F;(—k)F 1(k,r) are obtained 
from G,, by replacing"® u;(kr) and u142(kr) by k'*0,(kr) 
and k'+'y,,.(kr), Rk? wi(kr) and k?w7,.(kr), re- 
spectively. 

APPENDIX 


The purpose of this appendix is to prove the following 
theorem: A sufficient condition for a central potential 
to be asymptotically exponentially decreasing is that 
for the /th angular momentum, f(k) be a rational 
function of k which, near k=0 behaves as follows: 


f(k)—f0)=O(F*"). 


[In addition, of course, {() must have all the properties 
previously given. | 
Proof.—Let us write 


(A.1) 


» (k—ia) 


f()=II 


where!’ 


=14iE Ri(k—-i8), (A.2) 


(k—1;) i=l 
II (8;—a:) 
Jijejnciniadnnk 
II’ (6;—8)) 


Clearly, then the first 2/—1 derivatives of f(k) at k=0 
vanish, and therefore (A.1) is satisfied, if and only if 


(A.3) 


Cn=>D RB7-"=0, m=2,3,-+:, 21. (A.A) 


Fok 


16 The notation is as follows: u:(x)=xji(x), v:(x)=xmi(x), w(x) 
ae (—1)1xhy™ (x), Va (r)= (—i) (iar )ji (iar) = (—i)" (iar), 
where j, , and h®) are the customary spherical Bessel functions, 
spherical Neumann functions, and spherical Hankel functions, 
respectively. : 

17 The prime on the product sign indicates that the term with 
1 =7 is missing. 
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We must therefore show that (A.4) is sufficient for 
exponential decay of the potential. 

Now, as Bargmann has shown, the potential belong- 
ing to f(k) of (A.2) is the following: 


V(r)=—2(d/dr) logX(r), X=||-asll, 
%ap=LV5'; Vai |/ (a?—6"), 

where the determinant is indicated by the double ver- 

tical bars. The asymptotically leading term in X, in 


the sense that the remainder vanishes exponentially 
with respect to it, is 


Y=|lyasll, yas=[U-p'; Ua']/(c?—6*), 


(A.5) 


(A.6) 
which can be written 


Y=Z exp[) (8—a)r], Z=|lzcal\, 
Zap = (8—a)"{h_gha— (B+a)[h_p; ha}, 
ha(r)=eU,'(r). (A.7) 
Since h,(r) is a polynomial in r~, so is Z. In order that 
the potential be exponentially decreasing at infinity it 
must therefore be shown that Z is in fact constant. 
The function h,(r) is a polynomial in (ar) of 
degree J, and [h_g; ha |/(a+8) is a polynomial in r 
whose coefficients are homogeneous polynomials in a~ 
and 6—'. Since 


lim[ U_'; U.' \/ (a+8)=—1, (A.8) 
then 
2-1 


tes= (8—a) +E" 


n=] i+j=n+1 


A, ‘8-i,i>1,j>1. (A.9) 


If we mean by ||A; B,C,---|| the sum of all the deter- 
minants obtained by replacing one row (column) of A 
by one of B, another row (column) of A by one of C, 
etc., then we readily see that a sufficient condition for 
Z to be constant is that 


| (B—a)™ 5a 1B, ge M2B-m2 a "Lg-mL|| 
=0, D=1, +--+, »—1; mj;+m;<2l. (A.10) 
In order to prove that it follows from (A.4) that 
(A.10) is satisfied, we require the following lemma: 


n+lin 


DY TlG—v)/IT' (vi—-vs) =1. 


i=1 k=l 


(A.11) 


The proof of this lemma consists simply in considering 
the left-hand side as a rational function of, say, 1. 
The residues at the apparent poles all vanish, and the 
value at yi= © is 1. The function must therefore be 
identically equal to unity. 
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Furthermore, we need the fact that 


|| @—a)*|| = ( (1) — a) JT (8;—6:) 


i<l 


XI[@i-—ai), (A.12) 
il 


which is readily proved by induction on » and develop- 
ment of the determinant after the jth column. If 
|All is the (ij) subdeterminant of ||A|| (without the 
sign factor), then 


| (@—a)“|| = LX (—1)*4(6;—ai) || 6-2) 5 
=P (-1)HHO-D0-9 (gg) 
x i (8.—B:) i (ex—a1) TT (6,—a1) 


k+j 
t, Ts 


:. Sos iss 
IT (8.—81) IT (a,—a1) 


kel 
II (8i—a:) 
I1(G;—a:) 





II (8.—a:) 
k+j 


5 (-— 1)§@-D (2) 





Il'(6;—61) + II'(a:—ax) (8;—a,) 


In the same manner in which the lemma was proved, 
one sees that the last sum equals 


(~iy"* Il'6;- BIG; ia), 


which proves (A.12). 
We now proceed as in the above proof of (A.12): 


B—a)*;a-"8™||= » (—1)*4a5-"8;™|| (6—a)™| 55 


IL(6;—a) 1 II (6.—a:) 
k 


= ||(@—a)“|| > 


ES wis 
i Il';- Bi) Bi" + T'(—ax) 


1 1 
a;” Bj—a; 


=|\(6—a)-| Cota t 3 Cm 
II (G.—a;) 1 
k 





xX . ’ 
[= II'(ex—a) — 


by the use of partial fractions on aj-"(8;—a,)~ and the 
lemma. Equations (A.4), and therefore (A.1), imply, 
consequently, that 


|G—a)*;a-"8™|=0, 2<m+n<2I. 
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Similarly, 
{ (—1)ieH) 4 


angen a"B* tikt aes"ar4"Bi"BY! ||B—aa| lex, 52 
1 WG-a) 1 Ga) 
sd ) en ype Sen teal 
| —a}| i II’ (6i—8.) B,™ t II’ (6:—8,) 


i 


IL(G.—as) 1 
Bit « T]’(ai—ag) a4"(8;—a;) (8:—a) 





I1@,.—a:) (8;— 81) (ai—arx) 
x> 
& il’ (@x—ag) ax" (8;—axx) (B1—ax) 





= r 


pm zi Cmt-n—14 s—pCotrtl—stp 


I1(6,—a:) 1 
I lapwaiar a;* 


B-—a 


a 
—Crpnts—pCorroty 


(Cot-n—14-0— pC ot r—t42-24 P 


+2 (z= 


‘tg Crtnts—pC op rey orp) 


‘ IG.- ai) 1 
+ 
> Tena) Ir (as—a4) a? 


(Cn n—2pe—pU a+ r+l—2t+p 


—Cintn—2tlte—pC o4ro+p) 
re I1(@,.—a:) 1 11(@.—ai) 1 
PES (pend aig 
inl ont A IT"(a:—a,) ait i II"(a:—a,) a;* 


x (Crrp-e—ot0~9 04 r—t+2—2+-p 


vi 
ae Cm n—a+1+e—pl str—tel—s+p) ’ 


again by the use of partial fractions and the lemma. 
Therefore, if, C;=0 for i<[$(m+n+s+r)], then 


) 1 1 1 
_v =0. 
B- a ee a’ BB?) 
Because of (A.4), then, weg 
al” 
B—a "anpm a’p" 
n-+-m<2l, 
r+s<2l. 


The other cases are proved similarly and the details 
are left to the reader. 
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Some systems of fields have been considered which are invariant under a certain group of transformations 
depending on m parameters. A general rule is obtained for introducing a new field in a definite way with a 
definite type of interaction with the original fields by postulating the invariance of these systems under a 
wider group derived by replacing the parameters of the original group with a set of arbitrary functions. 
The transformation character of this new field under the wider group is determined from the invariance 
postulate. The possible types of the equations of the new fields can be also derived, giving rise to a certain 
conservation law owing to the invariance. As examples, the electromagnetic, the gravitational and the 
Yang-Mills fields are reconsidered following this line of approach. 





INTRODUCTION 


HE form of the interactions between some well 

known fields can be determined by postulating 
invariance under a certain group of transformations. 
For example, let us consider the electromagnetic inter- 
action of a charged field Q(x), Q*(x). The electro- 
magnetic interaction appears in the Lagrangian through 
the expressions 


aQ 
—ieA,Q or 
Ox» 


Stas iO*. (1) 


Ox 


The gauge invariance of this system is easily verified in 
virtue of the combinations of Q, Q*, and A, in (1), if 
this system is invariant under the phase transformation 


QQ, Qe, 


Reversing the argument, the combination (1) can be 
uniquely introduced by the following line of reasoning. 
In the first place, let us suppose that the Lagrangian 
L(Q,Q,,) is invariant under the constant phase trans- 
formation (2). Let us replace this phase transformation 
with the wider one (gauge transformation) having the 
phase factor a(x) instead of the constant a. In order to 
make the Lagrangian still invariant under this wider 
transformation it is necessary to introduce the electro- 
magnetic field through the combination (1). This 
combination and the transformation character of A, 
under the gauge transformation can be uniquely deter- 
mined from the gauge invariance postulate of the 
Lagrangian L(Q,0, ,,A,). 

This approach was taken by Yang and Mills' to 
introduce their new field B, which interacts with fields 
having nonvanishing isotopic spins. The gravitational 
interaction also can be introduced in this fashion. 

It may be worthwhile to investigate this approach 
for a more general case, for if there is a system of 
fields Q4(x) which is invariant under some transfor- 
mation group depending on parameters €;, €2, ---€n, 


co=const. (2) 


* On leave of absence from the University of Osaka, Osaka, 
Japan. 
1C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954). 


then according to the aforementioned viewpoint we 
may have the possibility of introducing a new field, 
say A(x), in a definite way. In addition, the transfor- 
mation character of this new field and the interaction 
form with the Q’s can be determined uniquely. 

Let us tentatively call a family of the interactions 
derived in this way “the interactions of the first class,”’ 
while other types of interactions are denoted as “the 
interactions of the second class.” The electromagnetic, 
gravitational and B,-field interactions belong to the 
first class and the meson-nucleon interaction to the 
second class, at least at the present stage. 

The main purpose of the present paper is to investi- 
gate the following problem. Let us consider a system of 
fields Q4(x), which is invariant under some transfor- 
mation group G depending on parameters €1, €2, -- -€,. 
Suppose that the aforementioned parameter-group G 
is replaced by a wider group G’, derived by replacing 
the parameters e’s by a set of arbitrary functions e(x)’s, 
and that the system considered is invariant under this 
wider group G’. Then, can we answer the following 
questions by using only the postulate of invariance 
stated above? (1) What kind of field, A (x), is introduced 
on account of the invariance? (2) How is this new field 
A transformed under G’? (3) What form does the 
interaction between the field A and the original field Q 
take? (4) How can we determine the new Lagrangian 
L'(Q,A) from the original one L(Q)? (5) What type of 
field equations for A are allowable? 

The solution of these problems will be stated in Sec. 1. 
In Secs. 2, 3, and 4 the well-known examples of the 
interactions of the first class will be reconsidered 
following the line of reasoning of Sec. 1. We shall find an 
analogy between the transformation characters of the 
electromagnetic field A,, the Yang-Mills field B,, and 
Christoffel’s affinity T',,’ in the theory of the general 
relativity. Furthermore we shall understand the reason 
why in the Yang-Mills field strength the quadratic 
term, B,XB,, appears which is quite similar to that 
occurring in the Riemann-Christoffel tensor R,»», 
namely, to the term IT'—IT in R. 

In the usual textbooks of general relativity the 
covariant derivative of any tensor is introduced by 
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using the concept of parallel displacement. On the 
other hand, we shall see in Sec. 4 that the covariant 
derivative of any tensor or spinor can be derived from 
the postulate of invariance under the “generalized 
Lorentz transformations” derived by replacing the six 
parameters of the usual Lorentz group with a set of six 
arbitrary functions of x. In deriving such covariant 
derivatives it is unnecessary to use explicitly the notion 
of parallel displacement. 

Now the above stated classification of the interactions 
has only a tentative meaning. Some of the interactions 
of the second class might be translated to the first class 
if we could find a transformation group by means of 
which we can derive that interaction following the 
general scheme in Sec. 1. For example, if the interaction 
between mesons and nucleons could be reinterpreted 
in a fashion analogous to those of the first class, then 
one might presumably be able to get a wider viewpoint 
for interpreting the interactions between the new 
unstable particles and the nucleons. 


1, GENERAL THEORY 


Let us consider a set of fields 04(x), (A=1, 2, ---N), 
with the Lagrangian density 


L(Q4,04, u)s Q4 Tr 0Q4/dx-. 


Now let us postulate that the action integral referred 
to some arbitrary four-dimensional domain Q, 


I= f La, 
a 


is invariant under the following infinitesimal transfor- 
mation : 


OA 044504, 
604 =T (a), 4n €* Qs, 
e*=infinitesimal parameter (a=1, 2, - --m), “ 
T (a), 48= constant coefficient. 


In addition, the transformation (1.1) is assumed to be 
a Lie group G depending on the m parameters e*. 

Thus there must be a set of constants /,°, called the 
“structure constants,” which are defined by 
[T(a,T @ 48=T(@, 4c Te °s— Tw, 4c Ta, °s 

= fa Tc), AB. (1.2) 


These constants, fe*., have the following important 
properties: 
Si fact fi" falct Iie fm'n=0, 
fav= “a i fue 


The relations (1.3) can be easily obtained from Jacobi’s 
identity and the definition (1.2). 


(1.3) 


RYOYU UTIYAMA 


Now from the invariant character of J under the 
transformation (1.1) and from the fact that this 
invariance is always preserved for an arbitrary domain 
2, we have the invariance of the Lagrangian density 
itself. Namely we have 


6L = sop 5 04 ,=0 
= pV. 1.4 
pa (1.4) 


004 , 
The symbol = means that 6Z must vanish at any 
world point and further that this relation does not 


depend on the behavior of Q4 and Q4,,. Substituting 
(1.1) into (1.4) we get 


OL OL 
— T«, 48 G?-+-——_ Tw, 48 O*, ,=0, 


aQ a 

(a=1,2,---m) (1.5) 
since the e’s are independent of each other. These n 
identities are the necessary and sufficient conditions for 
the invariance of J under G. 


If we take into account the field equation for Q4, 
we obtain from (1.5) the following m conservation laws: 


OL 
J+,= 304, T (a), 45Q. 
This is so because (1.5) can be rewritten as follows: 
[ee 2 (hay 2% gid mo 
404 dx\aQ4, dxLdQ4 , 


The first term, { }6Q04, vanishes on account of the 
field equation. 
Now let us consider the following transformation: 


5Q4 (x) = Ta, 48 €*(x) Q8, 


T (a), 48= constant, 


aJ»,/dx*=0, (1.6) 


(1.1)’ 


e*(x) =infinitesimal arbitrary function, 


instead of (1.1). In this case 6Z does not vanish but 
becomes 

OL Oe* 
§L={(1.5)}. rs T(a,43 Q? —, 


+B xe 


(1.5)’ 


vas ai: coi ri 
6L=—— Ta,4B } 
004 Ox 


by virtue of the identity (1.5). 
In order to preserve the invariance of the Lagrangian 
under (1.1)’, it is necessary to introduce a new field 


A(x), J=1,2, ---M, 


in such a way that the right-hand side of (1.5)’ can be 
cancelled with the contribution from this new field A’’. 
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Now let us denote the new Lagrangian by 
L'(Q4,04 WA"), 
and consider the following transformation : 
6Q04=T(a,45 0? e*(x), 


0 
bA = Ua)? x A'K €*(x)+C7, a 3 
ee 


(1.7) 


where the coefficients U and C are unknown constants 
which will be determined later. In addition, let us 
propose that the new action integral J’ is invariant 
under the transformation (1.7). 

Our problem is to answer the five questions listed in 
the Introduction. 

From the invariance postulate we get the following 
identity : 


x) OL’ oA OL’ OL’ 
6L’ (x) =—— 604+ 
Q4 ) 





A 4 
Q4. s 6Q . *" aA! 


Inserting (1.7) into the above and taking account of 
the arbitrariness of choosing e* and de*/dx", we see 
that each coefficient of ¢ and de/dx must vanish 
independently. Namely, we have the identities 


§A’7=0. 
J 


OL’ 
Ta), Ap QF a 


004 


aL! 
304, (a), 4B Q?+ 
"be 


+t——Ua"x, A'*=0, (1.8) 
aA’ 


aL’ aL’ 
Tw,43 -+—C!,»4=0. 
aQ4 , aA's 


Now, in order to be able to determine uniquely the 
A'J-dependence of L’, the number of the components 
of A’’ should be equal to the number of Eqs. (1.9), 
namely, 


(1.9) 


M=4n 


should hold. In addition, the matrix C’,4“, must be 
nonsingular. Thus there is the inverse of C defined by 


CY. Ha C=. K=6" x, Siriaas J CY ",=6% Bras 
Then (1.9) can be rewritten as 
aL’ 


aA, 


Ws sai 
a (a), “Bz Q°=0, 
004 4 


where we have put 
A*,=C-%, 7A. 


Thus A’ should be contained in L’ only through the 
combination 
A 


V,04= 3 —Two, 420? C4, 7 A”, 
xe 
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or 
aQ4 
V,Q04= 3 —Tw.4aQ’ A%. 
xe 


(1.10) 


By using A%, in place of A’Y, the transformation 
character of A turns into 


5A%,=S(e)%u,"b A®, €°(x) +d€*/dx, 


Se), ~»=C-'*, J Ute)" x Cx "b» 


(1.11) 
where , 


Now the new Lagrangian must have the form 
L'(Q4,04 yA%)=L(04,V,04). 
Therefore we have the relations 
ol’ ot" | 
aQ4 ~ a4 ohne ea 9V,Q7 | Qmconst 
aL’ aL” | 


0Q4, i" dV ,.04 Q=consty 


aL’ aL” 
madieiectetsey) Tw, 43 Q? C-, 5. 
OA ey aV,Q4 | Q=const 


OL” 
Ta, 74 A% py 


By using these relations, (1.8) becomes 


aL” 


aQ4 vVQ=const 


aL” 
a sail 
0V,Q4 Q=const 
If 2 —S(ay*y,"s T(a,4n} =0. 
we put 


L” (Q4,V,04) as L(Q4,V,04), 


namely, put L” to be what is obtained by replacing 
0Q04/dx" in the original Lagrangian L with the “co- 
variant derivative,” V,Q4, then on account of the 
identity (1.5), the first and the second terms in (1.12) 
cancel each other. The remaining terms of (1.12) can 
be rewritten in the following way owing to the group 
character (1.2): 


dL 
QP A* fats By —S(ay*p, 0} Ta, 48=0. 
dV 04 Q=const 


. os aL” 
(a), B + T (a), Ap V Q8 
dV,Q4 Q=const 4 


Q? A®*{[T a) Te }42 8’, 


(1.12) 


Therefore we can determine the unknown coefficient S 
as follows: 

Sap, "b= 8" far (1.13) 
Using this expression for S, we can easily show the 
covariant character of the derivative V,04, i.e., 


6V,04=T(a,4n €*(x) Vi. (1.14) 
* This particular choice of L” is due to the requirement that 


when the field A is assumed to vanish, we must have the original 
Lagrangian L. 
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Now let us investigate the possible type of the 
Lagrangian for the free A-field. Let it be denoted by 
Lo(A%,A%,»), A%p,»=0A%,/ Ox". 


The invariance postulate for Lo under the transfor- 
mation (1.11) leads to 


dLo dLo 
fee A + See A .. »=0, 
0A*%, 0A*%,» 
dLo OL» 
+ T% A +220, 
0A*%, dA, , 
dLo 


hone 


(1.15) 


(1.16) 


OLo 
=0. 
0A, . 


(1.17) 


From (1.17) we see that the derivative of A should be 
contained in Ly through the combination 


re) re) 
A*,——A¢,,. 
Ox” 


A “tu, ¥) = 


Ox 


Thus (1.16) can be written as 
(1.16)’ 


(1.16)’ means that the derivative of A appears in Lp, 
only through the particular combination 


0A4, 
Fe,,=———_———} fr*.(A®, A*%,—A®, A%,). 
Ox Ox” 


(1.18) 


Finally, substituting (1.16) into the first term of (1.15), 
we get 


1 dL 
2) {fe Ay uit (fa%s Se%e 
2 OF*,, 
sas She fer) (A 4A ““ A . A *,)} =0, 
or by virtue of (1.3) we have 


1 dLy 
6 fe F,,=0. 
2 oF*,, 


(See Appendix I.) Since Z» must have the form 
Ly(A,0A/0x)= Ly’ (A*,,F*,»), 
we have the relations 


AL, | als’ | 


OA re oF*,,| A=const) 


OL,’ | 


OL’ | 


OF?,, A=const 


Lo 


0A *, GA/Axr=—const OA *,| F=const 
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From these relations and (1.16), we have 


OL)’ 
=0. 


0A *y Fe=const 


Namely Lo must be a function of F alone and must 
satisfy the identity (1.19). 

As may easily be seen, the transformation character 
of F is given by 


5F¢,,= e*(x) ti*. F*,,,, (1.20) 


Equation (1.20) can be verified by using the relation 
(1.3). 

Now let us define a set of matrices, Mi, Mi), 
-++M(q), in the following way: 


(a,b)-element of M(.)=Mc)v= fe%s, 
(a, b, c=1, 2, ---n). 


Then these matrices are a representation of degree n 
for the generators of the Lie group G, since the relation 
(1.3) can be written as 


[M (a),M  }'e= fa™ Mm), 'e- 


Therefore (1.20) shows that m quantities, F',,, F*,», 
---F*,,, are transformed cogradiently to the transfor- 
mation of Q. 
So far we have not used the field equations of A and Q. 
The variation of the total Lagrangian density 


Lr=Lo(F)+L(Q,VQ) 
can be rewritten as 
“ 5044 he fitc@A -—( san! Je 
694 6A%, Ox \5A4, 
ta) oL OL 


6 Ay 
V0“ . 





0 6Lr 
5A*,+——- ¢ | =0, (1.21) 
6. a 


Ox or. Ae, 


where the following abbreviations have been used: 


Olr @ ( oLr ) 
04, aA, ax’\ads,,/ 
Now let us choose the arbitrary function e*(x) in such 
a way that the values of all the e’s and d¢/dx’s vanish 


on the boundary surface of the integration domain Q. 
Then the integration of (1.21) over the domain 2 


becomes 
f Kd‘x=0, 
o 


bLr 
” Ae, 


blr OLr 29 ( 7) 


604 aQ4 ax 


(1.22) 


with the abbreviation 
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because the integration of the divergence term in (1.21) 
vanishes on account of our special choice of the e’s. 
Since the e’s can be chosen arbitrarily within 2, K 
must vanish at every point in Q, as is easily seen from 
(1.22). 

Consequently the identity (1.21) are separated into 
the following two relations: 


K=0, (1.23) 


and 


ri) OL OLo 6Lr 
asi gpg ig gay el =0. 
av,04 aF*,, 5A, 


Ox 


(1.24) 


From (1.24), we have 


T 44004 =* f8,de4—~ | x0, (1.25) 
a), acA =vV, Ul. 5 
ave‘ °* “ape, 5A%, 


0 | OL 
Ox» 


OL 


OL OL 
av,04 F) 


0 ar 
T (a), 48 Q?+ fare A%+ =0, (1.26) 
e FP,, aAs, 
and 
OLo 


aF,, 


OLy 
=0. 
OF-+,, 
Put 


J*,=dL7/dA*%,. (1.27) 


Then (1.26) leads to 


OL Ly 
J+ = wr ( T (a), Ap Q3+ fare A +), (1 .28) 
OF*,, 


oVv,04 . 


and (1.25) becomes 


dJ*, 9 {~* | 


ax» dx»lde,} 


If we use the field equation 
6L7/5A*,=0, 
then we have the conservation of the “current,” i.e., 


dJ*,/dx"=0 (a=1, 2, ---n). (1.30) 


Thus we have obtained a general rule for introducing 
a new field A in a definite way when there exists some 
conservation law such as (1.6) or there is a Lie group 
depending upon some parameters under which the 
system is invariant. 

In the following sections we shall consider the 
following groups as examples of the original Lie group: 
(1) the phase transformation of a charged field, (2) the 
rotation group in the isotopic spin space, and (3) the 
Lorentz group. 
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2. PHASE TRANSFORMATION GROUP AND THE 
ELECTROMAGNETIC FIELD 


Let us consider a charged field Q and Q*. The La- 
grangian of this system is assumed to be invariant 
under the phase transformation 


604=iaQ4, 5604*=—iaQ4*, a=a real constant. 


Since this one-parameter group is commutative, the 
structure constant, of course, vanishes. By replacing 
the constant a with a scalar function A(x), a vector 
field A,(x) is introduced. The transformation character 
of A,(x) is given by 


5A,=dd/dx", 


following the general formula (1.11). The new La- 
grangian L’ has the form 


L'= L(Q,0*,V,0,V,0*), 
where V,Q and V,(* are given by 


A 0 )A* 


Q 
—iA,04, V,Q4*=——+iA,0", 


V,04= ‘= 
Ox» Ox 


because in the present case 


T43=1643 for OF. T43= —154z for QA". 
The Lagrangian L» for the free A,-field is 


Lo=Lo(F yw»), 
where 


Ox’ 


The current J* can be obtained from the two different 
expressions 


alr ( aL ‘ aL x -) 
Jox—=-i A a* }. 
aA, av,04 av,Q4* 





3. ROTATION GROUP IN ISOTOPIC SPIN SPACE 
AND THE YANG-MILLS FIELD 


As an example let us consider a system of proton and 
neutron fields; 


y proton 
oe 
y neutron 
The Lagrangian in the charge-independent theory is 


invariant under the rotation in the three-dimensional 
isotopic spin space: 


3 3 
bY2=1 De rep, SPa=—i Dd Vp r)%a, (3.1) 
e=] e=] 


where t(1), 72, and 7s) are the usual isotopic spin 
matrices. 
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In this case the general notation T in Sec. 2 corre- 
sponds to 7 as follows 


: a, 8=1, 2 
Te), 4817.0, “8, ( ) ; 
c=1,2,3 


By replacing the parameters, ¢e*, with a set of func- 
tions, e*(x), the Yang-Mills field 


Be,(x) (c=1, 2, 3) 


is introduced, and this appears in the Lagrangian 
through the combination [see (1.10) ] 


Vil = OY*/0x"—it(o,% P* Be, (3.2) 
The variation of B*, is given by [see (1.10) and (1.13) ] 


Oe° 
6B*,= fas €*(x) BY, +—, 


ox 
where f,*, is defined by 


(3.3) 


Lit(a,t7 ]= fa°s-it 0). (3.4) 
The derivative of B*, can appear only through the 
combination [see (1.18) ] 


oo", 1 
———-f,*.(B*, Be,—B?, Be,). 


Ox* Ox” 


OB*, 


Fe,,= (3.5) 


The variations of V,~ and F*,, are as follows: 
5V 7 =te® 7(0),%s Vi® 


(3.6) 
éF¢,,= €° Se* re... 


and 


As was stated in Sec. 1, F*,, is transformed under the 
rotation group as a vector, namely, the isotopic spin of 
this B-field is unity. The expression for the “current” 
has the form [see (1.25) and (1.24) ]: 


alr aL aLy 


t Te), %8 Wo— 
OV W* F*,, 


aBe, 


Se% B?,. 


4. LORENTZ GROUP AND THE GRAVITATIONAL 
FIELD 


Let us consider a system of fields 04 (x) being defined 
with respect to some Lorentz frame. In addition, ‘let us 
assume that the action integral 


I= f L(Q4,04..)d 


is invariant under any Lorentz transformation. 

Now besides the x-system, let us introduce an arbi- 
trary system of the curvilinear coordinates u* (u=1, 2, 
3,4). In what follows, the Latin and Greek indices 
represent quantities defined with respect to the x- 
system (or the local Lorentz frame) and to the u- 
system respectively. 
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The square of the invariant length of the infinitesimal 
line element is given by 


ds*= g* 5, dx' dx*=g,, du» du’, 
where 


g*u=g*2=e*s3=—g*u=1, gtux=0 for ixk, 
and 
Ox* Ax* 
Sur(u) = bins ing 8 ik. 
Let us introduce two sets of functions defined by 
h* ,(u) == dx*/du», 


hy»(u) = du»/dx*. a 


and 


Then we have the following relations: 


Srith*, h',=gur(u), Sur he* h=gr nr, Ay” h',=3', 
g** hy hy’ =g""(u), gr” i, hi = gt*, hi h*,=3*,, 
det (g4»)=g= —h?= —[det (h*,) P. 


Raising or lowering of both kinds of suffices can be 
done by means of g,,, g”” or g*,: and g**. The geo- 
metrical meaning of the sets of h*, and h,*, is obvious. 
The introduction of the four-world vector® /;", ho", hs", 
and /,* assigns respectively a local Lorentz frame to 
every world point. Of course, the local frames at every 
world point are transformed in the same way under any 
Lorentz transformation, i.e., 


chek ex! 
hy*—hy* +h", 


bhy"= — ey, hy". 


gu — gt 


On account of this geometrical meaning of the h’s, 
we can transform the world tensor into the corre- 
sponding local tensor defined with respect to the local 
frame, or vice versa, using h," or h*,. For example, 


Q*(u)=h*,(u) Q*(u), O*(u)=hy*(u) O*(u), 
where the abbreviation 
Q*(u)=Q*{x(u)} 
has been used. 


In this way we can rewrite the action integral as 
follows: 


I= f &(04(u),04 4(u),h*,(u))d, 


where & is defined by 
L= L(Q4 (1) hn» (u) QA u(te)) h, 


and Q4 , stands for 
004 (u)/du*. 


* The world vector means a vector which is defined with respect 
to the u-system. 


(4.2) 
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The reason for the fact that the Q4 in (4.2) is not 
transformed into the corresponding world quantity 
is that if Q4 is a spinor this rewriting is not possible, 
because the spinor can be well defined only with 
respect to a Lorentz frame. 

Now J is invariant under the following two kinds of 
transformations‘ : 

(1) The Lorentz transformation 


k = gk, pl 
bh poe th my 
oa 
604=3T en, 48 QF e, 
u“= unchanged, 


(4.3) 


where 74,42 is the (A,B)-element of the VX N matrix 
Tx» which is the representation of the generator of the 
Lorentz group. The matrix 7,» satisfies the relation 


CT (en, T (m, 2) = 3 Set, mn T (ad); 


(2) The general point transformation 


Tun=—T a. 


u—u++)*(u) = u's, 


\#(u)=an arbitrary function of u, 


bh*,=— 
Our 


504 (u)=Q4’ (u’)—Q4(u)=0, 
On’ 


6Q4 ,=—-— 04. 
Ou 


i. 


Now our Lagrangian (4.2) has the suitable form for 
the application of the general method stated in I, if the 
given functions, h*,, are regarded as a set of field 
quantities satisfying the condition: 


dh*,/ du’ = dh*,/du, (4.5) 


and having the transformation character (4.3) under 
the Lorentz group. Though we will omit the condition 
(4.5), the invariance of J under the transformations 
(4.3) and (4.4) still holds. The only role of (4.5) is to 
guarantee the possibility of finding the simplest and 
most convenient system of coordinates (x!, ---, x). In 
fact if we replace the parameters, e, with a set of 
arbitrary functions, e*(u), after the Lorentz transfor- 
mation depending on such e(m)’s, the relation (4.5) is 
destroyed. 

The condition (4.5) is inconsistent with the applica- 
tion of the general procedure of Sec. 1 to the present 
problem. Accordingly we shall consider the h’s as a set 
of 16 independent given functions. 

Now following’the prescription of Sec. 1, let us con- 
sider the “generalized Lorentz transformation” depend- 
ing upon a set of arbitrary functions e*(u) instead of the 
parameters e“*, Under this transformation, Q4 and h*, 


4R. Utiyama, Progr. Theoret. Phys. (Japan) 2, 38 (1947). 
5 L. Rosenfeld, Ann. Physik 5, 113 (1930). 


are assumed to be transformed as 


604 = $e (u) Tren, 43 0, 


5h*, = e*,(u) h',,. (4.6) 


Then, in order to retain the invariance of J under the 
transformation (4.6), it is necessary to introduce a new 
field 

A*!,(u)=—A"*,(u), 


which has the following transformation character 
according to (1.11): 


Oct! 
6A at ax 4 fap, a €*(u) A ha. +- 
ous 
det! 
=e, Am tel, Akm + 
Our 


Furthermore the new Lagrangian is given by 


2(Q4,V,04,h*,) =hL{04,(hx» V.04)} 


A 


(4.8) 
where® 


v.04 _ 


(4.9) 
Ou» 


1 
."s xt Tn, AR QF. 


[see (1.10) }. 

The factors 3 in (4.9) and } in (4.7) are necessary 
because in summing up the terms in these expressions 
with respect to the dummy suffices the same contribu- 
tions are counted twice or four times. 

Because of the “general Lorentz transformation,” 
under which each local frame at each world point is 
transformed differently, the relation (4.5) was aban- 
doned. Since this relation is satisfied only when the 
basic world is flat, we are forced to take as our basic 
space-time some Riemannian space with the metric 


Sur(u) eg hk, hk», 


and the affine connection 


Ofen O8r0 OLy» 
T,)\= ie(—t+ -— ). 
Ou” ou» Ou’ 


Accordingly we would expect that there exists some 
relationship between A*', and h'*,,. 

In order to obtain this relationship let us consider, 
as an example, the local tensor 


Q*'(u)(=Q4). 
Then from (4.9) we have 


kl 


V,0"'= r —A 7 Qn'—A'™, .. 
uP 


*F. J. Belinfante, Physica 7, 305 (1940); K. Husimi, Proc. 
National Research Council of Japan 4, 81 (1943). 
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By using h, this can be rewritten as 


ike 


—A hm, Qu? +I pp” Q*, 
our 


Vv," = (4.10) 


where Q™ and I” are defined by 


kr — fy,” O™, 

and 
hi, 
I’,,°=hp —hy? hy, A*,. 


Ou» 


(4.11) 


In general, the following relation is easily derived from 
(4.9): 


Fatt OY eee | gala OE 


— Ak ig Qites Poy... ep. 0 — Alig Qiinrrereree gy, 
ae Sh eee CT tae oF. OE Oia ee ee 
HT gh QE gb, pene PDs! QE OO bee, aes 
+... age 6 adel alate OR Apes 


rd rents 
pg aan ahi * °° 


o, @ffocs 


(4.12) 


This relation is nothing but the usual covariant deriva- 
tive with the exception that for the Latin indices the 
A* , must be inserted in place of the usual affinity I, 
and for the Greek indices our I’ must be used instead 
of the [. Therefore for the world tensor Q*’--: our 
“covariant derivative” agrees with the usual covariant 
derivative with the affinity I’. Namely, if we use the 
symbol 6, for the usual covariant derivative, we get 


pv 


+I" .,? Orr+I".,” Qr"=5, Q”. 


V.Q"’ nit 
Ou» 


The relationship between A and h can be derived from 
the following consideration: 


Vgtit= — tt — Alki =0 
=h*, h', V,ge’=h*, h', 5,g°". 
From this expression we have 
og?” 
5,g°"= +I".,? hte od gr =0. 


ou» 


(4.13) 


If we assume that’ 
ag ” a 2 
7In general (4.13) gives the following expression for I’, if the 
symmetry I”,,“=I”,,* is not assumed : 
I’ p?= Ty? — (By, rt By, u)+Byy, . 
where I is the Christoffel affinity, while B is an arbitrary tensor 
with the symmetry character Be p= —By, p. [See E. Schrodinger, 


Space-time Structure (Cambridge University Press, Cambridge, 
1950), p. 66.] Therefore our new field A™, (or A pr, y= hip hy A*,) 


RYOYU UTIYAMA 


then we can solve (4.13) for I’. The solution is 


Ofen Ofve OSu» 
rte ( = <= )=arer, 
ou” ou» Ou’ 


oh', 
hy —A?, ,=T,,°, 
Ou» 
where 
A?, p=hi? hy, A™,,. 


(4.14) is just the relation desired. 

Now from (4.14) we see that A’,, is a world tensor 
of the third rank under the general point transformation 
(4.4) because the inhomogeneous term 


ane 
Ou’ du» 


arising from éI' is cancelled out in virtue of the term 
5(hdh/du). Consequently the A*™, is a covariant world 
vector under the w-transformation (4.4). Then it is 
easily seen that our “covariant derivative” V, is in 
fact covariant under both kinds of transformations, 
namely, under any “general Lorentz transformation” 
and any w-transformation (4.4). 

Thus we have obtained the general expression for 
the covariant derivative without using the concept of 
parallel displacement. For example, if the Q4 were the 
spinor field y, we have 


Vy= 


oy it 
—-A*", [yy W, 
ox» 4 


where the y;’s are the usual Dirac y matrices. 
Now let us consider the Lagragian &% of the free 
A-field: 
Lo(h*,,A*,,0A *!,/du’), 


where the h*, is necessary to raise or lower both kinds 
of tensor suffices. 

From the invariance postulate for {> under the 
“general Lorentz transformation,” we see that >) must 
have the form 

Lo(h*,,F*.»), 
can be represented in the following way in terms of h, 0h/du and B: 


oh', 
A pv.u=hip a Py, pt Bov,ptBoy, r— By, p 


The right-hand side of the above expression is antisymmetric in 
p and » because of the fact that 


oht , 
(i = Tn »)+ (v and p interchanged) = a Typ, p~-T'pu, v= 9. 


Therefore the antisymmetry of A py, in p and » does not give any 
restriction to the symmetry character of B. Now if B is assumed 
to vanish, we obtain the relation (4.14). On thefother hand, if 
the basic space-time is flat, then A takes the form Apy,y=Bo»,y 
+Bou,»—Byy,p, on account of the relation dh',/du"=ah',/du’, 
or, equivalently, hip dh',/du"=T'yy, ». 








INVARIANT 


where F is defined by 


aA¥, 1 
a ll o Amn, — Aad, A™*,) 
nu” 


FH = 
Our 


aA*, gA*, 


= = = ; +A*, A4,—A*, A}, 
u u” 


(4.15) 


(4.15) can be rewritten formally as follows: 


FHt,,=V,A*,—V,A*,— A, AltA”, Alyy, (4.15)! 
where V,A*!, does not behave like a local tensor of 
the second rank, but is a covariant world tensor as the 
suffices » and v show. Using the expression (4.15)’ we 
can prove the following relation (see Appendix IT) 


Fe wh” hb. R*),,, (4.16) 
where R is the Riemann-Christoffel curvature tensor: 
ari 


R= saset 
Ou” Ou 


OP ye 


+P ),FT's,.2°—-Ty PT 9% (4.17) 


Though h*, is contained in our Lagrangian as well as 
A and 0A/du, we can still prove that A*, appears in 
% only through the combination F. 

So far we have assumed that h*, is a given function. 
The behavior of h*, in general relativity is defined by 
the field equation derived by the variational principle. 

The total Lagrangian density is now given by 


&r(04,V,04,ht,,dh*y/Au",d*h*,/ urdu) 
= 2(04,V,04,ht,) + 20(ht a F*y»). 


The field equations for Q and h are® 
5L/304=0 


and 


Br Ar 98 / Or 0 OLr 
oe sta 
bhi, odh', du’\dh',,/ du’du\odh', ,y 


with the abbreviations 





hi, ,=90h',/du’, hi, ,~=@h',/du’dw. 

SIf the By, is taken into account, the Riemann-Christoffel 
tensor R*),, is the same function as (4.17) but I” must be inserted 
in place of I in (4.17). Here I” is the affinity given in reference 7. 
In this case, in addition to the equations for the Q and h fields, 
we have the following equation: 


5Lr Sie a aA¥, 1 8% OF ag 
SBy,» 290A", AByy,» | 4 OF *ag OBuy,d 





18 (_d%_ _ OF Map _ 

4 a oF Fag o( 2a ‘) 

ou? 

Of course, in all these equations for the Q, h, and B fields, the 

affinity I’ must be used instead of I’. (4.18) and (4.19) also hold 

in this case, since B is invariant under the “general Lorentz 

transformations.” Consequently this B field is of no use in 
avoiding the trivial result: D“;z=0. 


=0. 


INTERPRETATION OF INTERACTION 
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Now corresponding to (1.23) and (1.24) we have the 
following identities: 


5Lr tr 
— 604-+-— bh‘, =0, (4.18) 
5Q4 bhi, 


and 


(8/dux)M»=0, (4.19) 


where It» is 
ay OLr 


- 504+ 
av,04 ~ — ahi,, 


Rr f) 
+ - 5h‘, "Feo ( 
Oh*,, wr ou” 


s 





Shi, 


Lr 


) bhi, (4.20) 
Oh’, p» 


Accordingly, the coefficient of d%«/du? in (4.19) identi- 
cally vanishes: 





; h;,= 0. 
ON os 


Thus Jt* becomes 
Ms= Fe Mes, 
#2. 
M+ se = ——T (in, 48 Q? 
ov OA 


a 


Ir dLr 
+{ {iat 
Oh*, y ye 


ti) Or 
it 
Ou’ \ Oh*,, yw» 


—{k andi interchanged) | 


Inserting this expression into (4.19), we have the 
trivial result 
OM ,/Out= 0, (4.21) 


as 


M+ine=0. 


Since the Eulerian derivative 5L/5A appeared in (1.24), 
the nonvanishing “current” could be derived in the 
general theory in Sec. 1. In the present case, however, we 
have no Eulerian derivatives in Yt. Thus the field 
equations do not play any role in deriving the “current.” 

Now the usual equation for the gravitational field is 
derived by taking a particular Lagrangian 


Yo=AR, 
where R is defined as follows: 
R= ge" Ry=hit hy? FM yy, Ruv=R unr. 
Taking the variation with regard to h, we get 
5% 5X 
ahi, Ohi, 
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The following relation is now easily verified : 


5% 5X5 ; ts) 
—$h',=—h,, 5h‘, +— 
bh’, 58, Ow 


where? 


IX 


hi» bhi, | ’ 


O80, » 


5%0/ge= —h(R”—}g"R) = — GO”. 


Thus we have 
hig G@"° = — TP, 
with 
T= —5L/sh',, 
or we have 
Gr =—I, 


Here ZT is the symmetric energy-momentum-tensor 
density of the original field 0. The symmetry character 
of T can be proved in the following way. 

Since the Lagrangian < for the Q-field is also invariant 
under the “general Lorentz transformation,” we have 
an identity similar to (4.18): 


5x 5x 
—804+-— shi, =0. 
504 bhi, 


Inserting the field equation for the Q-field into this 
identity, we get 
5x 5X 
Tine=—Iy, = —hy, = Tai. 
bh oh*, 


From this relation, 
Tre — hiv pee T.= Ten 
can be easily derived. 
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APPENDIX I. CONDITION (1.19) 


Here we shall show how to construct an invariant 
in terms of F*,,. 

Consider a quantity G,, the transformation character 
of which is contragradient to that of F*,, under the 
transformation (1.20). 

Since 

GoF*y» 
is invariant by definition, 6G, is given by 


6G,.= 76° Se Gp. 


® W. Pauli, Encyklopaedie der Mathematischen Wissenschaften 
(B. G. Teubner, Leipzig, 1904-1922), Vol. 5, Chap. 19, p. 621. 


UTIYAMA 


For example, 
Ka, y= Taba. ti™ F*., 


is transformed contragradiently to F*,,, for dKa, u» is 
5Ka, p»= faim tv" 6F°,, 
= faba fi re fire F ys e?. 


By taking into account the relation (1.3), the above 
expression becomes 


bKa, ww a'm( fet fest fr; fo™) P*,, é. 


Using (1.3) again, we can rewrite the first term of this 
expression as follows: 


6Ka, po fart fio fast far fu!) Ft, ye! 
—fi™ Sea fi’; ss e, 


Since the second term is cancelled with the last term, 
we have 


Ko w= —e? Sie Sm's Six Ft,,=—ei Tie K nu 


Now let us call F*,, a contravariant vector, and Ka, y» 
a covariant vector with regard to the transformation 
(1.20). In addition, let us propose that /,*, is contra- 
variant with respect to the suffix @ and covariant with 
respect to 6 and c. Then we see that /,%, is a constant 
and invariant tensor owing to the following fact that 


5 fo°e= el (fi%e fore fit fure— Site fo); 


which vanishes in virtue of the relation (1.3). Hence 
this proposal concerning the transformation character 
of f,*. is compatible with the covariant character of 
Tg aise 

Using the quantity 


Sab>= Sdn Si™s= 00 


and its inverse g**, we can easily construct a tensor 
algebra similar to that used in the theory of relativity. 
For example, we have invariants 


H wv, po = Zab aay F? = Hye, us 
In the case of the rotation group in three-dimensional 


isotopic spin space (see Sec. 3), fs*. has the following 


values: 
fPo= fei= fes= i, 
fee=—fils, 


otherwise f=0. 


Therefore, we have 
Sab= 25ad, 


iin. po 26 av ae Fr... 


and 


Another familiar example is the case of the Lorentz 
group. Here we have 


1 4. oat * + bd 
+f jx, ca far, **im= 8" jt Bem — 8 jm Eh 





INVARIANT INTERPRETATION OF INTERACTION 


1 
By. p=—Fit,, Six, aa fab, °4tm pe, 


24 
a tFi,, y*,, g* or im=3F*#,, F 5x, po: 
If Zo is a function of the invariant H,,,g, alone, we 


can easily prove the identity 


OLo feu FP 
e’b F »=0. 
aF*,, ~ 


(1.19) 


Namely, the left-hand side can be written as 


1 Ole OHy.as 
5 a Pat) Ry, 


4 OF os, as OF os 
1 dLo 


= so F4, F°, (gaa Se*ot+ Zar fe*a)- 
4 OH oo, uy 


The factor in the bracket vanishes on account of the 
relation (1.3). Consequently there exists, in fact, a 
family of invariant Lagrangians, Zo, which are functions 
of F*,, alone and satisfy the condition (1.19). 


APPENDIX II. PROOF OF THE RELATION 
FH, =hORER yy 


F*., is given by 
Ft ,=V,A",—V,A*",—A*™, Ay, +A, Ay, (A.1) 
Now according to the general rule (4.12) 


V,A*,=h*, ht, 5,4, (A.2) 
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where 6, is the usual covariant derivative with the 
Christoffel affinity. 
A», is by virtue of (4.14) rewritten as 


AP” y= gr" Ay, 
oh’) 
= g* ie( —Dy* ie), 
Ou’ 


If we suppose /', as a simple covariant world vector 
and ignore the local suffix /, then the factor in the 
parenthesis in the above expression is just the usual 
covariant derivative of h',. Therefore we get 


A e. »= gr hy 6,h'y. 
On the other hand from (4.14) we have the relation 


(A.3) 


6,h4= A . y h™,. 
Thus we have 
6,A””, y=g" 5, (hy 6,h'y). 
By using (A.3) this becomes 
5A? >= g hy? bb,» —A™, py Ae, » hm? h*. 
Inserting this expression into (A.1) with (A.2), we have 
F*,=h?(6,6,—6,6,)h*y. 


As is well known, the Riemann-Christoffel tensor is 


defined by 
(6,6,—6,6,)V*=Rr»y V, 


for an arbitrary covariant vector V,. 


Thus we get 
F¥t,,=h® hka R% yy. 
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Chemical Bond in Semiconductors 


E. Mooser* anv W. B. PEARSON 
Division of Pure Physics, National Research 
Council, Oitawa, Canada 
(Received January 4, 1956) 


HE importance of certain bond types in con- 
nection with the occurrence of semiconductivity 
in solids has recently been discussed by Krebs and 
Schottky'; however, the existence of a specific ‘‘semi- 
conducting bond” has not so far been recognized. 
Investigation of a number of compounds and a survey 
of all known semiconductors suggest that it is useful to 
speak of such a bond and to discuss its characteristics. 
According to our findings, semiconductivity is the 
result of the presence in a solid of essentially covalent 
bonds. These lead through the process of electron 
sharing to completely filled s and p orbitals in the 
valence shells of all atoms of elemental semiconductors, 
while in semiconducting compounds only one atom of 
any two bonded together need acquire closed s and p 
orbitals. The bonds form a continuous 1-, 2-, or 3- 
dimensional network which runs throughout the whole 
crystal. The presence of empty “metallic” orbitals in 
some atoms of a compound does not destroy semi- 
conductivity provided that these atoms are not bonded 
to one another. The empty metallic orbitals may, how- 
ever, give rise to pivoting resonance’ in which case the 
coordination numbers of the atoms exceed their 
valencies. 

The essentially covalent character of the bonds in 
semiconductors can readily be recognized from Table I 
in which the electronegativity differences, Ax, between 
the component atoms of various typical semiconductors 
are listed. These values, lying between 0 and 1, indicate 
a maximum amount of ionic character of the bonds of 
some 20%.’ A number of oxide semiconductors, how- 
ever, have considerably larger Ax values. 


TABLE I. Values of the electronegativity difference, Ax, between 
the component atoms of various semiconductors. 








Ax 





Mg.2Sn 0. 
Mg:;Sbe 0. 
Li;Bi 0. 
CdSb 0. 


IneTe; 
PbS 


PbSe 
PbTe 
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TABLE II. Values of ,, ma, and 6 for various semiconductors. 
For all of these, (n./na)+b=8. 








Substance Ne 


Mg;Sbe 16 
AgInTe2 16 
SiC 8 
InzTe; 24 
PbS* 8 
BaTiO; 24 


Substance 


Ge 

As 

Se 
InSb 
Mg2Sn 
Li;Bi 
CdSb 
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* PbS is no exception to the rule, inasmuch as Pb in this compound has a 
valency of 2; if this were not so, six ~ bonds could not be formed in the 
lattice except by means of “synchronized” resonance. 


The most outstanding property of the semiconducting 
bond is the occurrence of filled s and p subshells in at 
least one of any two atoms which are connected by a 
bond. This property allows a sharp distinction to be 
made between semiconductors and metals since the 
latter necessarily contain empty orbitals in all or most 
of the atoms. Unlike the energy band model of solids, 
the valence bond picture as developed here makes this 
distinction in terms of atomic properties only and there- 
fore leads to a number of results which previously were 
not furnished by the band model. First we note that, 
through electron sharing, an atom cannot gain a number 
of electrons greater than its valency. Completed octets, 
that is, filled s and p subshells, can therefore only occur 
in atoms standing in Groups IV to VII of the periodic 
table (atoms of the transition elements excluded). 
It has indeed long been known from empirical data that 
all semiconductors contain elements standing to the 
right of the Zintl border; the valence bond picture now 
furnishes an explanation for this fact. Furthermore 
we can formulate a simple rule for the concentration 
n, Of the valence electrons per molecule of a semi- 
conductor, namely: (m,/m.)+b=8, ma being the 
number of Groups IV to VII atoms per molecule (ex- 
cluding the transition metals) and 6 the number of 
bonds, if any, formed by one of these atoms with similar 
ones. 

In Table II some examples of this rule are given. 
The rule has provided a means for the successful 
prediction of semiconductivity in compounds from a 
knowledge only of the stoichiometric formula and the 
valencies of the constituent atoms. Only in the case 
where the Groups IV to VII atoms form bonds between 
themselves is it necessary to have any knowledge of the 
crystal structure in order to ascertain this fact. Ionic 
conductors also follow this rule, and while the relative 
electronegativity of the constituents is a guide in many 
cases, it can give no help in border-line cases. If a con- 
ductor is ionic under thermal excitation, we may say 
for the purpose of classiftcation that the bonds are no 
longer predominantly covalent and the semiconductor 
bond does not then exist. 

The valence bond approach to semiconductivity also 
provides a consistent explanation of the occurrence of 
intrinsic semiconductivity in all known semiconductors 
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(a) 


Fic. 1. (a) Schematic representation of valence electron orbitals 
of Cd and Sb atoms in CdSb. Arrows indicate occupation of 
orbitals by one or two electrons. Dotted lines indicate chemical 
bonds. As all orbitals are equivalent in the hybridized sp* bonds 
formed by Sb, there is no significance in the particular orbitals 
selected in indicating chemical bonds by the dotted lines. (b) 
Approximate bond angles and distances of the nearest neighbors 
of an Sb atom in CdSb. 


by demonstrating the presence of the semiconducting 
bond. We give here only one example, that of the semi- 
conductor CdSb which has not so far received a satis- 
factory explanation. Each Sb atom is surrounded 
approximately tetrahedrally by two Cd atoms and one 
Sb atom. The other pair of electrons on the Sb atom 
presumably takes the fourth tetrahedral position so that 
each Sb atom forms sp* bonds and has a filled subshell. 
Another Cd atom is also located in the vicinity of the 
Sb atom but at a greater distance than the two con- 
sidered above and at widely varying bond angles to the 
other atoms about Sb. We do not, therefore, consider 
it as entering the bonding scheme, which is illustrated 
in Fig. 1. We see that the conditions for the semi- 
conducting bond are then fulfilled as the Sb atom forms 
a filled subshell and the Cd atoms which have vacant 
metallic orbitals are not bonded together, while the 
Sb—Cd bonds run continuously throughout the lattice. 

So far our discussion has shown that the semicon- 
ducting bond allows a distinction to be made between 
semiconductors on the one hand and metals on the 
other hand, while it also shows the relationship between 
ionic solids and semiconductors. It remains to add that 
the formation of a continuous network of bonds in 
semiconductors distinguishes them from the last of the 
main classes of solids, namely the molecular crystals. 
The necessity of such networks for the occurrence of 
electronic conduction in solids has been discussed by 
Krebs and Schottky.! 

A more detailed account of the present work to- 
gether with its application to the prediction of semi- 
conductivity in solids will be published elsewhere in 
due course. 

We are particularly indebted to Dr. J. S. Dugdale 
and to many others with whom we have discussed 
aspects of this work. 

* National Research Laboratories Postdoctorate Fellow—now 
with Eidgenéssische Technische Hochschule, Zurich, Switzerland. 

1H. Krebs and W. Schottky, Halbleiter probleme. I (Friedrich 
Vieweg und Sohn, Braunschweig, 1954). 

2 L. Pauling, Proc. Roy. Soc. (London) A196, 343 (1949). 


3L. Pauling, The Nature of the Chemical Bond (Cornell Univer- 
sity Press, Ithaca, 1939). 
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Recombination Radiation from InSb 


T. S. Moss anp T. H. HAwKINs 


Royal Aircraft Establishment, South Farnborough, England 
(Received December 27, 1955) 


ADIATION from InSb produced by the recom- 

bination of optically produced excess carriers has 

been detected in the wavelength region near the ab- 
sorption edge. 

Thin specimens of pure InSb were prepared by 
grinding and etching small single-crystal samples ob- 
tained from a zone-melted ingot. Chopped radiation 
from a tungsten filament lamp was focused on the 
specimen by glass lenses which completely prevented 
all long-wavelength radiation from reaching the speci- 
men. The emitted radiation was collected by an f{/0.8 
mirror and analyzed by a double monochromator. 

In spite of a well-designed detector system using a 
high-sensitivity Hilger-Schwarz thermopile, low-noise 
5-cps amplifier, and synchronous detection with effec- 
tive band width ~} cps, signal/noise ratios were poor 
and consequently resolution was poor. 

The curve of Fig. 1 was obtained for a specimen 12y 
thick. The peak of the curves lies near the absorption 
edge for pure InSb, as expected. The absolute magnitude 
of the emission was obtained by calibrating the system 
by replacing the specimen by a known blackbody. The 
total rate of incidence of quanta on the specimen was 
found by measuring the total energy falling on the 
specimen, and by estimating the source temperature— 
which is not critical. 

With allowance for surface reflection the total rate 
of absorption of incident quanta was 1.3X 10!"/sec. 

Assuming unity efficiency of production of hole 
electron pairs, and a fraction a of the total recombina- 
tions to be radiative, it is estimated from the theory for 
photocarrier distribution given by Moss! and from the 
theory of radiative recombination and absorption that 
~% of the photons reach the back surface of the sample. 
Here there is a reflection loss of 33% and a loss of 170:1 
resulting from the fact that only radiation falling within 
a semiangle of +8° reaches the collecting mirror. Hence 
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Fic. 1. Spectral distribution of recombination 
radiation from InSb. 
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the total expected radiation is ~10“a/quanta sec. 
Integration of Fig. 1 shows the measured radiation to 
be 6X 10" quanta/sec. 

Thus a~0.8, i.e., the fraction of total recombinations 
which are radiative in this material approaches 100%. 

As a result of the low signal levels and the difficulties 
of accurately calibrating the spectrometer system and 
the primary radiation, the above figure may be in error 
by as much as 2:1 either up or down. Nevertheless the 
experiment shows clearly that radiative recombination 
is the main recombination mechanism in this material. 


1 T. S. Moss, J. Electronics 1, 126 (1955). 


Ultrasonic Attenuation in Superconducting 
Indium* 


R. W. Morse, P. TAMARKIN, AND H. Boum 


Physics Department, Brown University, Providence, Rhode Island 
(Received January 4, 1956) 


ECENT papers have reported an ultrasonic at- 
tenuation in metals at helium temperatures which 

is electronic in origin.’ In superconducting tin and 
lead this attenuation has been found to diminish 
rapidly when the temperature is lowered below the 
transition temperature. The present paper reports the 
temperature dependence of this attenuation in super- 
conducting, polycrystalline indium of two different 
purities. The measuring equipment is the same as that 
employed by Mackinnon’: a 10-Mc/sec longitudinal 
ultrasonic pulse is applied to one end of the sample by a 
quartz crystal, and is received by a similar crystal at 
the other end. After being amplified and rectified, the 
pulse is displayed on an oscilloscope screen, where 
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Fic. 1. Attenuation at 10 Mc/sec in polycrystalline indium of 
purity 99.97%. Different symbols for points denote different 
experimental runs. 
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Fic. 2. Attenuation at 10 Mc/sec in polycrystalline indium of 
purity 99.9975%. Different symbols for points represent different 
experimental runs. 


it is photographed. These recorded amplitudes are then 
measured as a function of temperature. It is not possible 
without further assumptions to determine the absolute 
attenuation by this means but relative values can be 
calculated on the assumption (reasonable at these tem- 
peratures) that the principal temperature-dependent 
factor affecting the pulse amplitude is the attenuation. 
We have proceeded as follows: the measured pulse 
amplitudes at temperatures between 4.2°K and 1.5°K 
were reduced to attenuation coefficients relative to the 
attenuation at the lowest temperature reached; the 
curve of relative attenuation vs temperature was then 
extrapolated to absolute zero and the intercept so 
obtained was chosen as a new zero reference level. Meas- 
urements of absolute attenuation in tin and lead in- 
dicate that the electronic contribution in the super- 
conducting state goes to zero with the temperature.“ 
If this is also true for indium, then a reduction in the 
manner outlined would yield absolute values of the 
electronic attenuation. The results are shown by the 
points in Figs. 1 and 2. 

Several explanations of ultrasonic attenuation by 
conduction electrons in normal metals have been pro- 
posed.>* For electron mean-free-paths smaller than 
the wavelength (this condition holds here), these ex- 
planations all indicate basically that a small lack of 
equilibrium between the electron distribution and the 
motion of the lattice leads to a thermal dissipation of 
energy. There is, however, no clear picture of what is 
happening in the superconducting state. It has been 
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felt that the observed rapid falloff in attenuation im- 
plies a mean-free-path of normal electrons in the super- 
conducting state that decreases with temperature.*. 

Our results for indium, however, suggest that the 
falloff in attenuation below the superconducting transi- 
tion may not be the rapid, yet continuous, decrease 
previously assumed. We feel that our results can be 
described adequately by assuming a discontinuous drop 
of about 40% in attenuation as the transition tempera- 
ture is passed; the remaining attenuation apparently 
decreases with temperature as 7*. Such an empirical 
description is indicated in Figs. 1 and 2 by the solid 
lines. An assumed 7* dependence gives a good fit to all 
the experimental points except those within 0.02°K 
of the transition temperature. The latter points are 
within the magnitude of spread one would expect of 
the transition temperature. 

Such an interpretation, if further results continue 
to support it, changes considerably the theoretical 
basis of any explanation of the phenomenon. It implies: 
(a) A partial decoupling of the normal electrons from 
the ultrasonic lattice motions in the presence of any 
superconducting electrons. This could result if some of 
the coupling were due to electric fields. (b) If the re- 
maining temperature-dependent attenuation is due to 
normal electrons, whose concentration in the super- 
conducting state varies as 7“, then their effective mean- 
free-path below the transition temperature would be 
proportional to 7. Such a dependence may prove to 
be more amenable to theoretical explanation than that 
of a mean-free-path which decreases very rapidly with 
temperature, as has been assumed previously. 

* This work has been supported in part by the Office of Naval 
Research. 

1H. E. Bémmel, Phys. Rev. 96, 220 (1954). 

?L. Mackinnon, Phys. Rev. 98, 1181(A) (1955). 

3 L. Mackinnon, Phys. Rev. 100, 655 (1955). 

4H. E. Bommel, Phys. Rev. 100, 758 (1955). 

5 W. P. Mason, Phys. Rev. 97, 557 (1955). 

®R. W. Morse, Phys. Rev. 97, 1716 (1955). 


7C. Kittel, Acta Metallurgica 3, 295 (1955). 
8 A. B. Pippard, Phil. Mag. 46, 1104 (1955). 


Ferromagnetic Relaxation and 
Gyromagnetic Anomalies 
in Metals* 


C. Kittret anp A. H. MitcHetyt 
Department of Physics, University of California, 
Berkeley, California 
(Received January 11, 1956) 


N spite of several suggestions, the mechanism of 
electron spin-lattice relaxation in ferromagnetic 
metals is imperfectly understood. It has even been 
doubted that any intrinsic relaxation process is suffi- 
ciently effective to give a significant line width in ferro- 
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magnetic resonance. In this Letter we propose a new 
mechanism which may contribute to relaxation in all 
ferromagnetic metals, and which would appear further 
to account for both the apparent frequency dependence! 
of the observed g-values and the apparent inaccuracy of 
the theoretical connection between microwave and 
magnetomechanical studies.? 

We consider specifically pure Fe, Co, and Ni; here 
the magnetization is associated with 3d electrons in a 
sea of 4s conduction electrons. Whether or not one 
agrees with Zener® that the exchange coupling of the 
3d ion cores with the 4s electrons is the dominant inter- 
action responsible for ferromagnetism, it seems reason- 
ably certain that such an exchange interaction does 
exist in these metals.‘ In the free atoms the relevant 
exchange energy is of the order of 0.5 ev. As long as 
there are incompletely filled 3¢ and 4s bands, we may 
expect to have a significant interaction, which will be 
of the form AS-s, where § is the spin of a 3d ion core 
and s the spin of an electron in the 4s conduction band. 

The 3d-4s exchange interaction contributes to the 
resonance line width. Before estimating the relaxation 
frequency we deal with the argument that an interaction 
S-s cannot contribute to relaxation. The argument is 
that §-s commutes with the total spin S+s and thus 
cannot affect the time dependence of the total mag- 
netization. If, however, the conduction electron spin is 
relaxed independently by a rapid mechanism,*® then 
in a ferromagnetic resonance experiment we are ob- 
serving the resonance of § alone, and the above in- 
junction is no longer pertinent. 

The effect may also be illustrated by simple extension 
of results® on relaxation processes in a system of two 
spins. If we take a perturbation S-I and add a relaxation 
process characterized by the relaxation frequency p 
for the system J alone, Solomon’s equation (9) becomes 


dI,/dt= —(wotp)(1,—Io)+-wo(8:—So); (1) 
d§,/dt=wo(1,—Io)—wo(S,—So). (2) 


Here wy is the transition probability arising from the 
perturbation ; So, Jo refer to thermal equilibrium. In the 
limit of rapid 4s relaxation p>>wo, so LI o and d8,/dt 
—wy(S,—So), showing that wo governs the relaxation 
of S. This is confirmed by the actual solutions of (1) 
and (2). 

The AS -s interaction leads to a shift in the resonance 
somewhat analogous to the Knight shift in nuclear 
resonance. It will be shown in detail in a subsequent 
publication that in a molecular field approximation 
the interaction may be expressed as an extra internal 
fixed H; acting on the 3d magnetization, where 

H;=AM,,/4us'N,; (3) 
here the 4s magnetization M, is 
M,= 3ASusN 4/4Ep, (4) 


where N,, V4 are the concentrations of 4s electrons and 
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of ion cores. Ep is the Fermi energy of the 4s electrons. 


Thus 
H,;=3A*SN 4/16upErN,. (5) 


Now if H; should be ~ 100 to 500 oersteds, it would 
help eliminate the apparent frequency dependence of 
the g-values in metals and it would also help lower the 
values of g and thus bring them into better agreement 
with the theoretical relation g-2~2—g’. We need 
A~10~ ev to give H;=300 oersteds, according to Eq. 
(5); on this estimate M,~1 gauss and is not itself a 
major source of magnetization. The suggested value of 
A is of the order of magnitude we expect after correc- 
tion for screening.‘ 

The relaxation time may be estimated by making 
appropriate modifications in the calculation by Abra- 
hams’ of the magnetic dipolar interaction between spin 
waves and conduction electrons in metals. We would 
expect our interaction to increase his relaxation fre- 
quency by a factor ~ (A/4rMyus)?~ 10‘ for iron, and 
this is confirmed approximately by doing the calcula- 
tion. The resultant relaxation time for iron is of the 
order of 10~* sec at room temperature, and this is in- 
deed the observed order of magnitude. 

* Supported in part by the Office of Naval Research and the 
U.S. Signal Corps. 

t National Science Foundation Predoctoral Fellow. 

1 R. Hoskins and G. Wiener, Phys. Rev. 96, 1153 (1954). 

? For a survey of the situation see C. Kittel, J. phys. radium 12, 
291 (1951). 

*C. Zener, Phys. Rev. 81, 440 (1951); many consequences of 
the exchange interaction between s and d electrons have been 
discussed by S. Vonsovsky, J. Phys. U.S.S.R. 10, 468 (1946), and 
subsequent publications. 

*We have made estimates suggesting that screening by 3d 
electrons in Fe, Co, and Ni may reduce the sd interaction to only 
1 to 5 percent of the free atom value. This assumes the 3d electrons 
are effective in screening, which may be only partially true. 

5 The spin-orbit mechanism considered by R. J. Elliott, Phys. 
Rev. 96, 266 (1954), should be highly effective when s and d 
bands overlap, as in the transition elements. 

®T. Solomon, Phys. Rev. 99, 559 (1955). 

7 E. Abrahams, Phys. Rev. 98, 387 (1955); see his Eq. (19). 


Hyperfragment Production 


H. UBEratt 
Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York 
(Received November 7, 1955) 


HE detailed solution of the problem of A° frag- 
ment formation in heavy nuclei probably re- 
quires a knowledge both of the properties of A° particles 
and of the mechanism of production of the fragments. 
We still lack this knowledge ; however, it seems possible 
to justify some of the features of the phenomenon with 
the simple model that we shall describe. 
When an energetic particle (nucleon, meson) hits 
a heavy nucleus (Ag or Br in emulsion), A° particles are 
produced with cross section o4. There is good evidence! 


THE EDITOR 


TaBLE I. Z spectrum of hyperfragments. 
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* Average of hyperfragments produced by pions, protons, and cosmic 
rays.® 


that a sizable fraction f of the A”s do not leave the 
nucleus immediately, but are slowed down by collisions 
with the nucleons in the nucleus to the Fermi energy of 
the nucleons. So, of the V neutrons in the nucleus, the 
fraction 


pr=onf, /ogN 


is replaced by A° particles. The cross section for inter- 
action with the nucleus is assumed equal to the geo- 
metrical cross section, og. 

We now assume that a is also the probability that 
a A° is substituted for one of the neutrons in a fragment 
coming out of the star. The justification for this as- 
sumption rests on the fact that the slowing down of the 
A° particle in the nucleus takes place together with the 
subdivision of the energy of the primary particle among 
the nucleons in the nucleus, so that the probability 
of A° capture by a fragment does not depend strongly on 
the energy of the fragment. 

This point of view is valid only for fragments with 
charge Z>3, which show a binding energy for A° 
approximately equal to that of neutrons; it is not valid 
for Z=1 and 2, which show instead binding energies 
substantially smaller.? If m(Z) is the average number, 
per star, of fragments of large Z, hence containing 
A—Z neutrons, the probability of formation of an ex- 
cited fragment of charge Z is then 


orf (A—Z)n(Z 
P(Z)=(A ~2)pn(2)= ew? 


Tg N 


Jastrow® has calculated o,f, utilizing the elementary 
cross sections and the Monte Carlo method. For z- 
mesons of 1.5 and 2 Bev and protons of 3 Bev on Ag, 
he found o,f~15 mb. For protons, this is obtained if 
one assumes a cross section per nucleon for A° pro- 
duction comparable to that of the pions, i.e., ~1 mb.‘ 

The fragment production of these stars, following 
Perkins,’ is given by the second row of Table I. 

With these values, and ¢,=1300 mb, one obtains 


= Pam y (A--Z)n(Z)~10-. 


a 


Z=3 Tg! 


This compares favorably with the values, for all frag- 
ments with Z>3, found by Fry® for both protons of 3 
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Bev and z-mesons of 1.5 and 3 Bev, i.e., ~10-*, and 
is not inconsistent with the value found for cosmic rays,’ 
ie, 2-3X10-*. This agreement lends support to our 
assumption of uniform distribution of the As within the 
nucleus, connected with the evaporation model for the 
hyperfragments. 

Rows 3 and 4 of Table I give the values of (A —Z) 
Xn(Z),® normalized to 27, and the values of the fre- 
quencies of A° fragments in emulsion as observed by 
Fry* for 27 cases with Z>3. Within the poor statistics, 
the two distributions are not in disagreement. 

I am indebted to Professor G. Cocconi for helpful 
discussions. 


Note added in proof.—A recent systematic study by Fry® of 
hyperfragment stars produced by cosmic rays, 6-Bev protons, 
and 3-Bev ~ mesons shows the same (or slightly smaller) pro- 
duction probabilities, and a similar Z spectrum. 


1G. D. James and R. A. Salmerson, Phil. Mag. 46, 571 (1955). 

2 R. H. Dalitz, Phys. Rev. 99, 1475 (1955). 

*R. Jastrow, Phys. Rev. 97, 181 (1955); M. M. Block and R. 
Jastrow, Nuovo cimento 4, 865 (1955). 

4R. P. Shutt and R. Jastrow (private communication). This 
is a Brookhaven result; results of the Massachusetts Institute 
of Technology cloud-chamber group on A® production by 3-Bev 
protons in iron suggest, however, a smaller value. 

5D. H. Perkins, Proc. Roy. Soc. (London) A203, 399 (1950). 

6 Fry, Schneps, and Swami, Phys. Rev. 98, 247 (1955); 99, 
1561 (1955); W. F. Fry (private communication). 

7™R. E. Marshak, University of Rochester report on the 1955 
Pisa Conference on Elementary Particles (unpublished). 

5 Proportionality of the A® fragment production probability 
with A —Z was suggested by M. Danysz; see M. Grilli and R. Levi 
Setti, Nuovo cimento 12, Suppl. 2, 466 (1954). 

®W. F. Fry (private communication). 


Inelastic Scattering of 42-Mev o’s by Mgt 


P. C. GucEtot* AND M. RICKEY 
Depariment of Physics, University of Washington, 
Seattle, Washington 
(Received January 9, 1956) 


XPERIMENTAL work on the inelastic scattering 
of nucleons which leave the residual nucleus in 
an excited state! revealed a complexity in the angular 
distribution. of the scattered particles which cannot be 
explained by the theory of the compound nucleus.* 
These results show, in general, angular distributions 
which are peaked in the forward direction. McManus 
and Sharp® and Austern, Butler, and McManus‘ 
proposed a direct interaction theory which describes the 
scattering by an interaction between an incident 
neutron and a nuclear proton taking place at the nuclear 
surface. The predicted distributions are a sum of differ- 
ent spherical Bessel functions according to the spin 
change between initial and final state. 

Most experimental results are given for the excitation 
of the first excited state of even-even nuclei where the 
single-particle excitation is not likely to hold. More 
recently, Hayakawa and Yoshida‘ described the scatter- 
ing process for even-even nuclei by the excitation of 
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Fic. 1. Differential cross section for the elastic 
scattering of 42-Mev a particles by Mg. 


Bohr-Mottelson surface vibrations. A simple Born 
approximation calculation using this model shows that 
the angular distribution of scattered nucleons should 
be proportional to j2°(QR) for a 0 to 2+ transition, where 
je is the spherical Bessel function of order 2, O= | Rin 
—fou| is the momentum change of the scattered 
particle, and R is the nuclear radius. The same angular 
distribution would be expected from the work of 
Austern, Butler, and McManus. The main difference 
between the two treatments should be in the prediction 
of the value for the cross section if the excited state 
is formed by the scattering of a particles instead of 
nucleons. The large momentum transfer required to 
scatter an a by an angle of twenty or thirty degrees 
would eject the recoiling nucleon in the single-particle 
description from the nucleus. Consequently the cross 
section for the excitation of a low-lying state may be 
very small. In a collective description, the a interacts 
with the surface and there is a large probability that 
it will excite surface vibrations. 

The Born approximation calculation gives the differ- 
ential cross section for the 0 to 2+ transition: 


do 5SR*V%me? Rou ( Qo 
% hin \3ZR? 


) ciORF, 


dQ hs 


where Qp is the intrinsic quadrupole moment, R is the 
nuclear radius, and V is the interaction potential of 
the a with the surface. 

In this experiment 42-Mev a particles were scattered 
by Mg”, exciting the 2+ level at 1.37 Mev. Mg™ seems 
to have collective properties even though it is a light 
nucleus.® 

Figure 1 shows the observed angular distribution of 
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Fic. 2. Differential cross section for the inelastic scattering of 
42-Mev a particles to the 1.37-Mev level in Mg™. 


the elastically scattered a particles in the center-of- 
mass system. Figure 2 presents the angular distribution 
of the a’s which excite the 1.37-Mev state in Mg™. The 
uncertainty in the cross section is about 20% at the 
small angles and about 10% at the larger angles. 

The elastic scattering curve fits [7:(2kR sin}O)/ 
2kR sin}@ FP, the angular distribution one obtains from 
a simple diffraction picture for a square well. The depth 
of this potential obtained from the absolute value of 
the cross section is only 5.6 Mev. The radius is assumed 
to be R= (1.5A!+4-2.21) X10-" cm).” Only little mean- 
ing can be attributed to the value of this depth, except 
that it is small as compared to the 45-Mev nucleon 
nucleus potential.* This may be the reason that the 
Born approximation result gives a reasonable account 
of the differential elastic cross section. 

The angular distribution of the inelastically scattered 
a’s fits [j2(QR) ? remarkably well. The nuclear radius 
is the same as for the elastic scattering. From the ab- 
solute cross section, one can estimate the product of 
the intrinsic quadrupole moment and the interaction 
potential: QoV=2.6X10-* Mev cm?. For a potential 
depth of 5.6 Mev the calculated value for Qo is 0.46 
X 10-* cm*. The quadrupole moment of Al”’ is measured 
to be 0.156X10-* cm*.® The intrinsic quadrupole 
moment in the strong-coupling approximation” is then 
0.45X10-“ cm*. The y-transition probability of the 
1.37-Mev state gives another estimate for Qo. Coleman" 
measured this lifetime to be (32)10-" sec, which 
yields Qo= (0.14_0.03*°-) X 10-** cm*. The surface inter- 
action energy of a particle and nucleus may then be 
between 5 and 20 Mev. 

These results show that a direct interaction picture 
represents at least the angular distribution data. This 
may be due to a relatively weak interaction between 
the a particle and the nuclear core, as is indicated by 
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the elastic scattering cross section. If a collective model 
can be used to interpret the data more quantatively, 
one will be able to obtain information either on the 
surface interaction energy or on the intrinsic quadrupole 
moment of the investigated nucleus. 

{ Supported in part by the U. S. Atomic Energy Commission. 

* On leave from Princeton University, Princeton, New Jersey. 

1A summary of some of the experimental data is given by H. 
McManus, in Brookhaven National Laboratory Report BNL 331 
(C-21), 1955 (unpublished). 

? W. Hauser and H. Feshbach, Phys. Rev. 87, 336 (1952). 

*H. McManus and W. T. Sharp, Phys. Rev. 87, 188 (1952). 

4 Austern, Butler, and McManus, Phys. Rev. 92, 350 yaw 

5S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) 
A68, 656 (1955); Progr. Theoret. Phys. (Japan) 14, 1 (1955). 
We thank the authors for sending us their calculations prior to 
publication. 

® A. Hedgran and D. Lind, Arkiv Fysik 5, 177 (1952). 

7 Compare: J. S. Blair, Phys. Rev. 95, 1218 (1954); Wall, Rees, 
and Ford, Phys. Rev. 97, 726 (1955); Wegner, Eisberg, and Igo, 
i aa 99, 825 (1955); C. E. Porter, Phys. Rev. 99, 1400 

1955). 

§ Melkanoff, Moszkowski, Novik, and Saxon (to be published). 
We thank the authors for sending their results prior to publication. 

9 P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

A. Bohr, Rotational States in Atomic Nuclei (E. Muntsgaard 
Forlag, Copenhagen, 1954). 
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Inelastic Scattering of 18-Mev Protons 
by Mg™t 
P. C. Gucetot anp P. R. PHILuips 
Palmer Physical Laboratory, Princeton, 
University, Princeton, New Jersey 
(Received January 9, 1956) 


HE partial success with the interpretation of the 
inelastic scattering of a particles by Mg in the 
preceding letter' prompted the study of the excitation 
of the same 1.37-Mev state in Mg™ by 18-Mev protons. 
The experimental arrangement to measure the angular 
distribution of the protons was similar to the arrange- 
ment in the a-particle experiment. The counts due to 
elastic scattering spilling over into the inelastic channels 
were subtracted as before with the help of a master 
curve for the elastic scattering peak obtained at very 
small angles to the incident beam. The subtraction 
procedure is responsible for most of the uncertainty 
in the experimental points. The scattering of protons 
from hydrogen and oxygen contamination in the foils 
produced some additional uncertainty around 17 
degrees and around 110 degrees respectively. The in- 
elastic scattering from Mg?® (levels at 0.98 Mev and 
1.61 Mev) and from Mg’ (level at 1.83 Mev) was oc- 
casionally observed by a small irregularity in the pulse 
height spectrum. Their effect on the cross section meas- 
urement is negligible. 

Figure 1 presents in the center-of-mass system the 
observed differential cross section of the scattered 
protons which leave Mg™ in the 1.37-Mev state. A 
pronounced forward distribution is observed in addi- 
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tion to small peaks at 40 degrees and 85 degrees, where 
j2(QR) possesses maxima for a radius R=6X 10-" cm. 
The cross section does not drop off quickly for large 
angles. 

The same data are presented in Fig. 2, curve 1. The 
abscissa is QR. This makes possible a comparison with 
experiments at different incident energy, if one assumes 
a direct interaction model. A radius R=4.5X10-" cm 
was assumed. The forward peak of curve 1 is too narrow 
to be caused by any jo” from exchange effects. Curve 2 
of Fig. 2 presents the results of Fischer® for the same 
reaction with 10-Mev protons. The maxima in his 
angular distribution are apparent at the same QR as 
those of our results. This coincidence may indicate that 
at least part of the angular distribution can be ex- 
plained by a surface interaction. However, Baker, 
Dodd, and Simmons? observe a different angular dis- 
tribution with 9.6-Mev protons (curve 3). Their result 
is somewhat similar to the relative measurement of 
Gove and Stoddart‘ with 7.3-Mev incident protons 
(curve 4). The rapid change in the differential cross 
section with incident proton energy can best be ex- 
plained by a resonance in the compound nucleus 
although the excitation energy of Al*® is 15 Mev for 
9.6-Mev incident protons. The angular distribution of 
Baker et al. is symmetric around 90 degrees. It may be 
necessary to assume a combined compound nuclear and 
surface interaction at these lower energies. 

Hayakawa and Yoshida‘ discuss the effect of the 
nuclear potential on the angular distribution on the 
basis of a Bohr-Mottelson model by using distorted 
waves to take account of the absorptive and scattering 
qualities of the nuclear core. These authors conclude 
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Fic. 1. Differential cross section for the inelastic scattering of 
18-Mev protons to the 1.37-Mev state in Mg. The solid triangle 
presents the average of measurements at several angles where the 
cross section was corrected for the scattering of protons by the 
hydrogen contamination in the foil. 
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Fic. 2. Differential cross section for the inelastic scattering of 
protons to the 1.37-Mev state in Mg*™ vs QR. Curve 1: present 
results; curve 2: results from reference 2; curve 3: results from 
reference 3; curve 4: results from reference 4. The ordinate for 
curve 4 is arbitrary. 


that the core may have a decisive influence, especially 
at an incident proton energy where single-particle 
resonances occur. The distorted waves may also account 
for the forward peak in the 18-Mev results.® 

Summarizing these results, one may argue that the 
larger interaction energy between the proton and the 
nuclear core as compared to the a particle and nucleus 
will invalidate the rough approximations used in the 
surface interaction theory. An explanation of the dif- 
ferential cross section of the inelastic scattering of 
protons may have to take account of the internal struc- 
ture of the nucleus, whereas the a-particle scattering 
may only show the collective properties of the nucleus. 

t This work was supported by the Higgens Scientific Trust 
Fund and the U. S. Atomic Energy Commission. 

1P. C. Gugelot and M. Rickey, preceding Letter, [Phys. Rev. 
101, 1613 (1956)]. 

2G. E. Fischer, Phys. Rev. 96, 704 (1954). 

3 Baker, Dodd, and Simmons, Phys. Rev. 85, 1051 (1952). 

4H. E. Gove and H. F. Stoddart, Phys. Rev. 86, 572 (1952). 

5S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Japan) 
14, 1 (1955). 

6 C, Levinson (private communication). 


Shell Structure Effects on Spontaneous 
Fission Half-Life 


R. E. LINGENFELTER 


University of California, Los Angeles, California 
(Received December 12, 1955) 


T was suggested by Mayer' that the asymmetry of 

uranium fission could be attributed to the extra- 
stability of the fragment nuclei in the vicinity of the 
closed neutron shells at 50 and 82, since processes 
leading to fragments of this configuration would be 
more energetic than those of symmetric fission and, 
therefore, be more probable in competition in any 
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single fission. Experimentally, in the fission of U™, 
asymmetric fission to products in the region of 50 and 
82 neutrons is 10° times as probable as symmetric 
fission. 

An analysis of current spontaneous fission half-life 
data for even-even nuclei, as shown in Fig. 1, suggests 
a sharp decrease in the half-life for 1 <140, whereas 
the liquid drop theory would predict a gradual and 
continuous increase with decreasing N and Z. In addi- 
tion, there is apparently an abrupt decrease for V > 154 
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Fic. 1. Spontaneous fission half-life »s N and Z, with lines of 
constant half-life as determined from the experimental data. 
The sources for the data used in the figure are those listed by 
E. Segré, Phys. Rev. 86, 21 (1951) and M. H. Studier and J. R. 
Huizenga, Phys. Rev. 96, 545 (1954), with the exception of recent 
data on Fm** by G. R. Choppin ef al. [Phys. Rev. 98, 1519 
(rossy] and on Pu™ by P. R. Fields ef al. [Phys. Rev. 100, 172 
1955) }. 
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which is much sharper than would be expected from the 
trend of the data between N=142 and 152. These 
effects might also be attributed to the shell structure 
of the fragment nuclei. 

Although fission to fragments with closed neutron 
shells is energetically favored, it is not possible for 
most nuclei to fission into fragments which both have 
exactly closed shells, as there is likely to be an excess 
of neutrons over the number required to complete the 
two closed shells. The excess neutrons, if they are not 
released in the fission, must be bound to the closed 
shells of the fragments, resulting in less tightly bound 
fragment nuclei, and therefore a less energetic fission 
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than would have been possible if the process could 
have gone discretely to closed shell fragments. How- 
ever, at the neutron numbers 132 and 164 (also the 
proton number 100) such discrete fission is possible, 
resulting in fragments of N=50 and 82 and N=82 and 
82 respectively. Therefore, fissions in this region might 
be more energetic and correspondingly nuclei in the 
region would be relatively less stable against spon- 
taneous fission. This would lead to a decrease in the 
spontaneous fission half-life (i.e., increase in probability) 
in these regions as is experimentally indicated in Fig. 1 
for N within 8 of 132 and within 10 of 164. 

In addition, in the region of ~100° we might expect 
a tendency toward symmetric fission yielding two frag- 
ments of ~50 corresponding to the closed N shell at 
82 and Z shell at 50. However, as yet no data exist 
on the fission modes in this region, although a similar 
effect was demonstrated by Meitner* in the symmetric 
fission of bismuth into two fragments based on the 
closed neutron shell at 50. 


1M. G. Mayer, Phys. Rev. 74, 235 (1948). 
?L. Meitner, Nature 165, 561 (1950). 


Influence of “New Unstable Particles” on 
the Electromagnetic Properties of Nucleons 


G. SANDRI 
Physics Department and Laboratory for Nuclear Science, Massachu- 
selts Institute of Technology, Cambridge, Massachusetts 
(Received January 16, 1956) 


ONSERVATION of strangeness allows the fol- 
lowing virtual disintegrations of the nucleons!: 


pt+a- n+nt 
Et Kt role K° 
(neutrals) D°+ Kt, 


while the reaction 
n—>++ K- 


is forbidden.* The ‘“‘new particles” therefore tend to 
neutralize the charges and currents in the neutron self- 
field but enhance those in the proton self-field. 

This situation affords a very natural explanation of 
the available information on the electron-neutron inter- 
action. The experimental results of Hughes et al.* on 
the scattering of slow neutrons by electrons, in con- 
junction with Foldy’s phenomenological analysis,‘ 
indicate that most of the electron-neutron interaction 
is the result of the neutron magnetic moment, the effect 
of the charge distribution lying between —0.2 and +0.6 
kev. On the other hand, the relativistic perturbation 
treatment’ with PS(PS) coupling of * mesons to 
nucleons yields an electrostatic contribution of —1.3 
kev if the coupling constant is adjusted to give the ob- 
served magnetic moment of the neutron.® 

Interactions leading to the processes (1) are expected 
to reduce the electrostatic contribution to the electron- 
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neutron interaction while maintaining the interpreta- 
tion of the experiments of Hofstadter et al.’ on elec- 
tron-proton scattering in terms of extended charge and 
moment distributions. Assume for simplicity that the K 
particle has spin 0. The K therefore interacts with the 
2-nucleon fields with a scalar or with a pseudoscalar 
coupling, depending on the relative intrinsic parities 
of the K, 2, and nucleons. 

The desired cancellation of the x cloud of the neutron 
is possible with scalar coupling in spite of the large 
mass of the K (Mx~+3M,) because the rms radius of 
the charge density for mesons with a scalar coupling 
is larger by a factor® of about 1.6 than the rms radius of 
the charge density for mesons of the same mass inter- 
acting with derivative pseudoscalar coupling. With an 
S(S) coupling constant of g*~0.4, an electron-neutron 
interaction of +1 kev is obtained in a second-order 
perturbation calculation with fixed source.® 

It is suggestive that, if one uses this value for the 
coupling constant, the Born approximation to the 
elastic scattering cross section of nonrelativistic Kt 
particles on nucleons is 


o= 44r(g*)?/wx?~4 mb, 


which is in agreement with the rough experimental 
value.® 

A scalar coupling does not contribute appreciably to 
the anomalous magnetic moments of the nucleons. A 
pseudoscalar coupling, on the other hand, diminishes 
the ratio of neutron to proton anomaly, which is much 
greater than the observed one according to perturba- 
tion theory. Scalar and pseudoscalar coupling are 
perhaps two facets of the same picture, for there is 
evidence that there exist in nature two K particles, with 
nearly equal masses and probably with opposite parities. 

I am greatly indebted to Professor Sidney Drell 
and Professor Bruno Rossi for their continued advice. 


1 We use M. Gell-Mann’s assignments of isotopic spin [Proceed- 
ings of the Glasgow Conference on Nuclear and Meson Physics 
(Pergamon Press, London, 1955), p. 342]. Other possible reactions 
are n= +Kt+K, p-A°+Kt, poE-+Kt+Kt, p72°+K° 
+K*. These types of interactions are disregarded here for sim- 
plicity since they do not alter the qualitative picture. 

* According to A. Pais’ assignment (model III) in Proceedings 
of the Glasgow Conference (see reference 1), n— 2++K7 is allowed. 
In this model we would also have p> 2+*++K-. 

* Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953); also Melkonian, Rustad, and Havens, Bull. Am. Phys. 
Soc. Series IT, 1, 62 (1956). 

4L. Foldy, Phys. Rev. 87, 693 (1952). 

5B. D. Fried, Phys. Rev. 88, 1142 (1952). 

6 G. Salzman [Phys. Rev. 99, 973 (1955)] has applied Chew’s 
cutoff theory to the problem, obtaining a contribution of about 
8 kev from the x cloud. He suggests cancelling this charge density 
by spreading the proton core. 

( 053) Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
1955). 

8 This factor is obtained with the perturbation approximation 
and is cutoff-dependent, as is apparent from Salzman’s work 
(reference 6). With scalar coupling the electron-neutron potential 
can be calculated without cutoff but the total mesonic charge 
depends logarithmically on the cutoff. 

®The results of Berkeley and Massachusetts Institute of 
Technology give o~5 mb [Goldhaber, Pevsner, and Ritson 
(private communication) ]. 
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Interaction of Positive K-Mesons 


Josepu E. LANNUTTI, WARREN W. CuupPp, GERSON GOLDHABER, 
SuLaMITH GOLDHABER, EusAN HeELMy, AND Epwin L. 
Itorr, Radiation Laboratory and Department of 
Physics University of California, Berkeley, 
California* 


AND 


AIHUD PEVSNER AND Davin M. Ritson, Laboratory for Nuclear 
Science and Department of Physics, Massachusetts Institute of 
Technology, Cambridge, Massachusettst 


(Received January 10, 1956) 


ITH the availability of focused K-meson beams 

at the Bevatron,! it became possible to make a 

systematic study of the interactions of positive K- 

mesons. The method used was to observe interactions 
of K-mesons in flight in nuclear emulsions. 

The experimental arrangement and scanning method 
were described previously in the report® on the Kt-life- 
time. The K-meson beam is a mixture of all K-meson 
types and (or) modes of decay and is known to consist 
predominantly of Ky, Ks, and r mesons (~58% 
K,2, ~30% Ke, and ~7% r).4 in this work we have 
not separated the interactions of the various types of 
decay; however, almost all types have been seen to 
interact.® 

In scanning along the track, we have observed the 
interactions of K-mesons ranging in kinetic energy from 
30 to 120 Mev. In 38.5 meters of K-meson track we have 
found 60 elastic® and inelastic scatterings greater than 
20°. In addition there were four events in which no 
K-meson was found to be re-emitted. These are con- 
sistent with the charge-exchange reaction Kt-+n 
—K°+ p. In none of the above 64 interactions was any 
m-meson or hyperon production observed and, in fact, 


TaBLE I. The observed distribution of elastic and inelastic 
scattering of K*+-mesons in emulsion. 








K-meson scattering angle (lab) 
40°-60° 60°-120° 

Elas- In- Elas- In- 
tic elastic tic elastic 


20°-40° 
Elas-  In- 
tic elastic*® 


120°-180° Path 
Elas-_ In- length 
tic elastic (meters) 


18.6 
19.9 


K-meson 
energy 
(Mev) 


30-75 11 3 3 1 4 7 eee 5 
75-120 13 1 2 1 2 3 tee 4 











* Inelastic events include (1) scattering with a clear energy loss and (or) 
emission of two or more additional prongs, (2) scattering in which one addi- 
tional prong is emitted without momentum conservation, and (3) events in 
which an allowance was made for single neutron emission corresponding to 
cases of single proton emission in class (2). All other events were classified 
as elastic scattering. As we cannot separate ‘‘slightly inelastic’’ scattering 
(energy loss of a few Mev) from elastic scattering, such events, if present, 
would be classified as ‘‘elastic”’ here. 


the visible energy release never exceeded the kinetic 
energy of the K-meson. 

These experimental facts are in good agreement with 
a number of schemes’ that have recently been proposed 
to describe the behavior of heavy mesons and hyperons. 
All these schemes contain a new quantum number (e.g., 
“strangeness”), which is conserved in fast reactions. 
They predict only three types of interactions for positive 
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K-mesons, viz., elastic, inelastic, and charge-exchange 
scattering. Absorption reactions, including the pro- 
duction of x mesons and hyperons, are forbidden in the 
energy range studied. This behavior can be contrasted 
with that of negative K-mesons for which absorption 
reactions (e.g., K-+p—-2°++-2°.*) are observed®® 
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Fic. 1. The differential scattering cross section 
of K*-mesons, in arbitrary units. 


and are consistent with the conservation of “strange- 
ness” in a fast reaction. 

Another striking difference between Kt- and K-- 
interactions is the comparatively small cross section 
we find for Kt-interactions in emulsion. We observe 
a mean free path for Kt-interactions in emulsion of 
95 cm (which corresponds to 6 mb per nucleon)” as 
compared to ~25 cm, which is observed in K~-inter- 
actions.*® 

Table I gives the angular distribution of the scatter- 
ing of K+-mesons in the two energy regions 30 to 75 
Mev and 75 to 120 Mev, as well as the separation into 
elastic and inelastic events. There is some indication of 
a decrease in the cross section in the high-energy in- 
terval. 

Figure 1 gives the differential scattering cross section 
in arbitrary units. It can be seen that from 40° to 180° 
the differential cross section is isotropic within our 
statistics. This fact, together with the observed energy 
dependence, indicates a large S-wave component in 
the scattering cross section. From 40° down to 20° 
(our cut-off angle) a steep rise in the differential cross 
section is observed. The extension of this work to 
smaller angles and the analysis in terms of Coulomb 
and coherent scattering is in progress. 

The mean free path of 95+ 16 cm in emulsion and the 
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resulting cross section e~6 mb per nucleon” [c= (c, 
+o,)/2] were obtained by extrapolating the isotropic 
distribution to 0°, and thus do not include diffraction 
and Coulomb effects. A contribution due to charge- 
exchange events was also included. There were four 
charge-exchange and 36 non-charge-exchange events 
(extrapolated isotropically to 0°). This proportion of 
charge-exchange events is consistent with perturbation 
theory results." 

We wish to thank Dr. Edward J. Lofgren and the 
entire Bevatron crew for their help in making these 
exposures possible. We also wish to thank the scanning 
groups at Berkeley and M.I.T. for their help in scanning 
the plates. 


* The work at the University of California was supported by the 
U.S. Atomic Energy Commission. 

¢ The work at M.I.T. was supported in part by the joint 
progtam of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 
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